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BCTYII

Y cydacHUX yMOBax riio6anizailii, BUCOKOI KOHKYPEHIIiT Ta CTPIMKOTO PO3BUTKY
U(POBUX TEXHOJIOT1H POJIb IHTYIIIT Y MPUHHSTTI YIPaBIIHCHKUX PIllIEHb TOCTYIOBO
BIIXOMUTh Ha Apyrui 1uiad. ChOTOJHI YCHIX OpraHizamii 3aJieKUTh BiJ 3aTHOCTI
MEHe/Kepa OlepyBaTH BETUKUMU MACUBAMHU JIAaHUX Ta BUKOPUCTOBYBATH 00’ €KTHBHI
METOIM aHaiizy. BUBYEHHS MaTeMaTMYHMX OCHOB MEHEIHKMEHTY Gdopmye y
MaiOyTHbOTO (haxiBIl CUCTEMHE CTpaTEriuHe MHCIICHHS, OCKUIBKU 1€ € MOTY>KHUM
IHCTpyMEHTapieM, SIKMH TEPETBOPIOE TYpPOYJIGHTHI PHUHKOBI MPOILECH Y UYITKY,
KEpOBaHy CTPYKTYDY.

Jucuuriina «MarematuuHi OCHOBH MEHEHKMEHTY» CIIyTye€
GbyHIaAMEHTAIbBHUM MICTKOM MK TEOPETHYHOIO IMIJTOTOBKOIO Ta MPOQeciitHOI0
MaMCTEPHICTIO, MEPETBOPIOIOUM aOCTPAKTHI MaTEMaTU4YHI KOHIEMIT Ha J1€BUI
IHCTpYMEHTaplii KepiBHUKA. BUBUEHHS W€l TUCHUILIIHU (HOPMY€E HE MPOCTO HAOIp
00UYHCITIOBAIbHUX HABUYOK, @ OCOOJIMBUI TUIT aHAJIITUYHOTO 1HTEJIEKTY, IO JI03BOJISIE
MaliOyTHOMY KEPIBHUKY HE JIMIIE €(PEKTHUBHO BUKOPHUCTOBYBATH ICHYIOYl Ol3HEC-
MOJIETIi, aJie 1 IPOEKTYBATH HOBI, a/TalTUBHI Ta BUCOKOE(HEKTHBHI CHCTEMH YIIPABIIIHHS
B YMOBAaX T7100a1bHOI KOHKYPEHIIIi.

Jucuumnina «MaTemMaTU4H1 OCHOBH MEHEIPKMEHTY» € 000B’SI3KOBUM OCBITHIM
KOMIIOHEHTOM  IIMKIY mpodeciiiHOi  MIATOTOBKM  0OakajaBpa  CHEIlajJbHOCTI
«MeHeIKMEHT.

MeToro BUKJIAJlaHHS HABYAJIBbHOI JUCHUIUIIHM «MarematuuHi OCHOBU
MEHEDKMEHTY» € (OpMyBaHHS y 3/100yBayiB BHIIOI OCBITH TEOPETUYHUX 3HAHB 1
NPAKTUYHUX HABUUOK 3aCTOCYBaHHS MATEMAaTHYHOTO arapaTy, Cy4acHHX METOIIB 1
MoOJIeIe JJI aHalli3y Ta ONTHUMI3allii yIpaBIiHCHKUX PIllICHb.

Kypc BkIItouae Moy 3 JIiHIMHOL anreOpu, AUPEpEeHIIITHOro Ta IHTErpaIbHOro
yucieHHs (YHKIIM, Teopli WMOBIPHOCTEH Ta BUNAJAKOBUX BEIUYHMH, a TaKOXK
MPUKJIAAH] aCIIEKTH iX 3aCTOCYBaHHS B 3a/layax yIpaBiIiHHS Ta ONTHMI3aLlli.

Huctumiina «MaTemMaTHdHi OCHOBU MEHEKMEHTY» SIK KOMIIOHEHT OCBITHBO-
npodeciitHoi  mporpamMud  MIATOTOBKM  COpsIMOBaHa  Ha  HAOYTTS  Takux
KOMIIETEHTHOCTEH:

— 3JIaTHICTb 10 aOCTPAKTHOT'O MUCJICHHS, aHAI3Y, CUHTE3Y;

— 3HAaHHSI Ta PO3YMIHHS TPEIAMETHOI 00JiacTi Ta PO3yMiHHS MpodeciitHOoi
IISITIBHOCTI;

— BMIHHS BU3HA4YaTH (YHKIIIOHAIBLHI 001aCTi OpraHi3ailii Ta 3B’ 13K1 MK HUMU;

— 3JIaTHICTh aHAJI3yBaTU U CTPYKTYpPyBaTH MpoOIemMu oprasizaiiii, popmyBaTu
OOTpYHTOBaHI PIIIICHHS.

Jucrumnina «MarteMaTrudHl OCHOBH MEHEIKMEHTY» SIK KOMIIOHEHT OCBITHBO-
npodeciifiHOi MporpaMu MIATOTOBKM 3a0e3leuye JOCSATHEHHS TaKUX MPOrpaMHUX
pe3yJIbTaTiB HAaBUAHHS:

— JCMOHCTPYBaTH HABHYKM BHUSBIICHHS TMpoOJieM Ta OOIPYHTyBaHHS
YIPABIIHCHKUX PILIEHB;

— OMKCYBATH 3MICT (PYHKIIOHATBHUX cep MIsITbHOCTI OpraHi3anii;
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— BUSBJIATH HaBUYKHM TOIIYKY, 30MpaHHs Ta aHam3y iHdopMallii, po3paxyHKy
MOKA3HUKIB 7151 OOIPYHTYBAaHHS yNPaBIiHCHKUX PIIICHD;

— 3aCTOCOBYBaTH METOAM MEHEIKMEHTY Ul 3a0e3nedeHHs ePEeKTUBHOCTI
TSTBHOCT1 OpTaHi3ariii.

HaBuansauii mociOHUK 13 AuCHUILTIHA «MaTeMaTHIHI OCHOBU MEHEIHKMEHTY»
po3po0IeHUit misg 31M00yBadiB CTYIEHsI BHINOiI OCBITH OakajaBpa CHEIiadbHOCTI
«MenemxmeHnT» ranysi 3HaHb «bi3Hec, agMIiHICTpyBaHHS Ta MpPaBoO» 1 BIAMOBIAA€E
3MICTy cuiabyca HaBYaIbHO1 JUCIIUTLIIHH.

VY 1OCIOHHUKY CHCTEMAaTH30BAaHO TEOPETHYHHM MaTepiaja 13 KIOYOBUX TEM
Kypcy. CTpykTypa BHUJIaHHA Tepeadadae HasBHICTb OCHOBHUX IOHSATH 1 MUTaHb JI0
KOXHOI TeMH, MUTaHb JIJIsl CAMOIIEPEBIPKH 3HaHb, TECTIB, PO3PaXyHKOBUX 3aBJ/IaHb IS
CaMOCTIfHOTO BHUKOHAaHHS. BuIaHHS MICTUTh TPUKIATUM PO3PAXYHKOBOTO Ta
OPUKIIAJTHOTO XapaKTepy ILI0J0 BUKOPUCTAHHS MAaTEMaTHUYHOrO amapaTy B 3ajayax
ONTHUMI3allli Ta IPUUHATTS YIPABIIHCHKUX PIIICHb.

Bunanus Oyne KOPUCHUM Yy MNPOLECI MIATOTOBKH J0 MPAKTUYHUX 3aHATH Ta
CaMOCTIMHOI poboTH 3700yBaudiB OCBITH 3 METOI0 CHCTEMaTu3allli Ta MOTIUOJICHHS
TEOPETUYHUX 3HaHb, HAOYTTS Ta PO3BUTKY KOMIIETEHII 1 HaBUYOK 3aCTOCYBAaHHS
MaTeMaTUYHOTO amapaTry, MoJeledl 1 METOAIB i NPUUHATTS e(PEeKTUBHUX
YIPaBIIHCHKHUX PIIIEHb.



TEMA 1
MATPHII TA 11 HAJI HUMA

OCHOBHi TOHATTSI: MaTPULL, PO3MIPHICTb MATPHIl, BHUAU
MaTpullb, JOJaBaHHS MaTpUllb, JOOYTOK MaTpHUllb, TPAHCIIOHYBaHHS
MaTpHIl

Ilnan
1. Busnauenns marpuii. Buau Matpuiib.
2. Omeparrii HaJl MAaTPUILISIMHU.
3. 3acTocyBaHHs MaTpHIlb Y IPUKIATHUX 33/1adyax 3 yIpaBJIiHHS.

Humanna Nel
Busnauenna mampuui. Buou mampuuo

CyKyIHICTb T * Ml YKCedl, K1 PO3MIIIEH] Y BUTJISAA1 TaOJIHII, SIKA CKIIAJA€ThCS 3
M PSIAKIB 1 1 CTOBMIIIB, HA3UBAETHCA Mampuyero PO3MIPHOCTI M X N.

a1 Q2 Qg3 A1n
A= 1 Q22 Q23 ... dzp _( ) 11
I U B (mxn)’ (1.1)
An1 Amz Am3z .-+ Amp

Yucna a;; Ha3UBAKOTLCS eleMenmamu Mampuyi, NPUIOMy i — HOMED pAJKa, a
J — HOMED CTOBIILIA, HA IEPETUHAHHI AKUX CTOITh €JIEMEHT ;.

MaTtpuiis po3MipHOCTI M X N Ha3UBAETLCS NPAMOKYMHOIO MAMPUYELO.

k1o y MaTpuill KiJIbKICTh PSAIKIB TIOPIBHIOE KUIBKOCTI CTOBIIIIB (1M = M), TO
Taka MaTPUL HA3UBAETHCS K8AOPAMHOIO

a1 Q12 A3 ... Qi
Az1 QA2 QA3 ... Qzp
A=\ Z(aif)(nxn)' (1.2)
An1 Anz2 Apz ... Qpp
2 3 -1 4 0
A= 0 4 2 -6 — IPAMOKYTHA MATPHUIS pO3MIpHOCTI 4 X 5
3 1 -5 7 0
0 2 0 4
1 9 -2 0 . )
B = _1 0 5 1] KBaJIpaTHa MaTpuUIlsl pO3MIPHOCTI 4 X 4.
3 —-41 12 0



Enementu matputii B by, = 2, byy = 0, byz = 12.
SAxkmo m = 1, n > 1, maTpuug Ma€e Ha3By Mampuysi-psi0oK

A= (a11 Q2 .. agp), (1.3)

SAxkmo m > 1, n = 1, maTpuis Mae Ha3By Mampuys-cmosneys

a11
a
A=) (1.4)
Am1
A=(1 4 -3 11 2)-marpuus-psaok po3mipHocTi 1 X 5
3
B=|_ 4 |~ MaTpHLIA-CTOBIELb pO3MipHOCTI 4% 1.
9

Martpu1ii no3HauarOThCA JaTUHCHKUMHU JiiTepamu 4, B, C, ...
JIB1 matpuii A 1 B Ha3uBaIOTbCSA pigHUMU, SIKIIO BOHU MAarOTh OJHAKOBY

PO3MIPHICTH Ta iX BIJIMOBIHI €JICMEHTHU € PIBHUMU.
KBagpaTtna martpuiis, B AKii Ha TOJOBHIM JdiaroHaini cTosiTh 1, a Bci iHII

€JIEMEHTH 10PiBHIOIOTH 0, HA3UBAETHCA OOUHUUHOIO MAMPULEIO

Ilpuxnao:
1 0 0 O
(0 1 0 O . : .
E = 00 1 0 OIMHUYHA MaTPHULS PO3MIPHOCTI 4x4;
0 0 0 1
1 0 0
E=({0 1 0 |—oauHuyHa MaTpuls po3MipHOCTI 3%X3;
0 0 1
E = ((1) (1)) — OJIMHUYHA MATPHIIS PO3MIPHOCTI 2X2.

Humannsa No2

Onepauii Had mampuyamu

1. Jooasannua mampuyy.
MaTtpuili 0JJHaKOBOi PO3MIPHOCTI MOXHA J0/IaBATH.
Cymoro 080ox mampuys A, n) 1 Bn, ny HA3UBA€TbCA MATPULSA Crp, ), EIEMEHTH SIKOT

JOPIBHIOIOTH CyM1 BIJTOBIIHUX €NIEMEHTIB MATPULD A (1, n) 1 B(m, n).
Agn,ny T B, ny = Cim, my, (1.5)

IPUYOMY [Tl KOXKHOTO enieMenTa Matpuii Con, ) Cj = @ + by, i = 1,m, j = 1,n.
7




Ilpuknao 1. 3HaiiT®  cyMmMy  MaTpHllb A=(;L

B:((1) —21 ; :g)

C:A+B:(4 2 0 —1)+(0 2 7 —3)_(4 4 7 —4).

3 -2 4 5 1 -1 2 -5/ 4 -3 6 0

JlotaBaHHS MaTPHIlh € KOMYTaTHUBHHM 1 aCOIIaTUBHUM, TOOTO
A+B=B+A
(A+B)+C= A+(B+C)

2. Bionimannsa mampuys.

Piznuyero 06ox mampuys 0THAKOBOI PO3MIPHOCTI A, ny 1 B(m, ny HA3UBAETHCA
maTpuus Cop, n), €IEMEHTH SIKO1 JOPIBHIOIOTH PI13HUIII BIAMOBIAHUX €JIEMEHTIB MAaTPULIb
A(m, n) 1 B(m, n).

A(m, n) — B(m, n) — C(m, n)s (1 6)

IPUYOMY JUIA KOKHOTO efeMeHTa MaTpuLl Cop, ny: Cjj = Ajj — b,-j, i=1m,j=1,n.

6 0 10 —2)

Ilpuknao 2. 3HAWTU  PI3HULIO  MaTPUIlb A=( 4 1 3 1

BZG —32 —91 _65)'
6 0 10 —2)_(1 3 9 —5)2(5 -3 1 3)

C:A_B:(4 -1 3 1 1 -2 -1 6 3 1 4 -5/

3. [lobymok mampuyi na yuciuo.
Hobymrxom AA matpuii A Ha urcIoO A € MaTpuLs, €JIEMEHTHU SKOI JOPiBHIOIOTH
nOoOYTKY uKMciIa A Ha BimoBinHi exemenTn MaTpuii A, T06TO

M =(hay),i=1,m,j=1,n, (1.7)

6 0 10 —2).

Ilpuxnao 3. 3HaTi 10OYTOK YKCIIa A=—2 Ha MaTPHIIIO AZ( 4 -1 3 1

__ 5. (6 0 10 -2y ,-12 0 -20 4
M==2 (4 -1 3 1)(—8 2 -6 —2)'
4. Jlobymoxk mampuys.
JloGyTok maTpuilb A Ta B iCHye TUIBKA B TOMY BHIIAIKY, SKIIO KUIBKICTb

CTOBIIIB MaTpulll A TOPIBHIOE KUIBKOCTI PSIIKIB MaTpuili B, TOOTO

Amn) " Bmi) = Conjos (1.8)
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IpUYOMY PO3MIpHICTh MaTpulll C JOPIBHIOE KIJILKOCTI PSJIKIB MaTPHUIll A Ta KIJTBKOCTI
CTOBIIIIB MaTpHIIi B.

EnemenT MaTpumi-no0yTKy C;;, SKUi 3HAXOMTHCS Ha IIEPETHMHAHHI { — PAJKA Ta
J — CTOBMIIS, TIOPIBHIOE CYMi IMOMAPHUX JOOYTKIB €JIEMEHTIB I — PsiJIKa MEPILOi MaTPHII
Ta €JIEMEHTIB j — CTOBIIIS IPYTOi MaTPHIIi.

Cij = Ny Ay * byj. (1.9)

. _(0 2 (1 2 4 0
IIpuknao 4. 3naiitTu 10O0yTOK MaTpullb 4 = (3 1) Ta B = (2 6 -1 2).

OCKIJIbKY KUTBKICTh CTOBMIIB MAaTPHUIll 4 AOPIBHIOE KITBKOCTI PSAAKIB MaTpHIIL
B, To Taki MaTpuill MOXXHA TEPEMHOXKUTH. Pesynbpratrom no0yTKy € MaTpHIs

po3MipHOCTI (2x4): A(z,g) B4y = Ciz)
Ao n_(0 2y (1 2 4 0)_
€= B_(s 1) (2 -6 -1 2)‘
_(0-1+2-2 0:242-(—6) 0-4+2-(-1) 0~0+2-2>
~\3:1+1-2 3:24+41-(-6) 3-4+1-(-1) 3-0+1-2
:(4 —-12 -2 4)
5 0 11 2/

Heo0xi11H0 3a3HaunTH, 110 AOOYTOK IBOX MaTPHIb HE € KOMyTaTUBHUM, TOOTO
A-B+B-A,
aJie € aCOLIaTUBHUM
(A-B)-C=A-(B-0).

Ilpuxnao 5. 3naiitu 1oOyToK Matpuilb A * B Ta B * A, K110

0 2

_ _ |1 -1
A= -2 1 3),B=| _,
5 2

Martpunss A mae posmiphicts (1 X 4), a matpuus B — po3MmipHIcTs (4 X 2).
OCKUIbKH KUTBKICTh CTOBMIIIB MaTpHIll A IOPIBHIOE KUIBKOCTI PAAKIB MaTpHIll B, TO
TaKi MaTPUIll MOKHA TIEPEMHOKUTH

4 2
_ A1 0 )_
A-B=4 2 1 1) 3 3 |7
5 =2
=(4-442-14+1-3+(=1)-5 4-24+2-04+1-34+(=1)-(=2)) =
:(16 13)1x2-

JloOyTok MaTpuilh B - A € HEMOKJIUBUM, OCKUTBKH KUIBKICTh CTOBIIIIB MAaTPHITI
B He nopiBHIOE KITBKOCTI psAKiB MaTpulll 4 (2#1), Todto A+ B + B - A.

[Ipn mMHOMXKEHHI OyIb-SKOi KBaJpaTHOI MaTpuili A Ha OAMHWYHY MaTpuio E
3HOB OJIEPKYEMO MATPHUIIO A.



A-E=E-A=A (1.10)

4. TpancnownysanHs mampuyi.
Axmo B marpumi (1.1) 3aMiHUTH MICHAMHU PSAKA 1 CTOBIII, TO OJEPHKUMO
MPAHCNOHOBAHY MAMPUYIO PO3MIPHOCTI N X M.

A1 A1 - OGma
a a oo a

7 _ | @1z Q22 mz2 | _

At=0 ] E @) ey (1.11)
Ain  Qp o Qmp

Ilpuknao 6. 3anucaTd  MaTpULIO, TPAHCIOHOBAHY /IO  MaTpHIl
10 0 -1 4

A=|5 -2 3 -2 .
12 1 =7 8/
TpaHCHOHOBaHa ManI/II_[ﬂ MAaTHUME BUT IS

10 5 12
r_[0 -2 1
=l 3 =7

4‘ _2 8 4%X3

Humannsa No3

3acmocysanna Mampuub y NPUKIaOHUX 3a0a4ax 3 YNpaeiinusi

Matpuii € HaA3BUYAWHO TIOTYKHUM IHCTPYMEHTOM B YIPaBIiHHI Ta
NPUKJIAJAHUX 33Ja4aX, OCKUIBKM BOHH JO3BOJISIIOTH CTPYKTYpPYBaTH BENUKiI 00CSTH
JaHUX 1 BUKOHYBATH CHCTEMAaTH4HI OOYMCICHHS. BOHU BUKOPUCTOBYIOTBHCS s
MOJICIIIOBAHHS CKJIATHUX CHUCTEM, ONTUMI3AIli] PillIeHb Ta aHaJIi3y B3a€EMO3B'A3KIB:

1) MoaemroBaHHS Ta aHAJII3 omeparii

Mooenosanua 6upobHuuux npoyecie (IPOEKTHE YNPABIIHHA): MaTpPHUILIS
CYMDKHOCTI 200 MaTpulsl 1HUUAEHTHOCTI BHUKOPUCTOBYIOTHCS ISl MPEICTABICHHS
MEpeKeBUX TpadikiB, sKi JOMOMAararoThb BU3HAYUTH 3aJI€KHOCTI MK 3aBJaHHSIMHU,
IJIaHYyBaTH PECYpCH Ta KOHTPOJIOBATH TEPMIiHU. PSAKH MOXYTh TPEACTABISITH
3aBJIaHHSI, & CTOBIIII — HEOOX1IH1 pecypcu. 3HaYEHHS B MaTPHIIl BiI0Opakae KiIbKICTh
HEOOX1THOTO pecypcy.

Ynpaeninna sanacamu: MaTpuili MOKyTh BUKOPUCTOBYBATHUCS JIJIS BIICTEHKCHHS
3amaciB Ha pi3HUX CKJIaJaX, MOCTa4aJIbHUKIB, TpadiKiB MOMOBHEHHS Ta momnwuty. Lle
JI0TIOMArae ONTHMI3yBaTH OOCATH 3aMOBJICHB 1 3HU3UTH BUTPATH;

2) onTuMizarlis pecypciB (JTiHIITHE TpOrpaMyBaHHS)

Tpancnopmua 3a0aya: MaTpUIll BAKOPUCTOBYIOTHCS IS IPEICTABIICHHS BUTPAT
Ha TIEPEBE3CHHS OJMHMII TPOAYKIli BiJ TMOCTaYalIbHUKIB (PAIW) JO CIIOXKHUBaYiB
(ctoBmii). MeTta — 3HaWTH TakWi TUIAaH TIEPEBE3CHb (MATPHIIO TEPEBE3€Hb), 100
MIHIMI3yBaTH 3arajibHi BUTPaTH.
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3aoaua npo npusnauwenus (PO3MOIIT  TMEPCOHANy/3aBIaHb):  MAaTPUIIL
BUTPAT/€(DEKTUBHOCTI, /1€ PAMOK — MPAIIBHUK, a CTOBICIh — 3aBIaHHA. EnemeHTH
MaTpHIl — 1e BUTpaTu ab0 yac, HeOOX1THUM JJI1 BUKOHAHHS 3aBAaHHsA. MeTa — 3HalTH
ONTHMAaJbHE MPUCBOEHHS (OJWH MpPALiBHUK — OJHE 3aBJaHHS), I00 MaKCHMi3yBaTu
edeKTUBHICTh a00 MiHIMI3yBaTH BUTPATH;

3) aHai3 pileHb Ta PU3HKIB

Mampuysa piwens: BUKOPUCTOBYETHCS JIJIsl TIOPIBHSIHHS KUTBKOX albTepHATHB
(psiakuy) 3a piI3HUMU KpuTepisiMu (cToBIi). KoxKHOMY KpUTEpi0 IPUCBOIOETHCS Bara,
1 32 JOMOMOTOI0 MaTPUYHUX OMEPAIliil PO3paxOBYEThCs 3arajdbHUN Oan JJid KOXKHOI
albTEPHATUBH.

Mampuys pusuxis: norioMarae OIIHUTH PU3UKH, 1€ OJUH BUMIP — HUMOBIPHICTh
HACTaHHS MO/I11, a IHIKUK — BIUTUB (Hacaiaku). Lle mae 3Mory BizyalibHO TPOpaHKyBaTH
pU3UKHU (HAIpPUKIaa, BUCOKA WMOBIPHICTh + BUCOKUW BIUIUB = KPUTUYHUN PHU3HUK) 1
PO3pOOUTH CTpaTerii pearyBaHHsI.

OTtxe, y cepi ynpaBiaiHHS MATPUIIL € HE TPOCTO MATEMATUYHUM 1HCTPYMEHTOM,
a MOBOIO JIJI CUCTeMaTH3allli, aHali3y Ta ONTUMI3allil yIpaBIIHCHKUX pilieHb. BoHu
JAl0Th 3MOTY MEPETBOPUTU CKJIAAHI, OaraTOBHMIpHI MpoOJeMU Ha CTPYKTYypOBaHI
MaTeMaTU4Hl 3ajadi, 1[0 3HAYHO IJIBUILYE OOIPYHTOBAHICTh Ta €(EKTUBHICTH
yIpaBIiHHS.

Ipuknao. IliampueMCTBO BUIYCKAa€ MPOAYKIIIO ABOX BUIIB, BUKOPUCTOBYIOUH
IIpU IbOMY CUPOBHHY TPbhOX BUJIB. BUTpaTu CUpPOBUHHM HA BUPOOHUIITBO MPOMYKIIiT

5 4
3aal0Thcsd MaTpuuero S=| 3 1|, ne s; — e KUIBKICTh CUPOBHUHU i-IO THUILy, ILIO
2 3

BUKOPUCTOBYETHCS] HA BUTOTOBJICHHS OJIMHULII TPOAYKIIi j-ro BUay. [1naH moaeHHoro
BUITYCKY NpoayKilii nepeadavae 80 oa. mpoaykiii nepiioro Buay 1 100 ox. mpomykiii
Ipyroro Buay. BapTicTh 01MHMII KOKHOTO TUITY CUPOBHMHHU BIANOBIIHO A0PiBHIOE §0,
501100 rp. oa. Buznauntu 3arajibHi BATpaTH CUPOBUHU V, HEOOX1AH1 J1JIs IIIOJICHHOTO
BUITYCKY IIPOJYKIIIi, @ TAKOX 3arajibHy BapTicTh C 1i€i CHPOBUHMU.

[IpenacraBumo B maTpuuHii hopmi BUX1IHI 1aHi:

5 4
1) BUTpaTH KOKHOTO TUITY CUPOBUHHM Ha BUPOOHUITBO NpoAyKii S=( 3 1 |,
2 3

2) TU1aH MOACHHOT0 BUITyCKy mpoaykmii P=(80 100),
3) BapTiCTh OAMHMIII CHPOBHHH KOskHOTO THITY A=(80 50 100).

Marpuitto 3arajJpbHUX BUTPAT CUPOBHHU V 3HAMIEMO SIK TOOYTOK MaTpHIIh S 1 pT

54\ o0 5-80 + 4 - 100 800
v=s-PT=(3 1 -(100)= 3.80+1-100 | = [ 340
2 3 280 + 3+ 100 460

OT:xe, NOJIEHH1 BUTPATH KOKHOTO BUTY CUPOBUHHU JJIsl BAPOOHUIITBA MPOTYKIIii
ckianatumyTh BianosiaHo 800, 340 1460 ox.
3aranpHa BapTICTh IIE€] CAPOBUHU MOXk€e OyTH 3HaiieHa Ik JOOyTOK MaTpHllb A
%
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800
C=A-V=(80 50 100)-|340 )= (80-800+ 50-340+ 100-460) =

460
= 127000 rp. ogx.

IluTaHHs 145 caMonepeBiPKU 3HAHD
. JlaliTe BUBHaUCHHS MaTpPHIIL.

1

2. Sk BU3HAYAETHCS PO3MIPHICTH MATPHIIL?

3. SIxa MaTpuIls HA3UBAETHCS KBAJIPATHOO?

4.V axoMy BUMAJKy MAaTPHUIll MOKHA J10JaBaTH?

5. 3a s1K01 yMOBH iCHY€ JOOYTOK MaTpHUllb?

6. ChopmyroiiTe TPaBUIO MHOKEHHS MaTPHIIb.

7. Yn € 10OyTOK MaTpUllb KOMYTaTUBHUM?

8. SIka MaTpuilsl HA3UBAETHCS OJIMHUYHOIO 1 5IKa 11 BIACTUBICTH?

9. Slka MaTpuIIs HA3UBAETHCS TPAHCIIOHOBAHOKO T10 BiJTHOIICHHEO JI0 TTOYaTKOBOT MATPHITi?
10. Ha3Bitb cdepu ynpaBiiHHs, 1€ MO>K€ BAKOPUCTOBYBATHUCS MATPUYHUI aHAII3.

Tectn

1. Mampuys po3mipnocmi m-n — ye:

a. CyKymHICTb m 1 YUCEl, SIK1 pO3MIIIIEHI Y BUTJIAI TaOJIHIIl, KA CKIIaIa€ThCA 3
1 PSIAKIB 1 M CTOBIIIIIB.

0. CyKyInHICTh M1 9YUCeJI, SIK1 PO3MIIICH] Y BUTJISAII TaOIHII, KA CKIATAETHCS 3
m PSAIKIB 1 1 CTOBIIIIIB.

B. Uucno, sxe € 100yTKOM YUCeN mn.

r. Uncro, sike BU3HAYAETHCS 3a TIEBHUM MTPABUIIOM.

2. Jlooasanus mampuyb ModcIUBE.

a. Y Oyab-SIKOMY BUMAJIKY.

0. SIK110 MaTpuIll MatOTh OJJHAKOBY PO3MIPHICTb.

B. SIKIIO KUIBKICTh CTOBMIIB MEpPIIOi MaTpUll JOPIBHIOE KIUIBKOCTI PSIKIB
JIpYroi MaTpul.

r. SIKI110 KUTBKICTB PSAAKIB IEPIIOT MATPHIL JJOPIBHIOE KIIBKOCT1 CTOBMIIIB IPYTOi
MaTpHIL.

3. Muoowcenns mampuyb modxicause:

a. Y OyIb-SIKOMY BUMAJIKY.

0. SIK110 MaTpuIli MatOTh OJTHAKOBY PO3MIPHICTb.

B. SIKIIIO KUIBKICTh CTOBMINB TMEPIIOI MAaTPHUIll JOPIBHIOE KUIBKOCTI PSIKIB
JPYToi MaTpHII.

r. SIKI110 KUIBKICTh PSAAKIB IEPILIOT MATPUILI JOPIBHIOE KIIBKOCT1 CTOBMIIIB APYTOi
MaTpHII.

4. Ha 8iominy 610 000a8aAHH MAMPUYb, MHONCEHHS MAMPUYDL.

a. € acoriaTuBHUM.

0. € KOMYTaTUBHUM.

B. He € xomyTaTuBHUM.

r. He € acomiaTuBHuM.

5. B axux cghepax ynpasninusa modice UKOPUCMOBYBAMUCA MAMPUYHUL AHANIZ?

12



a. MojienroBaHHs Ta aHaI3 OINeparin.
0. OnTumizallis pecypcis.

B. AHai3 pillleHb Ta PU3UKIB.

r. Yci BiINOBI/Ii IPaBUJIbHI.

33B2!3HHH JJIH CAMOCTIiliHOr0 BUKOHAHHS

1) 3naitTn 106yTOK MaTpuis AB Ta BA
1 -1 2 3 =2
1.1A—<—3 4 5 ),B—(7 5 )
-2 0 -1 0 1

1.2.A—<§ ' é),b’—(é 2 2)

1 -1 2
3 4
1345 3 _14),B=(i g).
1 -2
144=(1 3 ,B—(— )
(5 s s e
2) Jlns 3amaHUX MaTpHUIlb A=(_21 _41), B:(g (1) —48)’ C:(é _21 é)

o6unciuty 2B — 3C, A(B + C), BCT + A2,
3) IlinnpuemMcTBO BUITyCKA€ MPOAYKIIIO TPHOX BHJIIB, BAKOPHUCTOBYIOUU B

TUIIA CUPOBUHHU. BuTpat CcHpOBMHM Ha BUPOOHULTBO MPOIYKLII 3aAar0ThCA
10 12 9

6 8 4
Ha BUTOTOBJIEHHS OJMHUILI TPOAYKIIi j-ro BUAY. [1an THKHEBOTO BUIYCKY POy KT

nependavae 300 oquuuLb npoaykiii 1-ro Buay, 150 oa. — 2-ro Buay 1 200 oa. — 3-ro
BUJly. BapTiCTh OJIMHUILII KOKHOTO 3 JIBOX THIIIB CUPOBUHU JOPIBHIOE 2 Ta 4 rp. O.
BIJIMOBITHO. BU3HAUNTH 3aranbHi BUTPATH KOKHOTO TUITY CUPOBUHU (MaTpHIls V) st
THKHEBOTO BUITYCKY ITPOYKIIi, a TAKOXK 3arajibHy BapTicTh C Ii€] CHPOBUHHU.

MaTpULEo S = ( ), 1€ §;; — KUIbKICTh OJMHUIb CHPOBHUHH i-T'0 TUILY, 11O HJE

PexomenmoBana jiteparypa: ocHoBHa 1, 2, 3; nonatkona 7, 8, 9.
TEMA 2
« BU3HAUYHHUKHU TA IX BJACTUBOCTI
OcHOBHI  MOHATTS: BHU3HAYHUK, MIHOp, anreOpaiuHe
JIOTIOBHEHHSI, BUPO/PKEHA MaTpHIlsl, OOEpHEHA MATPHIIS.
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ILinan
1. [onstrs Bu3HauHuka. [IpaBuna oOYHCIEHHS BHU3HAYHUKIB 2-TO Ta 3-TO
MopsIKiB. BacTHBOCTI BU3HAYHUKIB.
2. MiHop Ta anreOpaiune momoBHEHHs. [IpaBuino OOYMCICHHS BU3HAYHUKIB
BHIIUX TIOPSIKIB.
3. OGepHena MaTpulld. AITOPUTM BU3HAYCHHS OOCPHEHOT MAaTPHIL.
4. TlpuxnamHi aCHEKTH 3aCTOCYBaHHS OOCPHEHOT MaTPHIL.

Humannsa Nel

Honammsa eusnaunuxa. Ilpasuna od0uucienns 6U3HAYHUKIG
2-20 ma 3-20 nopaokie

Busnaunuxkom n-eo nopsoky, SKWl BIANOBIAa€E KBaapaTHIA MaTpuii A,
Ha3UBACTHCS YHUCIIO

a;p 412 QA3 ... Qp
Az1 Az Az3 ... dap
detA =|A| = (2.1)
anl Apz Apz ... Qpp
Buznaunuxom 2-20 nops0xy Ha3UBAETHCS YUCIIO
|11 a12 _
|A| = a = dandx —adasi, (2.2)
21

K€ JOPIBHIOE PI13HULII MK JOOYTKOM €JIEMEHTIB, SIK1 3HAXOIAThCSl HAa TOJIOBHIM
JiaroHani, Ta 100yTKOM €JIEMEHTIB, 0 CTOSATh Ha MOOIYHIM JiaroHai.

Ipuknao 1. O6UUCTUTH BUSHAYHUK 2-TO MOPSIAKY |:42L ;|

:‘2* N C4) 3-(=2)1=-12-(=2) = —12+42 = 10

Buznaunuxom 3-2o nopﬂdky Ha3nuBa€TbCA YUCIIO.

a1 Qg2 Qg3
dz1 QA2 QA3 = ajaxass + anazas + apanaz —
az1 Az dAzz
— a13ddasz) — d12d1433 — A11A23A32. (2-3)
[[lo6 3anmam’aratu, siki J0OyTKH Tpeba OpaTu 31 3HAKOM «+», a sIKi 31 3HAKOM
«—», BUKOPUCTOBYIOTh TaKi MpaBUJIa;
1) npasuno mpuxymuuxa
an\ a& ,—5‘13 @~
s a22 ‘ “13 - ‘1’1,11\,,‘7'2’2/“‘,;?23 ; (2-4)

£ [
R _,r < Fe

ag-""ay, Ay (a3

14



2) memoo Capproca

~ ~ 7 7
aps, dipe A A 9103
D S N
ay Al
as -y’ 5}35 Ay A
. L’ ., N S N

N ~
4 ’ 4 . .

p3 ’
s \?,2\1’\\“22
<

- = = + o+ +
= 1102033 T A12a23a31 T A13021432 — 413022031 — A12021033 — A11023032 (2-5)
-2 -1 1
Ilpuxnao 2. O6UUCIUTH BUSHAYHUK 3-r0 MOpAIKY | 1 3 5|
4 2 -1
-2 -1 1
1 3 5|=(-2)3-(-D+(-1)"5-44+1-2-1-
4 2 -1

—4-3-1—(-1)+1-(-1)—2-5-(-2) =
=6-20+2—-12—1+420=-5

Bracmusocmi eusnaunuka:

1. BU3HauHUK He 3MIiHIOEThCS P TpaHcHoHyBaHHi |A| = |AT|.

2. S0 BC1 €1EeMEHTH SIKOTO-HEOY 1b PSAKa/CTOBIILS BU3HAYHUKA JIOPIBHIOIOTh
HYJIIO, TO BU3HAYHHK JIOPIBHIOE HYJIIO:

0o 1 -7
0 6 5([=0.
0 2 -1

3. SIkmio aBa PSAAKHA/CTOBINII BU3HAYHHKA OJHAKOBI, TO BU3HAYHHUK JOPIBHIOE
HYJTIO:

1 1 -3
3 2 0f=0.
1 1 -3

4. SIkmo BCl €JIEMEHTH OJIHOTO PSIKa/CTOBIISI BU3HAYHUKA MPOIMOPIIiiHI
BIJIMOBIAHUM €JIEMEHTAM 1HIIOTO PSKa/CTOBIIIS, TO BU3HAYHUK JIOPIBHIOE HYIIIO.

2 1 4
4 2 8(=0
1 1 -3

EnemeHTH nepuoro Ta Ipyroro psiikiB BU3HAYHUKA € IPOMOPLITHIMHU.
5. SIKIO BU3HAYHUK Ma€ «TPUKYTHUI» («I1arOHANbHUNA BUIIIAN»), TO BIH
JOPIBHIOE TOOYTKY €JIE€MEHTIB Ha JiaroHatl

a1 A2 Q13 ... Qqpn

0 ay, az ... Gy _ _ _

- - LB ] - ..o _all a22 ann
0 0 0 ... am

15



Humannsa No2

Minop ma anzedpaiune donognenns. Ilpasuio 004ucieHna 6UIHAYHUKIG
SULLUX NOPAOJKIE

Minopom M;; enemeHTa BHU3HAYHUKA Q;; HA3MUBAETHCS BH3HAYHHK, SKUH

OJIep>KaHMi 3 MOYATKOBOTO BU3HAYHUKA |A| MUIIXOM BHKpPECIIIOBaHHS { — TO Ps/IKA Ta
J — TO CTOBIIIIS, Ha IEPETUHAHHI AKHUX CTOITh €JIEMEHT ;.

—2 -1 1
Ipuxnao 1. |A] = | 1 3 5
4 2 -1
B 5| 4 an_
M11—|2 _1|_ 3-10=—13
|72 “1_ 4 a—_ _
M23—|4 2|_ 4—(—4)=—-4+4=0

1\/132=|_12 ; - _10-1=-11

Aneebpaiunum oonoenennsm A;j eleMeHTa BUSHAYHUKA A;; HA3UBAETHCSA MIHOP

M;;, sxwii y3sTH# 31 3HAKOM (—1)H:

-2 -1 1

Ilpuknao 2. [Al=|1 3 5

4 2 -1
Ay = (=1)H1 |§ _51| — _3-10=-13

-2 -1

Aps = (1|75 = —(-4+p =0
Ay, = (=1)3+2 |‘12 é| = —(-10-1) =11

IIpasuno obuucnenns UZHAYHUKIG BUWUX NOPAOKIG: BU3HAUHUK JIOPIBHIOE CyMI1
N0OYTKIB €IEMEHTIB Oyb-SIKOTO MOTO PsAKA/CTOBIIA Ha iX anreOpaiuHi JOTOBHEHHS.

a11 a12 e aln
a21 a22 - azn
Al = =ap1Aj TapAp t. T agpipy. (2.7)
anl anz " ann
-2 -1 1
IIpuknao 3. O6uncnuty BM3HauHuK |[A| = | 1 3 5 |, po3KiIamaroun Horo
4 2 -1

3a eJIEMEHTAMH 3-TO psIKa.

16



2 -1 1
|A|= 1 3 5 =4"A31+2'A32+(_1)'A33=
TR 2 1 2 -1
—4.(_1\3+1]|" L1 \3+2 | _1).(—1\3+3 |74 Ll
R G it I B RN CE D Il B CEDRYCS Vit Pl

=4:(=5-3)—2-(-10-1)— (=6 +1) = —32+22+5=—5

3a pomnomororo ¢opmynu (2.7) MOXKHa OOYHMCIIOBATH BU3HAYHUKU OLIBII
BUCOKHUX MOPSIKIB.

2 -1 2 O
_ 0 3 1

Ipuxnao 4. O0YUCIUTH BUSHAYHKK 4-TO MOPSAAKY |A| = 4 2 o0 -1l
0 3 0 5

OOuuciMMO BHU3HAUHUK, PO3KJIAJaloyd HOro mo ejeMeHrax 4-ro psiaka Tta
3-0ro cToBIII, /1€ OUIbLIE BChOTO HYJIbOBUX €JIEMEHTIB.
1) 4-nii psagox

2 -1 2 0
1 0 3 1
|A|= 4 2 0 —1 =0'A41+3'A42+0'A4,3+5'A44:
0 3 0 5
2 2 0
4 0 -1
2 -1 2
Au=(-D81 0 3|=0-12+4-0-0-12=-20
4 2 0
1) 3-uii croBHelb
2 -1 2 0
1 0 3 1
|A|= 4 2 0 —1 :2'A13+3'A23+0'A33+0'A43:
0 3 0 5
=2 A +3-Ay =2-25+3-(—46) = —88
1 0 1
A =(CD*4 2 —1|=104+0+12-0-0—(=3) = 25
0 3 5
2 -1 0
Ays=(-1D514 2 -1|=—-(20+0+0—-0—(—20)—(—6)) = —46
0 3 5

Otxe, 6aunMo, 110 3HAYCHHS BHU3HAYHUKA HE 3aJICKHUTHh BiJl BUOOPY psaka abo
CTOBITIIS.
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Humanna Ne3
Qoepuena mampuusa. Aneopumm eu3nauenns odepHeHoi mampuui

KBagpatna matpuiiss A HA3UBAETHCA HEBUPOOMCEHOI0, SIKIIO ii BU3HAUYHUK HE
nopiBHioe HyJtO |A| # 0. [HakIe MaTpUIl HA3UBAETHCS BUPOONCEHOIO.
Kpaznparna matpuus A~ ! HasuBaeThes 0b6eprenoio I KBapaTHOI MaTpuLi A,
SIKILIO
A1-A=A-A"1=E. (2.8)

Bynab-ska HEBHUpPOIKEHA MATPUIL Ma€e 00EpHEHY MaTPHUIIIO.
Aneopumm eusnauenns 0bepHenoi mampuyi:

a1 412 QA3 ... Qp
) A1 QAzp Q3 ... (dzpn

1) dnst matpuii A = 00YHNCIIIOEMO BU3HAYHUK
an1 an2 an3 cor Qpn

|A|, 1 sxmio |A]| # 0, To oOepHeHa MaTPUIIA ICHYE.

2) Jlns BCIX €IEMEHTIB @; jMaTpuLli A 00UUCIII0EMO alredpaiyHi JOMOBHEHHS A;
1 hopMy€eEMO COIO3HY MaTpHIlI0 A”, B psJIKax K01 po3MillieH1 aaredpaiuHi JOMOBHEHHS
€JIEMEHTIB BIJIMOBIIHUX CTOBIIIIB MaTPUIl A:

All A21 A31 Anl
ar=(4z Az Az oo Au (2.9)
Aln AZn A37’l Ann
3) O6uucmoemo ob6epHeny MaTpuimo A~1
A Az Az An1
lal 1Al 14l T 14
-1 _A* A1z A2z A3 Ana
A= = A T T Tan | (2.10)
A Az Am o Am
lal 1Al 14l T 14

4) TlepeBipsieMO TIPaBUIBHICTH OOYUCIICHHS OOEPHEHOT MaTPHII
Al A=A-A"1=E

2 -1 1
Ipuxnao. O6uncautu obepueny Marpumio A~ mma matpui A=[ 0 4 1
2 1 0
2 -1 1
1) |JAl=10 4 1|=0-24+0-8-2-0=-12+0, TOOTO
2 1 0

o6epuena matpuusg A~ ichye.
2) Jlns BCiX eneMeHTiB a;;Matpuii A 00UMCII0EMO anreOpaidHi JOMOBHEHHS
Jlns enemeHTiB 1-oro psjaka
18



Ay = (=1)2 ‘1‘ (1)| —0-1=-1
A, = (-1)° (2) (1)| =—(0-2)=2
Ay =(—1)4|g ‘i ~0-8=-8
Jl7st eneMenTiB 2-0ro psaaKa
A= 0T l=-0-D=1
Ay =(—1)4|§ (1) =0-2=-2

2 -1
Ay = (-1°|) | =-@+2)=—4
JIJ1st emeMeHTiB 3-0ro psjika
PO o B |
Asy = (1) |2411|_ 1—4=-5
— (_1)5 — —(2—0) = —
An—<1)h2J1 2-0)=-2
= (— 6 o = —_ =
Ass = (=1) |o 4| 8—0=8
3) ®opMyemoO cor03HY MaTpHUIro A*
-1 1 =5
A= 2 -2 =2
-8 —4 8
4) 3anucyemo o6epHeny Marpuio A1
A * 1 -1 1 -5
~1
At =— =——% 2 -2 =2

-8 —4 8
5) 3niiicCHIOEMO TIEPEBIPKY

1 /-1 1 =5\ /2 -1 1
At A=-—l2 -2 -2]-(0 4 1
-8 -4 8/ \2 1 0

—| 4+0-4 —2-8-2 2-2+0

-16+0+16 8—-16+8 —-8—-4+0

IHumannsa No4

0 1 0

1(—2+0—10 14+4-5 —1+1+0> <1 0 0
00 1

)+

IHpuknaoui acnekmu 3acmocyeanns 00eprenoi mampuui

Mampuysa nognux mamepianbHux eumpam — 11€ KJII0YOBUM €JIEMEHT €KOHOMIKO-
MaTEeMaTHYHUX MOJIENEH, 30KpeMa MIXKIajdy3eBoro OajaHCy, KU MOKa3ye, CKUIbKH
BCHOT'O CUPOBUHU M MPOAYKINi (BKIIFOUAIOUH HETIPSMI BUTPATH) i-0i Tay3i MOTPiOHO
I BUPOOHUIITBA OJMHUII KIHIEBOI MPOAYKIIIT j-01 ramysi. MaTpuis 00UnCIIOEThCS
sk (E — A)™1, ne A — maTpuns npsMux BUTpart, a E — oqMHMYHA MATPUILL.
Martpuiss TOBHHX MaTepialbHUX BUTPAT BUKOPHUCTOBYETHCS I BU3HAUEHHS
3arajJbHOTO 00CATY BUPOOHUIITBA, HEOOXITHOTO TSI 337]0BOJICHHS KIHIIEBOTO MOMUTY,
a TaKOX JJIs aHaJl3y B3a€MO3B’SI3KIB MK Taly3siMd €KOHOMIKM. BoHa BKitoUae He
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JUIIe IpsMI MaTepiajibHI BUTpATH Ha OJIMHMINIO TPOAYKILi, aje i OmocepeIKOBaHl —
Ti, 1[0 BUHUKAIOTh Y CYMIXHUX Tady3sX s 3a0€3MeUeHHs] TICPBUHHOTO BUPOOHUKA
BCIM HEOOX1THHM.
Mampuysa npamux eumpam A mokasye, CKUIbKH OJUHHIIb MPOIYKII 7-01 ramys3i
MOTPiOHO AJ1s1 BUPOOHHUIITBA OMHUIII TPOAYKITIT j-01 ramy3i (BHyTPIIIHE CIIOKUBAHHS).
Mampuys xoegiyicumie noenux sumpam B = (E — A)™1, ne E — A — maTpuus
CYKYyIHHMX MaTepilaJibHUX BUTpaT. SIKiio Tpebda 3po3ymiTH, Ak 3amoBieHHs Ha 1000
OJIMHHUILIb POAYKTY X BIUIMHE Ha MOTpeOy B pecypcax y BCiX JaHKaX €KOHOMIKH, a HE
nuiie y 6e3rnocepeiHboro BUpooHuka X, To Tpedba BUKOPUCTOBYBATH 110 MATPHUIIIO.
Ilpuknao. Jljns Tpuramy3eBOi E€KOHOMIYHOI CHCTEMH 3aJaHi  MaTpHIIS
KOoe(ILi€HTIB IPSIMHUX MaTepiaJbHUX BUTPAT
03 01 04
A= <O,2 05 0 >
03 01 0,2
O6uncnuTH KoeDIiliEHTH MOBHUX MaTepialbHUX BUTpPAT.
O06uHCIMMO MaTPHUIIIO KOE(IIIE€HTIB MOBHUX MaTepialbHUX BUTPAT:
a) 3HaxoauMo matpuiiio (E — A)

1 0 0 03 01 04 07 -01 -04
E— A‘(O 1 0) — (0,2 05 0 ) = <—O,2 0,5 0 )
0 0 1 03 01 0,2 -03 -01 0,8

0) 00YMCIMMO BU3HAYHUK ITIET MATPHII

|E — Al = 0,196

B) 3HaWIEMO anreOpaiuHi TOTOBHEHHS I eJeMeHTiB Matpuili (E — A):
Jlns enemeHTiB 1-oro psjaka

0
— 2
= (1) 0 1 0 8 =04
2= 03 08|_016
-0,2 05
— (—_1)4 _
Az = (=1) —03 —-01 0,17
Jl71s1 enneMeHTiB 2-0ro psjiKa
-0,1 -04
— (_ 3 ) ] —
Ay = (-1) —01 08 0,12
0,7 -04
— (_ 4 ) ) —
A,y = (1) 03 08 0,44
0,7 -01

— (—_1)\5 , —
A23_( 1) _0’3 _0’1 0'1

Jlns1 enemMeHTiB 3-0ro psjaka

01 -04
_ 1\ |7Y x|
1 =D g5 | =02

07 —04

Az, = (—1)° |_0 2 0 | = 0,08
07 —01

Ags=(-1°| 1, 05|=0,33
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3) ®opMy€EMO COKO3HY MATPHIIIO
04 0,12 0,2
(E—A)y =016 044 0,08
017 01 0,33
4) 3amucyemo o6epreny marpuio (E — A) ™1
04 012 0,2 2,041 0,612 1,020
(E-A)"'=—=(016 044 008)=(0816 2,245 0,408
' 0,17 0,1 0,33 0,867 0,510 1,684

— MaTpuIs KOedili€HTIB MOBHUX MaTepialbHUX BUTPAT

Ilurannsa AJIST CaMOHe[!eBi[!KI/I 3JHAHDb

1. ITosICHITB, U1 IKMX MATPULlL MOKHA OOUYMCITIOBATA BU3HAYHUK.

2. ChopmymroiTe paBUiIo 0OUKCIEHHS BUSHAYHHUKA 2-TO TOPSIKY .

3. ki npaBuia oOUKCIeHHs] BU3HAYHUKIB 3-TO TTOPSAKY BaM Bijomi?

4. CopmyimroiiTe BJaCTUBOCTI BUSHAYHHKIB.

5. 5Ik OOYHMCHIOETHCS BU3HAYHUK, SIKUA Ma€ «TPUKYTHUI» («I1aroHaJIbHUMA
BUTJIS)?

6. JlaiiTe BuU3HAYEHHA MIHOPY Ta aiareOpaidHOMYy JOMOBHEHHIO €JIIEMEHTIB
BU3HAYHHUKA.

7. ChopMmyrolTe NpaBUIO OOUKUCICHHS BU3HAYHUKIB BUIIUX MOPSIKIB.

8. SIka MaTpHIs HA3UBAETHCSI HEBUPOKEHOIO?

9. aiiTe BU3BHaUYE€HHA OOEPHEHOI MAaTPULIL.

10. Ha3BiTh OCHOBHI €Tanu BU3HAYEHHSI 00€PHEHOT MaTPHIIi.

Tectun

1. Busnaunux — ye:

a. CyKyIHICTb 71°n YHCEII, SIK1 PO3MIIICH] y BUTJISAA1 TAOIHIT, SIKa CKIIAa€ThCs 3
1 PSIAKIB 1 7 CTOBIIIIIB.

0. CyKyIHICTb M1 YUACET, SIK1 PO3MIIICH] Y BUTJISIII TaOJIHII, KA CKIaTa€ThCs 3
m PSAIKIB 1 1 CTOBIIIIIB.

B. Unco, sike € T00yTKOM YUCeN mN.

r. Uncro, sike BU3HAYAETHCS 3a TIEBHUM MPABUIIOM.

2. Mna obuucneHus BUBHAYHUKA 3-20 NOPAOKY MOJICHA BUKOPUCMOBYE8AMU
npasuia:

a. TpuKyTHUKA.

0. Capproca.

B. Po3kitany BU3HaUHMKa 32 PSAKAMU/CTOBIIISIMHU.

r. Yci BIIIOBIIi IPaBUJIBHI.

3. Muoowcenns mampuyb modxciuse:

a. Y OyIb-sIKOMY BUIAJKY.

0. SIK10 MaTpuIll MatOTh OJTHAKOBY PO3MIPHICTb.

B. SIKIIO KITBKICTH CTOBMIIB MEPIIOi MaTPHUIll JOPIBHIOE KITBKOCTI PSIKIB
JPYToi MaTpHII.
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r. SIKI10 KUTIBKICTB PSIIKIB IEPIIOT MATPHIll TOPIBHIOE KIIBKOCTI CTOBIIIIB APYTOi
MaTpHIL.

4. Buznaunux 0OpiGHIOE HYIO, AKWO!

a. YCl eIeMEHTH SIKOT0-HEeOy1b PSI/IKA/CTOBIIIS BU3HAYHUKA TOPIBHIOIOTH HYJIIO.

0. k1o mBa PSAIKKA/CTOBIII BU3HAYHUKA OHAKOBI.

B. SIKIIO BCi €MEMEHTH OJHOTO PSIIKA/CTOBIIS BHU3HAYHUKA MPOMOPIIHHI
BIJIMTOBITHAM €JIEMEHTAaM 1HIIIOTO PSIIKa/CTOBIIIIA.

r. Yci BiJIMOBII1 MPaBUJIbHI.

5. Mampuysa nasueaemuvcs HeBUPOOHCEHOIO, AKUO:

a. [i BU3HAUHUK JIOPIBHIOE HYJIIO.

6. Ii BU3HAUHUK He TOPiBHIOE HYIIIO.

B. BoHa € kBajipaTHOO Ta i1 BUSHAYHUK HE JIOPIBHIOE HYIIIO.

r. Bona € kBagpaTHOIO Ta 1i BU3HAYHUK JOPIBHIOE HYJIIO.

3aBIaHHA I CAMOCTIHHOr0 BUKOHAHHSA

1) O6uucauTH BUSHAYHUKU:

3 —4
Ly
1 2 2
12.[2 -1 -3
3 —4 -2
2 -1 1 0
0 1 2 -1
31y 21 0 3
3 5 4 0

2) Jlns 3amanoi matpuii A 3HaliTH 06epHeHy MaTpuiio AL,

3 2 -1
214={2 -1 3
1 1 -1
-1 5 2
2241 4 1
1 2 3
1 0 2
234=2 -1 3
3 -1 2

3) Busnauutu maTpuiro Koedilli€HTIB MOBHHX MaTeplalbHUX BHUTpAT IS
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02 04 04
MaTpHIll IPSIMUX MaTepiaTbHUX BUTPAT A = (0,3 0,2 0,5)
001 0 0,3
PexomennoBana Jiiteparypa: ocHoBHa 1, 2, 3; nomarkosa 7, 8,9, 12, 13.

TEMA 3 _
METOJU PO3B’AA3AHHA CUCTEM JIHIMHHUX
AJITEBPAIYHUX PIBHSIHb

OCHOBHiI MOHATTA: cHucTeMa JIHIKHUX aareOpaiyHuX piBHSHB
(CJIAP), posmmpena matpuist CJIAP, panr matpui, Teopema Kponekepa-Kanenni,
meton Kpamepa po3s’szanna CJIAP, matpuunuid merop po3s’sizanna CJIAP, meTon
I'ayca po3B’sizanns CJIAP.

Iliian
[TonsTTS cucTemu JniHiHUX anredpaiynux piBHsIHb (CJIAP).
Meron Kpamepa po3s’sizanns CJIAP.
Martpuunuii meto po3B’sa3anus CIIAP.
Panr marpuii.
Posp’s3anns CJIAP metonom I"ayca.
3actocyBanns CJIAP B 3ayiauax 3 0OMeXEHUMHU PECYPCaAMHU.

AN S

Humannsa Nol

Honammsa cucmemu niniunux anzeopaiunux pieuans (CJIAP)

Jinitinum  aneebpaiunum  piéHAHHAM  BIIHOCHO HEBIAOMHUX X1, Xy,...Xp
HA3UBAETHCS PIBHSHHS y BUTJIAII
a;x; + ax,+...+ayx, = b, (3.1)
ne aq, a,,...a, — IIACHI Yicia.
PosrisitHemo cucreMy m JiHIMHHUX aireOpaiuHuX pIBHSAHb 3 N HEBIJOMHUMH
X1,X2, -, Xp
A11X1 + QX+ .. +a1n X, = by,

ar1X1 + a22x2+. e +a2nxn = bz, (3 2)

ay

Am1X1 + ApaXot... +Apn Xy = by,

Hucna a;; HasuBaroThes Koepiyienmamu cucmemu (3.2), a uucna by, by, ... by, —

BIIbHUMU YTEHAMU.
Cuctema (3.2) xapakTepu3y€eThbCsi MATPULIAMU
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Az1 Qzz Qzz ... (Qzp

A= — MaTpHULs CUCTEMU (3.3)
Am1 Am2 Qam3 Amn
a11 A1n b,

St
Il

— pO3IIUpEeHa MaTPHUIIS CUCTEMU (3.4)

Q
N
=
- Q
=N
-3
S

Am1 - QAmn b,,

Po3B’si3koM cuctemu (3.2) Ha3UBAEThCsS Oylb-fKa BIOPSIKOBaHA CYKYTIHICTb
quCeNl X; = 1,Xy = Ap,..., Xy = A,, SKa MEPETBOPIOE BCl PIBHSAHHI CHUCTEMH Ha
TOTOXHOCTI.

Cucrema, sixka Ma€ xo4ya O OJIMH pO3B’A30K, HA3UBAETHCA CYMICHOIO.

Cucrema, siKka He Ma€ po3B’sA3K1B, HA3UBAETHCS HECYMICHOIO.

S0 cuctemMa Mae TUIBKM OJIMH PO3B’ 130K, BOHA HA3UBAETHCS 8U3HAUEHOIO.

Sxmo cuctema Mae OuUIblIe OJHOTO PO3B’SA3KY, BOHA HAa3UBAETHCS
HeBU3HAYUEHOIO.

Humannsa No2
Memoo Kpamepa po3e’azanuna CJIAP

Posrisitnemo cuctemy (3.2), B sKI KUIBKICTh PIBHSIHb JIOPIBHIOE KUIBKOCTI
HEBIIOMUX M = N

ai11X1 + A%y + -+ agpnxy, = by,

Ap1X1 + Qg% + -+ AypX,, = by, (3.5)

ay

Ap1 X1 + ApaXy + o+ AppnX, = by,

Martpuus cuctemu (3.5) € KBagpaTHOIO.
IIpasuno Kpamepa: sxmo Bu3HauHUK cuctemu (3.5) He nopiBHIOE HYIIO A # 0,
TO CHUCTEMa CyMICHA 1 Ma€ €IMHUN PO3B’ 30K, AKUH 3HAXOOUTHCA 3a (QopMysIamu
Kpamepa:
X1 = X: X2 =/ Xn = — (36)

ne A — Bu3HauyHUK cuctemH (3.5);

A; — TOTIOMI>KHMI BU3HAYHHK, SIKUH OJICp)KaHWW 3 BU3HAYHUKA A 3aMiHOIO i-TO
CTOBIIIISI HA CTOBIICIIb BUTbHUX YJICHIB.

Axmo B cucremi (3.5) A = 0, ane xo4ya 6 0UH 3 BU3HAYHUKIB A; HE JTOPIBHIOE
HYJIIO, TO CUCTEMa HE Ma€ PO3B’sI3KiB, TOOTO € HECYMICHOIO.

SAxmio B cucremi (3.5) A =0 1 yci 1ONIOMIXKHI BUBHAYHUKU A; TOPIBHIOIOTH HYJIIO
(A; = 0), To cucTeMa cymicHa 1 Ma€ HECKIHUEHY KUTBKICTh PO3B’SI3KiB.
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Ilpuxnao. 3naiitu po3B’s30k CJIAP 3a nonomororo ¢popmyn Kpamepa
2x1 + x5 +x3 = 2
{x1+3x2+x3 =5
X1 + x5 + 5x3 = =7

2 1 1
A=11 3 1|=30+1+1-3-5-2=22+0
1 1 5

ToOGTo cucremMa Mae TUTBKH OJWH PO3B’s30K. BukopucroByemMo dopmyn
Kpamepa (3.6):
2

1 1
A=15 3 1/=30+5-7+4+21-25—-2=22
-7 1 5
2 2 1
A, =11 5 1[{=504+2-7-5-10+14=144
1 -7 5
2 1 2
A;=11 3 5|=—-42454+2-6—-10+7=—-44
1 1 -7
_ M _ 22 _ — Lz _ 44 _ 4 _ 44 _
Xl_A_zz_1 xz_A_zz_z 3= "2 2

Humannsa No3
Mampuynuit memoo poze’azannsa CJIAP

SIK1110 BBECTH MMO3HAYECHHS y BUTJISIAL MAaTPHUIlb

i1 Q12 Q43 ... Qqp X1 b,

Az1 Gz Q3 ... Qzp X2 b
A= , X = ,B={ "],

An1 QApz Apz ... Qupn Xn bn

TO 3TAHO 3 MPAaBUIIOM MHOEHHSI MaTpUILlb cUCTEMY (3.5) MOXHa 3alucaTy y BUTIISL
MaTpPUYHOIO PIBHSIHHSL:
AX = B, (3.7)
ne A — marpuisl KoeilleHTiB pU HEeBIAOMUX; X — MaTpHIls HEBIIOMUX; B —
MaTpHUIIS IPABOi YACTUHU CUCTEMHU.
ko matpuns cuctreMu 4 € HeBUPOKEHO (A#(Q), TO, MOMHOXYIOUH 00MABI
yacTuHU piBHsAHHA (3.7) Ha Matpumo 4! i BpaxoByroun, mo 4 -4 = E, EX = X,
0JIepKY€EMO IIYKaHUI pO3B’S30K:
X=A4"B. (3.8)

Ilpuxnao. 3naiit po3B’ 130k CJIAP MaTpu4HUM METOJ0M
2x1 +x, +x3 =2
Xy +3x, +x3=5
X1 + x, + 5x3 = =7
25



2 1 1
HDA=1]1 3 1[=30+1+1-3-5-2=22+0
1 1 5

2) JIns BCIX €IEMEHTIB @;;MaTpHLi A 00YHCIIOEMO anreOpaiuHi JOMOBHEHHS A;
Jlnis enemeHTiB 1-oro psiika

A = (_1)2 3 1

11 15
Az = D[] G|=-G-1=-4

=15-1=14

1 3
,413=(—1)4|1 =1-3=-2
Jli efeMeHTiB 2-0r0 psijiKa
-3t Y=o_s_1y=_
A= (1P| |=-G-D=-4

271
A= (-D*|] |=10-1=9

2 1
Ay = (-1°|{ (|=-@-1»=-1
Jliist eneMeHTiB 3-0ro psjka
RV I S X
Asy = ( 1)2|311 —1-3=-2
— (_1)5 (1) =
Az = (=18 |] al=-@-b=-1
— (_17\6 .4
Ass = (=1) |1 3|_6 1=5
3) ®opmyemo coro3Hy MaTpuiro A*
14 —4 =2
A'=—-4 9 —1)
-2 -1 5
4) 3anucyemo o6epHeRy MaTpuIo A1
Al=—0 =—(-4 9 -1
Al 2285 —1 s
5) 3naxoaumo po3B’sa30k CJIAP

1 (14 -4 =2\ /2 1 X
w=arm=gife o c)(5)=(2)=(x)
-2 -1 5/ \=7/ \-=2/ \xs

Humanna Ne4
Pane mampuuyi

Posrnssaemo matpuilto A po3MipHOCTI m X n.

a1 Q2 Qg3 A1n

az1 Qpz QAys Ayn
A=

aml amZ am3 amn



[To3Hauumo T psIAKY BIATOBITHO A4, A,,..., Apy.

[Tig enemMeHTapHUME MIEPETBOPEHHIMH PSAKIB MaTpUIll OyAeMO PO3yMITH TaKi
MEPETBOPECHHS:

1) 3aMiHy MICIISIMU JIBOX PSIIKIB MaTPHIIL;

2) noaBaHHS 10 IKOTO-HEOYIb Ps/IKa MaTPHULIL IHIIOTO PsijiKa, TOMHOXEHOTO Ha
YHCIIO.

Psimok A; Matpuill Ha3UBAETHCS JIHILHOIO KOMOIHayico THIIMX PAIKIB, SKIIO
KOXXHHI HOT0 eJIeMEeHT OiepKaHH sIK cyMa T0OYTKIB BIAMOBITHUX €IEMEHTIB 1HIINX
PAAKIB HA OyAb-SIKE YUCIIO

Ai = C1A1 + C2A2+. . +Ci_1Ai_1 + Ci+1Ai+1 + -+ CmAm (39)

Psanku MaTpuill Ha3UBAIOTHCS JIHIUHO 3AN€HCHUMU, AKIIO SKUNH-HEOYb PAIOK
MPEICTaBIIAI0 COOOI0 JTiHIMHY KOMOIHAIIIIO 1HIIUX PSAAKIB. B 1HIIOMY BUTIQAKY PSAIKA
HA3UBAIOTHCA JIHIUHO HEe3AIeHCHUMU.

Panzom mampuyi A Ha3uBaeThCS MaKCUMajbHA KUIBKICTh 11 JIHIHHO
HE3JIEKHUX PAIKIB.

Panr maTpuii no3Hadaetsca rang A.

-1 2 3 -4
Ilpuknao 1. A={ 0 3 1 =2
-1 5 4 -6

Psanku 1 1 2 — miHilHO He3anexH1; PsIoK 3 € cyMoro psaakiB 1 1 2, ToOTO € ix
JiH1AHOIO KoMOiHamiew. OTxe, rang A = 2.

Panr matpuili MOXHa BHW3HAYUTH 3a JIOMIOMOTOI0 METOMY €JIEMEHTApHUX
NEPETBOPEHDb PSAKIB MAaTPUII, SIKU OCHOBaHUI HA TBEPJHKEHHI, IO MPHU 31HCHEHH1
eJIEeMEHTapHUX TIEPETBOPEHDb HAJl PSIIKAMU MATPHIII 11 paHT HE 3MIHIOETHCSI.

[IIo6 BU3HAYMTH paHT MaTPHUIll 33 JOMOMOTOIO0 E€JIIEMEHTAPHUX IEPETBOPEHD
PAIKIB, MATPHUIIO IPUBOISATH JIO «CX119aCTOr0» (1aroHAILHOTO) BUTTISTY

byy b1z b1z ... by
~ 0 »b b ... b
A= 22 23 2n , (310)
0 0 0 by b
7ie AlaroHaibHI eneMeHTH byq, by, ..., by HE TOPIBHIOIOTH HYJIIO, a €IEMEHTH, SKi

PO3MIILIEHI HUKYE J[1IarOHAJIbHUX, TOPIBHIOIOThH HYIIIO.
Panrom BuxigHoi Matpuili A Oyjae KUIbKICTh HEHYJbOBHUX PSIIKIB J1aroHaIbHOT
Marpuii A (3.10).

-1 2 3 -4
Ilpuxnao 2. Buznauutu paur matpumii [ 0 3 1 -2
-1 5 4 -6
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-1 2 3 -4 -1 2 3 -4 -1 2 3 —4
0 3 1 —2) ~ ( 0 3 1 —2) ~ ( 0 3 1 —2)
-1 5 4 -6/ (I-DH\N0 3 1 -2/ (II-IH)\N0 O 0 O

Panr Buxignoi matpuii rang A = 2.

IHumanna Ne5
Po3é’azanna CJIAP memodom Iayca
3a J0MOMOroI0 MOHSTTS paHra MoOKHa CQOPMYIIOBATH YMOBY CYMICHOCTI
CJIAP. Posrasuemo CJIAP y Burmsmi
allxl + a12x2 + e + alnxn = bl'
Ap1X1 + AppXy + - + AppXy = by, G.11)

"y

A1 X1 + A Xy + -+ A Xy = by,

Jlist cuctemu (3.11) 3anmucyemo B1 MaTpuIll

;1 Q2 Qg3 A1n
az1 Az dAps arn
MAaTpHULIIO cucTeMu A =
aml amZ am3 amn
a1 QG | by
. a a b
posimpeny matpuio cuctemu A = | 21 an : 2
Am1 o Amn | bm

Teopema Kpomnexepa-Kanenni: cuctema piBHsHb (3.11) mMae po3B’si30K TOMI 1
TUTBKH TO/I1, SIKIIO PAHT MaTPUIli CUCTEMU A JIOPIBHIOE PAHTY PO3IMIMPEHOI MaTpuili A:

rang A = rang A. (3.12)

[puaomy, Akimo rang A = rang A = n (n — KinbKicTh HEBITOMHUX), TO CHCTEMA
Ma€ TiObKM ONMH po3B’s30K. Skmo rang A =rang A <mn, To cucrema Mae
HECKIHYEHY MHOXXHHY PO3B’SI3KIB.

Merton Kopnana-I'ayca po3s’sizanus CJIAP:

I. «IIpsamuit xim» metona ["ayca.

1. 3anucyemo po3mmpeny matpuito 3aganoi CJIAP.

2. llpuBoguMO poO3MIMPEHY MATPUII0 JO AlarOHAJIBHOTO BHUIVISIAY 34
JIOTIOMOT'OI0 €JIEMEHTAPHUX MEPETBOPEHD PSIIKIB MATPHUIIL

1 6_112 6_113 67111 bl

0 1 a, .. a,|b,
A*=10 0 1 .. a,|b]|,

0 0 0 .. 1 |b,

3. 3a nonomororo Teopemu Kponekepa-Karesn 1ociipKyeMo CUCTEMY Ha CYMICHICTb.
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II. «3BoportHiit xijg» Metoaa ["ayca.

1. 3amucyemo CJIAP, sika BiamoBigae qiaroHaTbHIA MaTPHUIT

(X1 + Q155 + A13X3+... +A1,X, = by,

Xy + Ay3X3+... Ay Xy = 152,

\%3+... +a3,X, = bs, (3.13)

\x,, = b,,.

2. IlounHaroum 3 OCTaHHLOTO PIiBHAHHSA cucTeMu (3.13), MOCTITOBHO 3HU3Y
BBEPX BHM3HAYa€MO 3HAYCHHS BCIX HEBIJIOMHMX 3MIHHHUX X; (3 OCTaHHBOTO PIBHSHHS
BIJIOMO, IO X, = Bn, HOro MiJICTaBIsSEMO B MEPEJAOCTAHHE PIBHAHHS 1 3HAXOJUMO
Xp—1 = by_1 — apx, 1T.1.).

Metonom Kopnana-I'ayca MoxHa po3B’si3yBaTh CUCTEMH OYb-SIKHX PO3MIPIB,
TOOTO HEMa€e BUMOTH, III00 YUCIIO PSI/IKIB IOPIBHIOBAJIO YUCITY CTOBIIIIB, SIK Y METO/I
Kpamepa it maTpruuHOMY METO/II.

2x1 + Xy +x3 =2
IIpuknao. Po3s’s3atu CJIAP metomom I'ayca § xq + 3x, + x3 =5
X1 +x, + 5x3 =7

2 1 1 | 2
1) Po3mmpena maruirt cucremu matume eursig ({1 3 1 | 5
1 1 5 | =7
2) [IpuBeneMo po3MHUpPEHy MATPHUITIO IO T1arOHATBHOTO BUTJISTY
2 1 1 | 2 2 1 1 | 2
1 3 1 | 5 |)~1I*2-110 5 1 | 8 |~
115 | =7/ diI—-Dp\0 -2 4 | -12
2 1 1 | 2
~ 0 5 1 | 8
(II*5+1=*«2)\0 0 22 | -—-44

3) Busnayaemo paHru MaTpulll Ta pO3IIKUPEHOT MATPHUILIl CHCTEMH
rang A = rang A=3.
OTtxe, 3a Teopemoro Kponekepa-Kanemni, cucrema mae po3B’si30K.
OCKUIbKY paHTH CIIBNAAAIOTh 1 JIOPIBHIOIOTH KUIBKOCTI HEBIJOMUX CHUCTEMH, TO
CUCTEMa Ma€ TUIbKHU OJWH PO3B’SI30K.
rang A = rang A=3=n.

4) Bunucyemo cucremy, sika BIIMOBIJA€ AlarOHANbHINA MaTpHII
2x1 + Xy + X3 = 2

5x2 + X3 = 8
22x3 = —44
. 44
3 OCTaHHBOTO PIBHSIHHS BU3HAYAEMO X3 = — — = —2.
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8-x3 _ 8-(-2) _ 10

Jlami 3 1pyToro piBHSAHHS 3HAXOJUMO X, = . - = 2.
. . 2—X3—Xy 2—(—2)—2 2
I3 meporo piBHSAHHA 3HaXOAUMO 3MIHHY X = = . =5 = 1.

OT1xe, po3B’sA30K CUCTEMU X = 1, X, = 2, x5 = —2.

Humannsa Ne6
3acmocysanna CJIAP ¢ 3adauax 3 odmexcenumu pecypcamu

CJIAP BUKOpPUCTOBYIOTHCS JJI1 MOJICIIOBAaHHS B3a€MO3B’SI3KY MK PECypCaMu,
OOMEXEHHSIMU Ta L1IJIbOBUMHU MOKA3HUKAMH.

Koxna 3MiHHa (HEB1IOMa) y CUCTEMI MOX€E MPEACTABIATH KUIbKICTh MEBHOTO
pecypcy, SKui MOTpIOHO BUKOPUCTATH (HAMPHUKIIAL, TOOUHU pOOOTH OOIaJHAHHS,
o0car BUpOOHHUIITBA MPOJYKTY, KIIBKICTh IHBECTOBAHUX KOUITIB), a KOXKHE PIBHSHHS
a00 HEpIBHICTb MPEJCTABIISIE IEBHE OOMEKEHHSI PECYPCIB.

KirouoBuMu HanpsitMkamu npukiiagaoro 3acrocyBants CJIAP e:

1. YrpaBniHHs BUpOOHUIITBOM Ta JIOTICTUKA:

— 3anaya npo cyMim (Blending Problem): BU3HaueHHs! ONTUMANBHOTO CKJIaAy
OpOAYKTY (HampHKIald, KOpMYy MAJii TBapuH, OEH3MHY) 3 JACKUIBKOX CHPOBUHHHX
KOMIIOHEHTIB, KOKEH 3 AKUX Ma€ OOMEXEHY KIJIbKICTb 1 pi3HY BapTICTh;

— OOMEXEHHs: MIHIMyM/MakCUMyM BMICTY IE€BHUX €JEMEHTIB (IIpOTeiny,
OKTaHOBOT'O YKCJa), JOCTYIHICTh CUPOBUHU;

— IUIaHyBaHHS BUPOOHMIITBA: BU3HAYECHHSI KUIBKOCTI KOYKHOTO BUly IPOAYKTY,
KU MOTP1IOHO BUTOTOBUTH, 11100 MAaKCUMI3yBaTH MPUOYTOK, BpPaXOBYIOYH OOMEKEHHS
Ha CUPOBHUHY, MAllIMHO-TOJIMHU, POOOUYHIA YaC TOLIO.

2. EkoHOMIKa 1 (p1HAHCH:

— ympasniHHsa noptdeneM iHBecTHliil (Portfolio Optimization): posmozin
00OMEKEHOro OIKETy MK PI3HMMU aKTHBaMH, 100 MakKCHMI3yBaTH OYIKyBaHUU
JOX1]] IPU MiHIMI3allii pU3UKY;

— OOMexeHHS: MakKCuMajbHa YacTKa I1HBECTHULIM Yy TIEBHHM AaKTUB,
MIHIMAQJIbHUM PIBEHb JIIKBITHOCTI.

3. EHepreTrka Ta MEpeKi: ONTUMAILHUM PO3MO/I11 TOTOKIB €HEeprii, BU3HAYCHHS
TOTO, SIK HalKpaIe po3MoIIUTH €JIEKTPOSHEPT1I0 B/l pI3HUX JKepe (3 00MEKEHOI0
MOTYXHICTIO) JIO CTIOKMBaYiB, MIHIMI3yIOYU BTPaTH.

Ilpuxnao. J1o0oBuil paiioH rogyBaHHS TBAapUH CKJIAJAEThCS 3 TPHOX BHJIB
KopMmiB. OuH Kutorpam KopMmy I-ro tumy komrye 5 rp. oA. 1 MICTUTh 1 0. XupiB, 2
oJl. O1KiB Ta 3 oA. ByraeBoiB. BapTicTs ogHoro kijgorpamy II-ro Tuny — 3 rp. ox., BiH
MICTUTB 2 Of. KUpiB, 3 o11. OUIKIB Ta 1 ox. ByrieBoaiB. OauH kinorpam kopmy IlI-ro
THUITYy KOIITYE 6 Ip. 0. 1 MICTUTD 3 OJ1. )KUPIB, 4 0J1. OLIKIB Ta 3 0. ByraeBoAiB. CKUTbKH
KI' KOPMY KOKHOTO THUITy HEOOX1HO KYMyBaTH HIOJIEHHO, 100 TBAPUHU OJIEPKYBaIU
17 on. xwupiB, 26 ox. OuikiB 1 19 ox. ByryieBoAiB. 3HAWTHU BapTICTh IIOJICHHOTO
TOJlyBaHHsI TBApHUH.

OCKUIbKM HEOOXITHO BHU3HAYUTH KUIBKICTH KI KOPMY KOXKHOTO THITY, TO
BBEJIEMO MO3HAYEHHS: X| — KUIBKICTh KOpMY [-ro Tumy (Kr), x; — KiibKicTh Kopmy II-ro
Tumy (Kr) 1 x3 — KUIbKicTh KopMmy IIl-ro Tumy (kr). 3a yMOBOIO 3a7a4i B yCiX KOpMax
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noBUHHO OyTu 17 ox. xupiB. OTKe, BPaXOBYIOUHM KUIBKICTh JKHPIB B 1 KI' KOpMY
KOXKHOTO THITy, MOXKHA 3alMcaTd piBHAHHA: X; + 2x» + 3x3 = 17. Anamoriuyxo
OJIEP’KYEMO BIJTMOBIAHI PIBHSIHHS AJI BMICTY OUIKIB Ta BYTNIEBOIB: 2x| + 3x; + 4x3 =
26 i 3x; + x2 + 3x3 = 19. Bapricts kopMmy Oyne ckmamaté Sx; + 3x; + 6x3 (Tp. ox.).
Taxum 4rHOM, OIEPKYEMO CUCTEMY PIBHSHB!

X1+ 2xy + 3x3 =17

2xq + 3x, +4x; = 26

3x; +x, +3x3 =19

Buricyemo po3iimpeHy MaTpHIO CUCTEMH 1 IPUBOAMMO ii 10 JTIarOHATLHOTO BUTIISITY:
1 2 3|17 x(=2) x(-3) 1 2 3 17

A =2 3 4 26:——+//~ 0 -1 -2 -8 [x(1) ~
31 319 0 -5 6| -32) x(-1)

T
12 3117 1 2 3|17
0 1 2| 8 x(-5) ~|0 1 2
0 5 6] 32/« 0 0 4

3 OCTaHHBOTO pAJiIKa BUILIUBAE, MO 4x3 =8 = x5 = 2. IligcraBusiouun
X3 =2 y TMEpeloCTaHHE PIBHSHHI X, + 2Xx3 =8, Maemo x, +2:2=8 =
X, = 4. Hapemri x3 Ta x, MiJACTaBIsEMO y TeEpilie piBHIHHS: X; + 2x, + 3x3 = 17.
Maemox; +2:-4+3-2=17=>x, =17 —-14 = 3.

OTxe, U1 TOAYBaHHS TBapHWH IOJACHHO MOTPiIOHO KopMmy [-ro Tumy — 3 K,

[I-ro Tumy — 4 xr 1 llI-ro Tumy — 2 xr. [Ipu 11boMy BapTICTh TOAYBaHHS CKJIaJaTUME
5x; +3x,+6x3=5-3+3:-4+6-2=39rpn.

IIuTaHHd 1Jd caMoNlepeBiPKH 3HAHD
1. Axa CJIAP Ha3zuBaeThcsa CyMiCHOIO?

2. Ha3BiTb ocHOBHI MeToau po3B’s3aHHs CJIAP.

3. Chopmymroiite mpasmino Kpamepa po3s’sizanns CJIAP.

4. 3a sK0i YMOBH MOKHA BUKOpPUCTOBYBaTH MeToj Kpamepa nist po3B’si3aHHS
CJIAP?

5. SIK yTBOPIOIOTHCS JOTIOMIXKHI BU3HaYHUKH Yy hopmynax Kpamepa?

6. Y axomy Bunaaky CJIAP moxxHa po3B’si3yBaTH MaTpUYHUM METOJIOM?

7. JlaiiTe BUBHaUYCHHS paHTy MaTpHIL.

8. SIki eneMeHTapHI IEPETBOPEHHSI PAJIKIB MATPHIIl HE 3MIHIOIOTH ii paHT?

9. SIxuM criocoOOM BU3HAYAIOTh PAHT MATPUIIL?

10. ChopmyroiiTe yMOBY CYMICHOCTI CUCTEMH Ha OCHOBI TeopeMu Kponekepa-
Kanemnmi.

11. Ha3BiTh ocHOBHI eTanu po3B’sizanHst CJIAP metonom ["ayca.

Tectn
1. Cucmema, sika mae miibkKu 0OUH PO38 30K, HA3UBAEMbCAL!
a. HecymicHoro.
0. HeBuznauenoto.
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B. BusHaueHnoro.

r. CyMiCHOIO 1 BUBHAYEHOIO.

2. Jlna poss’azanusn CJIAP euxkopucmogyroms memoou:

a. Kpamepa.

0. MaTpu4HHii.

B. ['ayca.

r. Yci BiIIOBI/Ii IPaBUJIbHI.

3. Axwo 6 cucmemi KibKicms pi6HAHb He CNIBNA0Ac 3 KilbKICMIO HeBi00MUX,
3acmocos8yroms Memoo:

a. Kpamepa.

0. MaTtpuunwmii.

B. ["ayca.

r. Kpamepa 1 Mmatpuunmii.

4. llo enemenmapHnux nepemeopens Hao pAOKAMU MAMPUYi 8iIOHOCAMb !

a. 3aMiHy MICLSIMH JIBOX PSIJIKIB MaTpUILI.

0. lonaBaHHs 10 SIKOro-HEOyAb psAJIKAa MATPHULIl IHILOTO PsiIKa, TOMHOXEHOTO
Ha YUCJIO.

B. [lonapHe MHOKEHHS BIJIMOBIIHUX €JIEMEHTIB PSJIKIB.

r. [IpaBusnbHI BiANOBIII &), 0).

5. 3ziono 3 meopemoro Kponexepa-Kanenni cucmema mae HecKin4eHy MHON’CUHY
PO38 53Ki8, AKWO!

a. i BU3BHAYHUK JOPIBHIOE HYIIO.

0. Panr MaTpuili cuctemMu JOPIBHIOE PAHTy PO3IIMPEHOT MATPHIII.

B. Panr matpuili cucteMu OPIBHIOE PaHTy PO3IMIUPEHOT MATPHIN 1 JOPIBHIOE
KUTBKOCT1 HEB1JIOMUX.

r. Panr Matpuiii cucteMu JOPIBHIOE paHTy PO3IMIUPEHOI MATPHIIl, TPOTE MEHIIIE
KIJIbKOCT1 HEBIJIOMUX.

3aBIaHHA JUIA CAMOCTIHHOr0 BUKOHAHHSA

1) Po3s’s3atu CJIAP metonom Kpamepa:
2xy +x, +x3 =3

1.1{ x; +3x, +x3 =5
X1+ x, +5x3 =11

X1 — 2%, +x3=0
1.29 3x;,—2x3=1
X, —4x3 = -3
2) Po3B’sizatu CJIAP mMaTpuyHUM METOAOM:
X1+ 2%, +x3 =2
—x1 +4x, — 2x3 = =3
2x; —4x, +3x3 =5
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-1 2 3 —4 1

3) BuzHauuTH paHr MaTpuiii 0 3 1 -2 0
2 01 1 -1

1 2 4 -3 0

4) Posp’sizatu CJIAP metonom [ayca:
2x1 +x, +x3 =8
414{—x1 +2x5—x3=0
X1 +x, =4

—X1 + 2%, +x3 =2
4234x1 — x5 +2x3 =12
2x1+x, —x3 =7

5) IlignpuemctBO BUpOOJIA€ AeKUIbka BUAIB 1ykepok A, B 1 C. Bimomo, 110
peanizamisa 10 kinorpam mykepok A nae mpudbytok 9 rp. ox., B — 10 rp. ox. 1 C —
16 rp. on. Hopmu BuTpaTu cupoBHHHM Ha BUPOOHULTBO 10 KI' IIyKEPOK KOXKHOTO BULY
HaBeaeHO B Ta0um 3.1

Tabmuus 3.1
CupoBuna Hopwint BTpat cipoBHHH 3amnac CUpOBUHU
A B C
Kaxkao 18 15 12 360
Hykop 6 4 8 192
HanosHioBau 5 3 3 88
IIpubymox 9 10 16

3anacu cupoBUHU 0OMekeHi. HeoOXiTHO BU3HAYUTH, CKIJIBKHU JECATKIB KLIorpam
LYKEPOK HEOOX1HO 3pOOUTH 1 3HAUTH MPUOYTOK BIJl IXHBOI peanizarii.

PexomenoBana Jiiteparypa: ocHoBHa 1, 2, 3, 4; nogatkoBa 7, 8, 9, 12, 13.

OcHoBHi

TEMA 4 )
I'PAHUALA ITIOCIAOBHOCTI TA ®YHKIII

IOHATTH:

qHCJI0Ba

MOCTIAOBHICTh,  TPaHUIA

MOCJIJIOBHOCTI, TpaHuls (YHKIII, BIACTMBOCTI TrpaHUIl (YHKIIIT,
nepia oco0uBa rpaHuld QyHKIIi, Apyra oco0auMBa rpaHulls QyHKIIIi.

ITaan

1. I'panuIsg 9uCI0BOT MOCIIIIOBHOCTI.

2. I'panuns QyHKIi.
3. Ilepmia ocobavBa rpaHHUIIS.

4. Hpyra ocoOyimBa rpaHUIIS.
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Humanna Nel
I'panuuysa yucnoeoi nociioosnocnii

Yucnosor nocrioosnicmio HazuBaeTbesa QyHKIIA a,, = f(n), sika BU3HaYeHa Ha
MHOXHWHI HaTypajabHuX 4yucen 1, 2, ..., n, ... .

3naueHHs nociigoBHocTi ay = f(1), a, = f(2), ..., a, = f(n) Ha3uBawTHCA
YleHamu noCai008HOCII.

[TocnigoBHicTh a, = f(n) no3HayaioTs {a,}, ne a, Ha3UBAIOTH 3A2ATbHUM
Y1eHOM NOCTIOOBHOCHII.

3Har0uM 3araJIbHAIA WICH MOCITIIOBHOCTI, 3aBXKI MOKHA BUSHAUYHUTH Oy Ib-SIKUN
YJICH TOCJIIIOBHOCTI A}, MOJICTABUBIIIN Y A, 3aMICTh 1l YUCJIO k.

Hanpuma()'

[TocninoBHICTD {a,, } HA3UBAETHCS 3pOCMAlOY0I0, KO IS OyAb-IKOTO HOMEpa
N BUKOHY€ETHCS HEPIBHICTh Ay < An4q. SKIO ay > Ay,4q, TO MOCHITOBHICTE {ay,} €
Cnaoaroyoro.

Unciio a Ha3MBAETHCS epanuyero 4uciosoi nociioosnocmi {a,}, SKIO IS
Oynp-skoro yucna € > 0 icHye Takuit HoMep N = N (&), IKul 3aJIeKUTh BiJ €, IO IS
ycix n > N BHKOHY€EThCS HEPIBHICTH |a,, — a| < &.

[To3HauaeThCs TpaHULS MOCTIIOBHOCTI lim a,, = a abo a,, = a npun — o,

n—-oo

IntepBan (a — &, a + €) HA3UBAETHCA € - OKOJIOM TOYKH d.

['eoMeTpu4HMII 3MICT TpaHUIll MOCHTIIOBHOCTI € y HACTYIHOMY: YHCIO a €
TPAHMIICIO TMOCTIAOBHOCTI {@,,}, KO ISl OyAb-SIKOTO OOPaHOTO € — OKOJIY TOYKH a
3HAUJEThCS TaKUM HOMEP UICHAa TOCHioBHOCTI N, IMIO yCl IMOCHIAyIOUl YJIeHU
MOCJIIIOBHOCTI (3 HOMepaMu 11 > N ) 3HaXOASThCS B € — OKOJ1 TOUKH Q.

. . 3n+7
IIpuknao. BU3Ha4yuTH TpaHULIIO MOCTIA0BHOCTI {T}’

7
_3n+7  n @+
llm—=llm——llm(3+—)—3

n—oo n n—oo n n—oo

Humannsa No2

I'panuua pynkuii

Hexaii ynkist f(x) BU3HaUeHa y IEIKOMY OKOJIi TOUKH X, OKPIM, MOKITBO,
CcaMol TOYKH X.

Yucno A HasuBaeTrbes epanuyero ¢yuxyii f(x) npu HaOMMKEHHI X 10 X,
(x > xp ), fAKmo st Oyap-SKOr0 MaJloro 3HaueHHs & > 0 iCHye Take 4YHCIIO
6§ =6(g) >0, mo ans ycix x, siKi 33JJOBOJILHSIIOTh YMOBI |x — x| < &, mae micrie
HepiBHICTh |f(x) — A| < €.
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[To3HavaeThcst TpaHUIA PYHKIIIT TAKUM YHHOM
limf(x) =Aab6o f(x) > Anpu x — x,.
X—>Xo

Oyukuist f(X) HA3UBAETBCS HECKIHUEHHO 8eluKol0 TPU X — Xy, SKIIO
lim f(x) = oo.

X—>Xg

OyHKIA (X ) HA3UBAETBCS HECKIHYEHHO MAION TIPU X — X, SKIIIO xl ir;z a(x) = 0.
—Xo

SIKIIIO MO3HAYXMTH HECKIHYEHHO Majly GYyHKIO K [0], a HECKIHUEHHO BEIHKY —
K [00], TO BIaCTHBOCTI ITUX (YHKIIiF MOKHA 3aITUCATH TAKUM YHHOM:

0] = [0], [C-0]=]0
o] = [oo], [C - o0] = [o0], [0+ 0] = [oo],
[0], 1 _

+
+

[0
v
eo]

OCHOBHI BJIaCTUBOCTI IpaHuUllb QyHKIII:
1) Axmo gyskis f(x) Mae TpaHUIIO TIPU X — X, TO 115 TPAHUIII TUTBKH O/IHA.
2) I'panuiist TOCTIHHOT BETUYMHU JTOPIBHIOE CaMiil MOCTIHHIN

limC=~C.

X—Xq
3) Axmo dbyukii f1(x) 1 f,(x) MaTh TpaHUIll TIPH X — X, TO IPH X — X,
MarOTh TPAHMII TAKOXK IX cyma, JoOyTOK Ta BigHOMICHHS (32 ymMoBH lim f,(x) # 0),
X—Xq

TOOTO
lim (fi(x) + f2(x)) = lim fi(x) + lim f,(x), (4.1)
X=X, X—Xo X—Xg
lim (fy(x) - f2(x)) = Lim f;(x) - lim f,(x), (4.2)
X—Xg X—>Xg XX
. f1(%) _ xlig"ofl(x)
o (o) = Jim £, (43)

4) IocTiiHMIT MHOKHUK MOYXHAa BUHOCUTH 32 3HAK IPaHUII
lim(C-f(x))=C-limf(x)
X=X X—Xq
Skio mij yac miJCTaHOBKM 3aMiCTh 3MIHHOI X 3HAYEHHS X, OTPUMYEMO TakK
. . . (0 co . .
3BaHI «<HEBU3HAUYECHOCT1» y BUIJISIAL (5)’ (—), (0 - ), (00 — o), (1%) Ta iHMI, TO I
oo

oOuuciaeHHs: rpaHuill (YHKIIT HEOOXITHO 3MIMCHUTH TiepeTBOpeHHs (YyHKII abo
M030aBUTHCS HEBU3HAYEHOCTI.

2
x2-12x+35
Ipuxnao 1. O6uncmutu lim ———
x—5 x2-25

VY yncenbHUK 1 3HAMEHHUK MiJICTAaBIAEMO X = 5. OfepKyeMO HEBU3HAYEHICTh
0

(5). Po3kinanaeMo 4McCeNbHUK Ta 3HAMEHHUK HAa MHOXXHHMKH, JJI YOTO 3HAXOAMMO
KOPEHi, MPUPIBHSIB BUPa3U A0 HYJIS:

Dx>—12x+35=0=>x=5,x=7;

) x*-25=0=x=5,x=-5.

YucenbHUK Ta 3HAMEHHHMK BHUXIJHOI (PYHKIIi pPO3KJIaJa€EMO HAa MHOXXHHKH,
CKOPOYYEMO CIUIbHI MHOKHUKH 1 MIJCTABISEMO X = 5
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2-12x+35  (x=5)-(x-7)  (x-7) 5-7 2

;lczrsl x? — 25 _£c—>5(x—5) (x+5) xl—>5(x+5) 5+5 10

Hpuxnad 2. O6uucuty lim L2

x—3 x—3
: . . : 0
[TimcTaBUBIIM 3aMiICTh 3MIHHOT X YHCJIO 3, OJEPKYEMO HEBHU3HAYCHICTH (5)'

[ToMHOXXMMO SIK YHCENbHHUK, TaK 1 3HAMCHHUK BHWpa3y Ha BHpa3, CIPSKEHUU 0
YypuceabHUKa, TOOTO Ha VX + 1 4+ 2. Maemo

L WEFI-2)-(FFiez)_ o (EET) -2
25 (x—-3)-(Vxk142) x5 (x—3) (xF1+2)
1 1

(x—3) 1
= lim = lim = =—
=3 (x=3)-(Vx+14+2) 3 (Vx+142) (V3+1+2) 4
Ag+A1x+Ax% 4. +Anx
FpaHI/IIIH BII[HOIHGHHSI IoJIIHOMIB lim (HGBI/ISHa‘{eHICTB

x—o0 Bg+B1X+Byx2+..4+ By x
(00
(;))Bmﬂaqaen,ca 3a MPaBUIIOM:

a) SIKUI0 HaWBUILMKA CTYIIHb X Y YUCEIbHUKY JOPIBHIOE HAUBUILIOMY CTYTICHIO X
3HAaMEHHHKA (n=m), TO TPaHULlS IOPIBHIOE BIOHOUIEHHIO KOe@hiyieHmie npu HatueUWUx

An
cmynemsx, To0To —;
Bm

0) SKUI0 HAMBUIIMKA CTYIIHb X y YUCEJIbHUKY MEHILIE HAWBMILIOTO CTYNEHS X
3HAMEHHUKA (1 < m), TO TPaHULls JOPIBHIOE HYJIIO;

B) SIKIIO HAaWBMILUN CTYMIHb X Y YHCEJIbHHUKY OlbIlle HAWBUILOTO CTYIEHS X
3HAMEHHUKA (1 > m), TO TPaHULS JOPIBHIOE HECKIHYEHOCTI.

. 2—4x+6x2-5x3
Ipuxnao 3. O6uucnuTy TpaHuIlio lim
xooo 1+7x2+8x3

OcCKiTbKM HaMBHIII CTyNEHI X 4YHCEIbHHKA Ta 3HAMCHHHMKA OJHAKOBI 1
JOPIBHIOIOTH 3, TO

. 2—4x+6x2%-5x3 0 -5
lim =(—)=—
x—oo 1+7x2+8x3 o
2x3+6x—8
Ipuknao 4. O6UUCIUTH TPAHUITIO llm —_—
0 2x6+4x243 "

OCKUIbKY HaWBUIIHMK CTYMIHb X Y cheJILHHKy MEHIIE HalOIBIIOTO CTYNEHS X Yy

. 2x3+6x-8
3HaMEHHHUKY (3<6), To MmaeMo lim ————=(—) =0
X—o0 2X6+4x2+3 o0

4
. 2x%+V9x3+4x*
Ilpuxnao 5. O6uuciuTy rpasHuiro lim =
x—o Vx+8—32x*+3x2
OCKiJTbKY HaWBUIUHN CTYMIHb X Y YUCEIbHUKY O1IbIlIe HAWOUIBIIOTO CTYTIEHS X Y

2x2+Yox3+4x% . (00) — o

3HAMEHHUKY (2>4/5), To maemo lim
y ( )’ X—0 \/x+8—”i/2x4+3x2

oo
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Humanna Ne3
Ilepwa ocodonuea cpanuus
Ilepwa ocobusa rpaHUIls Ma€e BUTIIA

. sinx 9 .
Lim =" _(0)_1. (4.4)
Hacninku nepioi oco0aMBO1T IpaHMIIl:
. tgx _ (0 _
lim =% = (7) =1 (45)
., arcsinx _ 9 .
e (0) 4
. arctgx _ (0 _
i = (-1 @
Ilpuknao 1. 3HaiiTi 3HAYCHHSI TPAHUIT
I sin3x_(0>_l, 3-sin3x_(l_ sin3x> 3_1 3 3
w0 7x o) T 3 W3 ) 7T 7T
Ilpuxnao 2. 3HaiiTH 3HaYCHHSI TPAHUIII
6 arctg 6x . arctg bx
arctgex (0 eI 6 (iT%T) 6 3
g OO _(O) e 6 W6 ) 63
x>0 arcsin 4x 0 x>0 4-arcsindx 4 (limarcsm 4x) 4 2
4x x50 4x

VY Bumanky HeBu3HadeHOCTI (0-00) HEOOXIJIHO 3pOOUTH MEPETBOPEHHS TAKUM

. 0 %}
YUHOM, IHO6 OTpUMAaTU HCBU3HAYCHICTDb (6) abo (—)

[0e]
Axmo dyukmii a(x) 1 f(x) HECKIHUEHHO Mali (QYHKIi OJHOTO MOPSAKY 1

. a(x . .
lim (%) 1, TO BOHH HA3UBAKOTBCA €EKBI6ANEHMHUMU HECKIHYEHHO MAalumu

X—Xg @ N
@YHKYIAMU TIPU X = X.
Lle 3anmucyeThcst TakuM 9UHOM a (X)~ [ (x) mpu x = X,.
BpaxoByroun BigHomieHHs (4.4)-(4.7), MO)XXHa BBaXaTH €KBIBAJCHTHUMH
HECKIHYEHHO MajuMu npu X — 0 Taki QyHKIIII:
sin x~x
arcsin x~x (4.8)
tg x~x
arctg x~x
['panuts BiIHOIIIEHHS! HECKIHUEHHO MaTNX (DYHKIIM HE 3MIHIOEThCS MPHU 3aMiHI
iX eKBIBaJIECHTHUMHU HECKIHUEHHO MaIUMH QYHKILISIMHU, TOOTO SIKILIO
a(x)~ay(x) npu x = x,
B (x)~p1(x) mpu x = xo, TO
lim &8 = | 2 (4.9)
x-x9 B(X)  x-xy B1(X)
Buxopucranns dopmynu (4.9) y Oarathbox BHUMAAKax JO3BOJISIE 3HAYHO
CIIPOCTUTH TIOTIIYK TPAHUIN (PYHKITIH.
Ilpuxnao 3. 3HaiiTH 3HaYEHHS T'PaHUIIL
sin8x (0) 8x 8

=lim—=2

li —
ik x-07Xx 7

x-0 7x 0
Ilpuxnao 4. 3HaiiTH 3HaYEHHS TPaHUIII
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. sin9x + 2arctg 3x 0 9% +2-3x . 15x 15

lim - =<—>=llm—=llm—=—

x—0 arcsin 2x 0 x—0 2x x-0 2X 2
Ilpuxnao 5. 3HaliTH 3HAYEHHS TPaHULI

.y (arcsin 2x)* (O) _ (2x)? .y 4x* 4

x50 5x2 + (tg 4x)2  \0) T #505x% + (4x)2  x5021x2 21

Humanna Ne4
/pyea ocodnuea cpanuus

/lpyea ocobnusa rpaHullsl Ma€ BUTIIS

. 1\*
lim (1 + ;) = e~ 2,71828 (4.10)
1
lir%(l +y)=e (4.11)
y—)

3x-4
2
o .o -2
Ilpuknao 1. 3HaiiTH 3Ha4€HHs rpaHull lim al > .
x—o 14 x

. . ¥r2=2 3x_4_ o . .
OcKUIbKH  lim = (1), TO BUAUIMMO Iy YacTUHY (OJIMHUIIIO), IS

x—o| ] 2

+Xx

3x—
2
.o . x“=-2+1-1
YOTO Y YHCEIIbHUKY JI0JIA€EMO 1 BIIHIMAEMO OJIMHUIIIO: lim (—2] =

x>0 I+x
3x—4 NOKA3HUK CINYNEHs. (3x—4){1+x° BUOITUMO
1 — — ; . -3 2
: XIE)I:O (1 + | 2] = NOMHONCUMO Ma NOOIIUMO i | 1 + . l+x _  Opyay ocobaugy
+Xx HA 3HAMEHHUK Opooy X—>0 1+ x 2PaHUYIo
3x—4
1+x2 |14x2 . 3x—4
. -3 —31lim——> _
= llm [(1 + 2) ] — [e 3]x—>oo1+x2: (e 3)0 — 1-
X—00 1+x
U
e—3
) Sx—4 2x+4
Ipuxnao Ne2. 3naiitu lim ( ) :
x—oo \3x+1
o ., 5x—4 5
3HaiineMo rpaHuIf0 apoly 'y ayxkax lim =-. Orxe MaeMo

x—oo 3x+1 3

i S5x—4 2x+4 5 [e0) ) .
lim (3x+1) = (5) = 00, OCKIIbKH 5/3 € BEIMUMHOIO O1bIIIe 3a OJUHULIIO, TO Y
X—0

HECKIHYEHHOMY CTYIIEH] 1€ HEe € HEBU3HAUCHICTIO.
8x
N 4
Ipuknao Ne3. 3naiitu lim (1 + ;) :

X—00
8x 5)-4-8

X
4 4 (4 4 (Z)
lim (1 +—) = lim (1 +—) = | lim (1 +—> = 32
X X X

X—00 X—00

IluTaHHs 1451 caMonepeBipKH 3HAHD
1. JlafiTe BU3BHAYCHHS YHMCIIOBOI MOCIIIIOBHOCTI.

2. Slka 4mciIoBa MOCIIIOBHICTD € 3pOCTaI0Y0I0?
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3. ITosICHITh TeOMETPUYHUHN 3MICT TPAHMII TTOCTIJOBHOCTI.

4. [laiiTe BU3HAUYCHHS I'paHUIll QYHKIII.

5. CopmymroiiTe OCHOBHI BIaCTUBOCTI IPaHULIb (DYHKIII.

6. HeBu3HaueHOCTI SKOTO TUITy MOXYTh BHHHMKATH NMPU BU3HAYEHH! T'PaHUIl
byHKITIi?

7. Ha3BiTh BimoMi BaM criocoOu 1mo30aBlIeHHS HEBU3HAYEHOCTI.

8. SIxi ocoOnmBi rpanuIli PyHKIIIT BaM BioMi?

9. ki HeckiHUeHHO MauTi (yHKIIIT HAa3UBaIOTHCS €KBIBAJICHTHUMM ?

10. ChopmyintoiiTe mpaBuUiio BU3HAYCHHS T'PAHUII BIAHOLIEHHS HECKIHYEHHO
Majiux (YHKITIH.

TecTn
1. Yucnosoro nocnioosnicmioo Hazueacmvcs @QyHKYis, sAKa 6U3HAYeHd Ha
MHOMNCUHL:
a. limux gucen.
0. HarypanbHux yucern.
. IppaniionansHuX uncesn.
. JIIMCHUX YunCell.
. 3HaueHHs NOCII00BHOCII MAOMb HA38Y:
. ApryMeHTH MOCI1JOBHOCTI.
. EnemMenTy mocmiioBHOCTI.
. UeHH 1OCIIIAOBHOCTI.
. Yci BiANOBIII MMPaBIIBHI.
. I panuys nocnioosnocmi nosHauaemscsi:
dima, = a.

n—-oo

lima, = a.
x—b

B. 4, = ANpUN —> 0O,

r. [IpaBusbHI BIANOBII &), B).

4. Jlo «Hesuznauenocmeily, siKi MOXCYMb BUHUKAMU NPU BUSHAYEHHI 2PAHUYI
@yHKYii, 6i0HOCAMD!

0
a. (=).
0
(0]
6.(2)
(0]
B. (0 ).
r. Yci BiMOBIIi IPaBUJIBHI.
5. Axuu 3 Hasedenux Hudicue 6upazié He € HEBUIHAYEHICMIO NPpU OOYUCTEHHI

eparuyi QyHKyii?
a. (00 — ).

QW L WO N W
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3aBaaHHA I CAMOCTIHHOIr0O BUKOHAHHSA

1) 3HaliTy TPAHUIIIO TIOCIIAOBHOCTI:

. An(n+3
1.1 llm¥
n-oowo 7nc+1

. 2n3-7
1.2 lim —;
n—ooo 3N“+4

. 100n3+3n2
1.3 lim
N->000,001n4=100n3+10
. (3n-5)2-5n?
1.4 lim ———
nooo 2n2+5n+1
2) 3HaiiTy TpaHUIlO QYHKINI:

. 6x*—5x3+4x
2.1 llm4—
X— o0 3x*+2x

2
. x“—8x+7
22 lim——
X—oo 4x+5

312
. x“+10
23 lim ——
x—oo \/x3-8
. Vox*+3x+6
24 lim —————

X—oo 5x%2+2
. x%-2x-15
23 im=—a5s
. Vx+8—4
2. —
6 ilfé x—8
. 2—/x-3
x—=7 xX“—49
3) 3uaiitu rpaHuiio (QyHKIIH, BUKOPUCTOBYIOUH TEpITy Ta JAPYTY OCOOJIMBI
TpaHUIIL;
.t
3.1 lim 2=

x—0 Sin 3x

. Sinb5x
32 lim=
x—0 Sin 3x

.2
. Sin‘4x
3.3 lim——
x-0 3x
.2 2
. acrsin“ 2x+4x
341lim >
x—0 6x
.2 2
. acrsin®2x+arctg 2x
351lim

x—0 4x?2

) 4x
3.6 lim—
x—0 Sin 6x

3.7 lim ("—‘1)7x+3

X—>oo xX+4

3.8 lim (2"‘1)236+1

X—oo 4x+3

3.9 lim (2"‘1)336+2

X—oo 2x+3

2x

3.10 lim (‘““1)m

X—oo 2x+9

PexomennoBana qiteparypa: ocHoBHa 1, 2, 3; nomatkona 7, 8, 9, 12, 13.
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TEMA 5
MOXIJTHA ®YHKIIII OJTHIETI 3SMIHHOI TA 11
3ACTOCYBAHHS

OcCHOBHI MOHATTSA: YHCJIOBA TOCIIJOBHICTh, TPAHUIIA
MOCIIJIOBHOCTI, TpaHulsl (PyHKIII{, BIACTUBOCTI IpaHulll (yHKI, mepma ocobrBa
rpanuis QyHKI1, Ipyra 0coO0IuBa TpaHuIls (PYHKIII].

ILinaun
1 TlpaBuna mudepenmitoBanusa ¢yHkmii. [ToxigHl eaeMeHTapHUX (QYHKITIH.
[ToximHa ckimagHoi PyHKITIT.
2. TloximHi GpyHKIIT BUITAX TOPSIJIKIB.
3. [IpaBuno JlomiTanst po3KpUTTA HEBU3HAYEHOCTI IpaHMIll (yHKIIIT.
4. TlpukianHi acleKTH 3aCTOCYBaHHS MOXIAHOI (PYHKIII OAHIET 3MIHHOI B
3a/1a4ax ynpaBJIiHHS.

Humannsa Nol

Ipasuna oughepenuirosannsn ynuxuii. Iloxioni enemenmapuux hyukuiii.
Hoxiona cknaouoi pynkuii

: : A
SIKIIO iCHY€ TpaHMI BiIHOIICHHS é npupocTy GyHKIT Ay 10 TpHPOCTY
apryMmeHTa Ax, Komu Ax HaONMMXKAETbCA O HYJS, TO ISl TPAHWIS HA3UBAETHCS
noxionoro ¢ynxyii y = f{x) y Touri x i mosnagaerscs y' a6o [ (x)

Ay g a0 —f ()
y =fx) _Alalcr—tlodx L\lalcTI)lO Ax ' (-1

[Ipouiec Bu3HaueHHs MOX1AHOI (YHKILII HA3UBA€EThCS ii oughepenyirosanusim, a
(GyHKIIIO, sIKa Ma€ MOXIHY Y TOULI X, HA3UBAIOTh OUPEPEeHYillo8aHOI0 ) Yili MOoyyi.

Axmo ¢ynkuii # = u(x) 1 v = v(x) audepeHiiifoBani y TOYIIl X, TO MalOTh MiCIIe
Taki nmpaBuiia qudepeHITFOBaHHS:

1) moximHa cymu QyHKIIIHA

(utv) =u+v (5.2)
2) noximHa 10OyTKY (yHKIIIHI

u-v) =u-v+u-v (5.3)
3) BUHECEHHsI IOCTIHHOTO MHOYKHHKA 3a 3HAK MOX1IHO1

C-uw)=Cu (5.4)

4) noxiaHa BIAHOLIEHHS (DYHKITIH

u u-v-uv

() === 5:5)

5) noxiaHa ckiagHoi GyHKIii y = f ((p (x))

v =f () ¢'(x) (5.6)
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Tabnuis noxigHUX eneMeHTapHuX MYHKIIHN, u = u(x)

DyHKIIISA IToximHa yHKII
C=const C'=0
u™ n-u»l-u
N ~_
u —u
2+u
1 |
— — — u
u uz
el e u'
at a“-lna-u
1
Inu ~.u
u
1
log, u
u-lna
sinu cosu-u
cosu —sinu-u
1 ,
tgu ‘u
cos?u
1 ,
ctgu —— ‘U
sin?u
. 1 :
arcsinu —u
V1 —u?
1 ,
arc cosu ——u
V1 —u?

t ! ’
arctgu U
g 1+ u?

; 1
arcctgu —
g 1+ u?

Ipuxnao 1. 3uaiitu moxigny QyHxuii y(x) = 2x* + 4 sinx — % + ctgx — 6.

, , /5 S
y'(x) = (2x%) + (4sinx) — (ﬁ) 4 (ctgx) — (6) =

=2-4x3>+4-cosx —5-(=7)-x"%—

=8x3+4-cosx+—8—
X

—0 =

sin?u
1

sinu

Ipuknao 2. 3uaiiti noxigny ¢yukuii y(x) = (3e* + 6lnx) - arctgx.




y'(x) = (3e* + 6lnx) - arctgx + (3e* + 6Inx) - (arctgx) =

6
= (36" + ;) -arctgx + (3e* + 6Ilnx) -

1+ x2
o . _ 7*-10
Ipuxnao 3. 3uaiiti noxigHy ¢yukmii y(x) = NEFTEL |
S (7% —10)"- (Vx + 5x%) — (7% — 10) - (Vx + 5x3)
y(x) = =
(\/E + 5x3)2
1
7*In7 - + 5x3 —7x—10-(—+15 2)
n7 - (Vx4 5x3) — ( ) N X

(Vx + 5x3)°
IIpuxnao 4. 3uaiiti noxiany ¢yukmii y(x) = In (cos /(3x — 8x*%)).
y'(x) = (ln (cos J(Bx — 8x4))) : (cos V(Bx — 8x4')), X
X (y/(3x — 8x4)),- (3x — 8x1)'=
1 1
— N sin J(3x — 8x4) ) -
cos+/(3x — 8x%) (sm (3% - Bx )) 2./(3x — 8x%) 8
x (3 —32x3)

IIpuxnao 5. 3uaiTu noxiany Gyukuii y(x) = e®
' sinsx8)’ ; !
y'(x) = (ee 5 ) . (esm5x8) - (sin 5x8)" - (5x8) =
sin5x8 ;
= (ee ? ) - (esmsxg) - (cos 5x8) - 40x”

sin5x8

Humanna No2

Hoxioni hynkuii guuiux nopaokis

Hexaii ¢pynkuis y = f{x) mae noxigay f (x)y TouIi x, sKa sBIsE COOOIO IEAKY
HOBY (DYHKIIIO.
[ToximHa BiJ MTOXIAHOI MEPUIOTO TOPSAKY HA3UBAETHCA HOXIOHOK OpPY202o

nopsoky abo opyzor noxioHow 1 no3Havyaetbest y = (y ) abo f (x).
[ToximHa BiJ MOXIAHOI APYroro MOPSJAKY HA3UBAETHCS NOXIOHOW MPembo2o

nopsoky abo mpemuwoio noxionoro:y = (y') abo f (x).
[ToximHOIO 77 IOPSAKY HA3UBAETHCS MOXIIHA B1Jl MOX1THOI (#1-1)-T0 MOPSAKY:

y™ = (e ). 6T
Ipuxnao 1. 3uaiit noxinHy 3-oro nopsaxky aus yskuii y(x) = e* +4,
y'(x) — (ex2+4) — pX’H+4 . 2y
y'(x) = (ex2+4 - Zx)’ = X4 2x 2 + X T2 = X7 (4x2 4 2)
y'"(x) = (ex2+4 - (4x? + 2)) =¥ . 2 (4x2 +2) + Xt 8x =
= X" +4. (8x3 + 12x)
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3a 10MOMOTOr0 APYTO1 MOXiTHOT MOKHA TOCITIKYBATH (PYHKIIIO HA €KCTPEMYM.
JlocTaTHROIO YMOBOIO 1CHYBaHHS EKCTPEMYMY € Teopema.

Teopema: Hexaii ¢pynkitis f(x) Mae y ToUIll X, Ta i OKOJII HEMIEPEPBHI MEPIITY
Ta Apyry moximai, mpuaomy f (x9) = 0, f (%) # 0. Toxi dymkmis f(x) Mae y Toumi
X MiHIMyM (MakcumyM), skmio f (xg) > 0 (f (x,) < 0).

L1 Teopema 103BOJISIE BU3HAYATH EKCTPEMYM (QYHKITI.

IIpuxnao 2. 3uaiitu excrpemym Qyskuii f(x) = x3 — 3x + 2.

1) 3naxonuMo nepiry NoXiaHy QyHKIT

f(x)=3x2-3
2) BukopucTtoBy€emMo HEOOX1IHY YMOBY iCHYBaHHSI EKCTPEMYMY
fx)=o.
x;=-1x, =1
3) 3Haxoaumo Jpyry NoxigHy QyHKIIT
f'(x) = 6x
4) BuzHauaeMo 3HaK JIpyroi MOX1JHOI B TOYKAX Xy, Xs.
fi(-1)=-6<0
ff)=6>0

Otxe, x; = —1 — TOUKa MaKCUMyMYy, X, = 1 — TOUKA MIHIMYMY.

Ipuxnao 3. OyHKIIA 3aranbHUX JOTICTUYHUX BUTPAT, sIKA BKJIIOYA€ BUTPATH HA
BUKOHAHHS 3aMOBJICHHS 1 BATPATH Ha 30€piraHHsl 3aracy Ha CKJIaJl IPOTAroM IIEBHOTO
Hepiody vacy, 3aJIeXHO BiJl pO3MIpPY 3aMOBJICHHSI Ma€ BUTJISI

_ _ GCoS . q .
CZ - C3aMO6JZ + C36ep - T + Cul 2 - min,

ne C, — BUTpAaTH HA BUKOHAHHS OJTHOTO 3aMOBJICHHS (TP. O1.);
S —motpeba y 3aMOBJICHHI MPOAYKTY MPOTIATOM JAHOTO nepioay (IT., T);
C, — LlIHAa OJMHUII TIPOYKIIIi, 110 30epiracThes Ha ckiaml (Tp. O1.);

[ —YacTKa BiJI LI1HH, 1110 TIPUTIaJa€ HAa BUTpATH 110 30epiranHio (%);
q — IIyKaHa BeJIMYMHA 3aMOBJICHHS (IIT., T).

Bu3HaunTH pO3Mip 3aMOBJIEHHS (op ¢, IPH AKOMY 3arajibHi JIOTICTHYHI BUTPATH

OyyTh MiHIMaJIbHUMH.

1) 3Haxogumo nepury noxigHy GyHKIi BUTpat
C(@) = CoS N Cyl

2) BukopucTtoByeMO HEOOX1IHY YMOBY ICHYBaHHSI €EKCTPEMYMY
C(q)=0.
CoS Gyl 0

Clg) = —— 4+

95}

q2
2€,
C,i

C,i C,
2

95}

2 _—

q_
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2C,S

Qopt — Ci
3) 3HaxoaumMo JIpyry NoXiAHy QYHKIIIT JIOTICTUYHUX BUTpAT
., 2C,S
C(q) = e

Moskra 6aunty, mo C (q) > 0, a oTxe Qopt € TOYKOKO MIHIMYMY.

2CoS

Takum 4mHOM, IPH PO3MIPi 3aMOBJIEHHA (opr = JIOTICTUYHI BUTPATH

u

OyyTh MiHIMaJbHUMH.

Humanna Ne3
Ilpasuno Jlonimana po3kpummas Heeu3HaA4eHOCMI 2PAHUUL PYHKUIT

Hexait dynkmii f{(x) 1 g(x) Bu3HaueHi1 1 gudepeHIiiioBaH1 y I1eIKOMY OKOJI1 TOUKH
X = a. Po3rinsgHemMo BiTHOIIEHHS IUX (PYHKITIHA %, npuiMaro4u, o o0uaB1 GyHKIIIT

€ OJTHOYACHO HECKIHUEHHO MaJIMMH a00 HECKIHUEHHO BEIUKHUMH.

IIpasuno Jlonimana: T'panHulld BIJHOIIEHHS JBOX HECKIHYEHHO Maiux abo
HECKIHUEHHO BENTUKHUX (DYHKIII JTOPIBHIOE TPaHUIll BIIHOIICHHS iX MOXITHUX, SKIIO
OCTaHHsI ICHY€, TOOTO

m % = (%) a6o (2) = 1im £
tim 25 = (5)a60 (3) = tim 5255 (5-8)
Ilpuknao 1. 3HaiiTu 3HAYCHHS TPAHUIT
. 2" 0 i) . 2%In2
lim——= (—) =lim———=1lim = [n2
x—0 Sinx 0 x-0 (sinx)" x-0 cosx

Ilpuknao 2. 3HaiiTi 3HAaYE€HHS TPaHUL

o e¥—e* /0 (e¥—e™)  e*+4e*¥ 2
llTﬂ+=( >=llmf=llm—=—=1
x—=0 2Sinx x-0 (2sinx) x—=0 2C0SX 2

0

Ilpuknao 3. 3HaliTh 3HAYECHHS TPaHUL

=lim——=Ilim==1lim—-=0

: . (0
Po3kputts HeBu3zHaueHOCTi (0 * ©0) MOKHA IPUBECTH 0 HEBU3HAYCHOCTI (5) a0o

(g), NEPETBOPUBIILIHN MTOYATKOBY (PYHKIIiFO Ha Api0.

IIpuknao 4. 3HaiiTi 3HaYE€HHS TPaHUII
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K|

. . Inx oo (mx)
llm(x-lnx)=(0-00)=llm—=(—)=llm - = lim —— =
x—0+ x—0+ 1 (0/e] x—0+ 1 x—0+ _i

x ) X2
= limx=0
x—0+

Humannsa Nod
Ilpuknaoni acnekmu 3acmocyéanns noxXionHor

3adauax gnggaeﬂiuu}l

[ToxigHa QyHKIIT ONUCYE, K MIBUIAKO 3MIHIOETHCS OJIHA BEJIMUMHA, KO 1HIIIA
3MIHIOETHCSI HE3HAYHO.

VY 3ajmayax ynpaBiaiHHS TAKUMH BEJIMYMHAMU MOXKYTb OyTH:

— TpaHWUYHI BUTpPATH — HACKUIBKH 3MIHSTHCS BUTPATH, SKIIO BiIOYIETHCS
He3HaYHe 3017bIIeHHS BUPOOHHIITBA MPOAYKIIIT;

— TpaHUYHHMM JOX1J — HACKUIBKM 3MIHUTBCA BUPYYKa, SKIIO BiIOYAETHCS
HE3HayHe 30UIbIICHHS 00CSTIB MPOJAKY;

— TpaHUYHHUN MPUOYTOK — HACKUIBKH 3MIHUTBHCS MPUOYTOK MPH HE3HAUHIM
3MiH1 00CATY MPOJAKY.

Axmo ¢yskigs y = C(x) BUpakae 3aJIKHICTh BUTPAT BUPOOHUIITBA ) BiJl
KUTBKOCTI BUNYIIEHOI mpoaykuii x, To C'(x) — epanuuni (mapeinanvbhi) eumpamu
8UPOOHUYMEA, O XAPAKTEPU3YIOTh JTOJAATKOBI BUTpPATH HAa BUTOTOBJICHHS OJUHUII
BUITYILICHOI MPOAYKINi. AHAJIOTIYHO O3HAYalOTh TPAaHUYHUN JOXiJ 1 TPaHUYHUM
npuOyTOK, AKIIO (yHKIIS y = f(x) BUpa)kae BIAMNOBIAHY 3aJ€XHICTh AOXOAY YU
MpUOYTKY B1Jl KUIBKOCTI BUIYILIEHOT IPOTYKIIIi.

Ilpuknao 1. Hexaiil pyHKIis 10XOMy TIANPUEMCTBA Bl MPOJAXy MNPOAYKIIII Ma€e
surnag R(q) = 50q — 0,2g2, ne R(q)— noxin (Tuc. TpH), g— o0cAr mpoaaxy (THC.
OIMHMIIB). 3HaWTH TpaHnuHui goxin MR (q) Ta iioro 3nadenns npu q = 50.

['pannunumii 10x17 — 11e moxigHa (QYHKIIT JOXO0My 32 00CSITOM:

MR(q) = R'(q).

R'(q) = 50 — 0,4q.
Tenep miacraBumo q = 50:
MR(50) =50-0,4-50=50— 20 = 30.
ToGTo, mpu 00csa3i mpomaky 50 Trc. of. 30UTBIICHHS MPOAAXyY Ha Iie 1 THC. o1,
Jla€ MomaTkoBui goxia npuoauzao 30 THc. rpH.

O0uuncINMO:

Ilpuxnao 2. CyxynHi Butpatu ¢ipmu omnucani ¢ynkuiero C(q) = 1000 +
10g + 0,052, ne C(q) — BUTpaTy, q — KiIbKIiCTH IPOAYKLI.
3naiitu rpannyHi BuTpatu MC(q) ta ix 3HayeHHs npu q = 40.
I'panunyHI BUTpATH — 11€ MOX1/IHA BUTPAT 32 00CATOM BUITYCKY:
MC(q) = C'(q).
C'(q) =10+ 0,1g.
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I[Ipu g = 40 MC(40) =10+0,1-40 =10+ 4 = 14.

To6to, ipu Bummycky 40 OMWHUIG AOAATKOBE BUPOOHUIITBO 1€ OMHIET OMUHUIII
301IbIIIy€ BUTPATH NMPUOIN3HO HA 14 TPOIIOBUX OJUHUIIb.

Ilpuxnao 3. IlignpueMcTBO Ma€e (PyHKITIIO TOXOMY

R(q) = 80q — 0,5¢°
Ta (PyHKIIi}O BUTpaAT
C(q) =400+ 20q.
3HalTH 00CHAT @, IPH SIKOMY MPUOYTOK MaKCUMaIbHUM.
1) 3anucyemo npulyToK:
M(q) = R(q) — C(q) = (80q — 0,5¢) — (400 + 20q) =
= 80q — 0,5g% — 400 — 20q = —0,5¢* + 60q — 400.
2) 3HaxX0AMMO MOX1IHY MPUOYTKY:
N'(q) = —q + 60.
3) HeoOxinna ymoBa makcumymy: I1'(q) = O:
—q+60=0=q=60.

4) IlepeBipka eKCTpEMyMY:

IM"(q) = —1 < 0, o670 B TOUIli ¢ = 60 — MAKCUMYM.

OT1xe, onTUMaJIbHHUM 00cAT BUpOOHUIITBA — 60 OTMHHUII.

VY Bumagkax, Koiu Tpeda OOUYMCITIOBATH BIJCOTOK NPHUPOCTY (BIIHOCHUI
MIPUPICT) 3aJIE€KHOI 3MIHHOT, 1110 BIAMOBIIA€ BIACOTKY MPUPOCTY HE3AJIEKHOIT 3MIHHOI,
BUKOPHUCTOBYIOTH HOHSTTS €aCTUYHOCTI (DYHKIIT (BIIHOCHOI MOX1THO1).

Enacmuunicme Qyskuii y = f(x) BIZHOCHO apryMEHTy X OOYMCIIIOETHCS 3a
dbopmyiioro:

Ex(y) =35 (). (5.9)
Enactuunicts E((y) TOpiBHIOE MPUOIM3HOMY BIACOTKOBOMY MPUPOCTY (HYHKIIIL
(miaBUILIEHHS 00 3HUKEHHS ), 1110 BIJIMOBIIA€ MPUPOCTY HE3AJIEKHOI 3MIHHOI Ha 1%.

Ilpuknao 4. OOGUMCIUTH e€NacTUYHICTh (QYyHKUIT y=3x—6 Ta BU3HAYUTH ii

€KOHOMIYHHH 3MICT.

3a ¢opmymoo (5.9) maemo: E,(y) == f (x) =

| .

306 O x-
Harnpukiag, x=10, To enacTUYHICTh (PYHKIIIT JOPIBHIOE YUCITY % = %

SIxmo,

N

Ile o3Hauae,

AK11o x 3pocte Ha 1%, dyHKIis y Takox 3pocte Ha 1,25%.
VY Bunajkax, SKIo Tpeda BU3HAYUTH HE BEJIMYMHY MTOMUTY, a 3MIHY TIOTIHTY, SKa
BUKJIMKAHA MIEBHOIO 3MIHOIO I[IHU, BU3BHAYAIOTh €1ACMUYHICIb NONUMY 8IOHOCHO YIHU.
[Ipunyctumo, 10 MHOMUT ¢ 3aleXuTh BiA IiHU, TOOTO ¢ = f(p). Tomi
€J1aCTUYHICTh MOMUTY BIAHOCHO IIHU MA€ BUTJISIIL;
p dq
E.==-—. (5.10)
q dp
EnactuuHicTh MOMUTY BITHOCHO IIHU BU3HAYAE, SIK 3MIHUTHCS TTOMUT HA TaHUM
TOBAp, SKIIO HOro IiHa 3pocte Ha 1%.
3aysaoicennsi. Y OUIBIIOCTI BUNAAKIB (DYHKIIIS MOMUTY € CIaIarydor, TOOTO 3
. . d .
IT1IBUITICHHSIM I[IHM Ha TOBAp MOMUT HA HHOTO 3HIKYETHCA. Y TaKUX BHIAIKaX d_q <0,1
4
1100 YHUKHYTH B’ €MHUX YHCEJ Ha MPAKTULIl BUKOPUCTOBYIOTh TaKy GpOpMyIy:
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_ _Pb 4
E =-2-2L (5.11)

Axmo E. > 1, To6TO miaBUIEHHA IHU Ha 1% BiAMOBiAa€ 3HWKEHHIO TOIUTY
oinbI11e, HIX Ha 1%, TO TOBOPSATH, 0 MOIHUT e1ACMUYHUI.

Axmo E. = 1, To6TO miaBUIICHHIO IIIHA HA 1% BIAMOBIIa€ 3HMKEHHIO TOIMUTY
Ha 1%, TO TOBOPSATH, IO NOMUT HEUMpaIbHULL.

Sxmo E. < 1, To IONUT HeeracmuyHuu.

Ipuxnao 5. OGUUCIUTH €NaCTUYHICTD MOMUTY, SKIIO 3aJEXKHICTh MOMUTY Bij
[[IHU BUpAXKaEThCs popmynoro g=10-p.
Maemo E. = _pda___p | (-1) = P SIkmio, Hampukiam, p=2, TO

q dp 10-p 10-p

2 1

=Too3=a" Ile o3nauvae, 1m0 Mpu IiHI JABI OJAMHMIN MIABHINCHHS IIHU Ha 1%

npu3Beae 10 3HWKeHHS nonuty Ha 0,25%, TOOTO MOMUT € HEETACTUYHUM.

Iluranus AJIST CaMOHeEeBiQKI/I 3HAHb

1. JlatiTe BU3Ha4YCHHS MOX1THOT (PYHKIII].

2. Chopmymroiite mpaBuia 1udepeHiiiroBaHas QyHKITI.

3. Chopmy:roiiTe mpaBuiia BABHAYEHHS MTOX1THUX BUIIUX MOPSAKIB.

4. Sk 3a momomoror Apyroi MOXiAHOI MOXHa JOCHIKYBaTH (YHKIIIO Ha
ekcTpemym?

5. HeBH3HA4YeHOCTI SKOr0 THIy MO>KHA PO3KpUBATH 3a JIOMOMOTIOI0 IpaBuia
Jlomiransa?

6. Chopmymroiite npaBuiio JlomiTasast po3KpUTTSI HEBU3HAYEHOCTEH.

7. Ha3BiTh BiIOMI BaM HampsIMKH 3aCTOCYBaHHS MOX1AHOI (PYyHKIII B 3a1ayax
YIpaBIiHHS.

8. Illo xapakTepu3ye eIacTUYHICT IMTOMUTY BIJTHOCHO I[IHU?

9. Sxi BuUaM TONUTY BUIULIIOTH 3aJ€KHO B 3HAYEHHA KOEQIIIEHTY
€JIaCTUYHOCTI TOTIUTY ?

10. ITosscHITB, 11T0 0O3HAYAE IIOIUT €IACTUIHHIN.

Tectun
1. Iloxiona 006ymky yHxyill 6U3HAUAEMbCA 3a HOPMYN0I0:
a. (u-v) =u-v.
6. (u v) ==~
(uv) =uv+uv
(uv) =urv—u-v,
. Hoxiona pyuxyii y(x) = e€°52*

eCOS ZX.

2 . gCOSs2X

- W

MA€ 8U2TIAOD:

—e052% . gin 2x.

—2+eC52X . 5in 2x.

. Iloxiona opyzo2o nopsoxy 6io gynxyii y(x) = 3x3 mae suenao:
. 9x2.

LT E P

48



0. 18x.

B. 18.

r. 18x2.

4. 3a 0onomoeoro npasuna Jlonimans MONCHA PO3KPUBAMU K HEBUZHAUEHOCMIY Y
U0

)
a. (=).
0
(0]
6.(2)
(0]
B. (00 — 00),
r. [IpaBwiibHI BigNOBIAl @), 0).
5. Axwo xoegiyienm enacmuunocmi 3a yinoro Ec > 1, mo nonum mae nazsy:
a. EmactuuHui.
0. Heenactuunmii.

B. Helitpanpuuii.
. 3pOCTarounil.

3aBIaHHA LIS CAMOCTIHHOIr0 BUKOHAHHSA

1) 3HaiiTi nox1Hy QYHKII:

1.1y=\/x+2 x ++x

X

12y =e + e
1.3y = In(4x? + V9x* + 2x)
1.4y = arctgVx + arcsin®x
1.5y = sin®x” + cos (x? — 4x)
1.6y = In(y/In (x2 — 6x + 4))
1.7y = (3x — 10x*) - 2(-8x+1)
1.8 y = (cos3x) - tg(3 — 4x)

_ (3x—10x%)
19y = sinz_xz7 1)
arcsin(/—sx
Lily =In |o—
2y = [

2) 3HaliTu NOX1AHY (PYHKIIT IPYTrOoro NOpsaKy:
21y=(4x—7)-e**

22y = Inx3

23y =5 —6x+1

3) 3naiiT rpaHuIo GyHKIIIH, BAKOPUCTOBYIOUHU TIpaBuiio JlomiTas:

. e¥-1
3.1 lim—
x—0 Sinx
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.  4sin5x
321lim

x—0 Sin3x

33 lim &=

x>0 Sinx

., eX—e*-2x
3!lhn1————7———
x>0 Xx-Sinx

2
. x“=3x+2
3.5[1”1—5—————
x—>1X“—=7x+6

3.6 lim =20

x>4 x2%2-16

3.7 lim X1

x—5 XxX—5

3.8 lim 227

x—2 Xx—2

4) Bu3HauUTH YHCENbHICTh TNEPCOHANYy, MNpU sKid BUIYyCK ( Jgocsrae
MaKCHUMAJIbHOTO 3HAYEHHS, SKIIO0 B KOPOTKOCTPOKOBOMY ILJIaHI BUPOOHMYA (PYHKIIIS
3QIIEXKUTh TUIBKU BiJl YMCENBHOCTI mepconany ¢ipmu, T06t0 Q = 3-N-L* — 0,5-L° +
10-N?, ne Q — BUIyCK IpOAyKIii, a L — uncio npamporodux (N — HoMep CTyJeHTa 3a
CITCKOM).
p-2p*
3+Np

5) OOGuuCIUTH €NaCTUYHICTh TOMUTY (q = BIJIHOCHO IiHU Tipu p=I

(N — HOMEDp CTyIeHTa 3a CIIUCKOM).

PexomennoBaHa Jiiteparypa: ocHoBHa 1, 2; nomarkosa 5, 7, 8, 9, 10, 12, 13.

TEMA 6
JTU®EPEHIIAJIBHE YUCJEHHS ®YHKIIII JBOX
3MIHHHUX TA HOT'O 3ACTOCYBAHHSI B 3AJIAYAX
ONITUMIBAIIIL

)

OCHOBHi NOHATTS: YACTUHHI TOX1AH1 PYHKIIIT ABOX 3MIHHUX, YACTUHHI TOX1TH1
BUILIMX TOPSAKIB (PYHKIII JBOX 3MIHHUX, €KCTpEeMyM (QYHKIIi JBOX 3MIHHUX,
HeoOX1JHa yMOBa ICHYBaHHSI €KCTpeMyMy (YHKIIIi ABOX 3MIHHHX, IOCTaTHS yMOBa
ICHYBaHHS eKCTpeMyMy (QYHKIIT IBOX 3MIHHUX.

Iinan

1. [TousATTS YacTUHHOT MOX1AHOT (DYHKIIIT ABOX 3MIHHHX.

2. YacTuHHI MOX1H1 BULTUX MOPSAKIB PYHKITIT TBOX 3MIHHUX.

3. IlousaTTs ekcTpeMyMy QyHKIIIT JBOX 3MiHHUX. HeoOxiaHa Ta 1ocTaTHs yMOBU
ICHYBaHHS eKCTpeMyMy (QYHKIIT IBOX 3MIHHUX.

4. TlpuxnagHi acnekTy audepeHIliaabHOro YuciaeHHs QyHKINT ABOX 3MIHHUX B
TeOopii yrpaBIiHHS.
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Humannsa Nel

Honammsa yacmunnoi noxionoi hyukuii 080X 3amMiHHUX

OyHKIIS z = f(X,y) HA3UBAETLCA PYHKYIEIO 080X 3MIHHUX X Ta Y, SIKIIO KOXKHIN
napi uucedn (x,)) 3 Aestkoi 001acTi /{ 3a BA3HAYESHUM MPABIIIOM a00 3aKOHOM CTaBUTHCS
y BIATIOBIHICTH TIEBHE 3HAYCHHS Z.

ObnacTio BU3HAUeHHA (QYHKIIT JBOX 3MIHHHUX HA3MBA€TbCA CYKYIHICTBH Iap
qucedn (x,)), Npy AKuX QyHKIIS Z ICHYE.

Yacmunnor noxionorw @yukyii 060x sminuux z = f(x,y) no Oyab-sAKii 3MIHHINA Y
TOYIl HA3UBAETHCSA MOXIJAHA MO I 3MIHHIM y TPUNYIICHHI, IO 1HIIA 3MIiHHA €
¢ikcoBaHOO (CTAJIONO).

0z . flx+4xy)—f(xy)
— = lim
Ox Ax—0 Ax

dz  floy+4y)—f(xy)
— = lim
dy 4ay-o0 Ay
BHKOpHUCTOBYIOTH TaKOXK iHIII MO3HAYCHHS YaCTHHHHX TOXITHUX

Zxra Zy'a f'x(xJY)a f'y(x;}/)

o . . .0z .oz
Ilpuknao 1. 3HaiiTH YaCTUHHI MTOX1JIHI 33y byHKIIii

6.1)

5x
z(x,y) = e¥*™* + 45sin(7y — 3x?) —52 + cos,/y +In (x + 3)

0z = 2e?*™ % 4 4 cos(7y — 3x2) - (— 6x)—£+ !
ax x+3

1
x+3

— sin [y - \/_

10x sin [y
y o2y

o . . .0z .oz
Ilpuknao 2. 3HaiiTH YaCTUHHI MOXI]IHI a5y byHKIIil

5
=2e¥7% —24x-cos(7y — 3x*) —— +

0z 5 2)x
9y = —4e%*=* + 47 - cos(7y — 3x?) —¥

= —4e?*~% 4+ 28 - cos(7y — 3x2) +

X
z(x,y) = xY +tg(2x — 7y) —\/;+ (3x + 8y)1°
0z a1 4 1 ”_
—yx cos?(2x — 7y) \/_ \/_

0x
- +30(3x + 8y)°
cos?(2x —7y) 2 /xy X Toy

— =xY-lnx + - - (=7) —Vx- I +10(3x + 8y)?-8 =
dy cos?(2x — 7y) 2\/?

+10(3x +8y)?-3 =

=yx¥1 +
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7 Vx
=+ 80(3x + 8y)°

= %Y Inx —
X7 mx cosZ(Zx—7y)+2\/y_

Humannsa No2

Yacmunni noxioni euuiux nopaokie hyHKuii 080X 3MIHHUX

YactunHi moxiaHi (QyHKIIT ABOX 3MIHHHX cami € (QYHKI[SIMU IUX 3MIHHHUX 1
MOKYTh MaTH YaCTUHHI TTOXITHI.

YacTuHHI MOXIAHI MO 3MIHHMM X Ta y Bi QYHKIIH f 'x (x,y), f 'y (x,y), AKIIO
BOHU ICHYIOTh, HA3UBAIOTh YACMUHHUMU NOXIOHUMU OpPY2020 nopsaoKy QyHKIT z=f(x,))
1 TO3HAYAIOTh TaK

" )_azf(x,y)_azz_ 0 (62)
a6 y) = 0x2  0x?2 Ox \Ox
" )_62f(x,y)_622_ 0 (62)
fyyny) = dy?2  dy? 0dy\dy

. 0%f(x,y) 0%z 0 [0z
Fey ) = - ==()

y dxdy dxdy 0y \0x

. 0%f(x,y) 0%z 9 [0z
Fyny) = - =(5)

y dyox dydx 0x \dy

" "

YactunHi moxigHi f xy T2 f - SKI  BIAPI3HSAIOTBCSA  MOPSIKOM

IUQEPEHIIIIOBaHHS, HA3UBAIOTHCA 3SMIUAHUMU YACMUHHUMU NOXIOHUMU OpY2020
NnopsLOK).

Mae Miciie Taka meopema: 3MilllaHI YACTUHHI MOXIIHI JPYTrOro MOPSIAKY €
PiBHUMH, SIKITIO BOHHU HETIEPEpPBHi, TOOTO f Xy = f yx

Ilpuknao 1. 3naiiTy yci YaCTUHHI MOX1JIHI IPYTOTO MOPSIAKY Ta MEPEBIPUTH, YU
BHKOHYETBCS PIBHICT Z 4y, = Z , JuIsl yHKLii z(x, y) = 5x* + 7x2y>.

z, = 20x3 + 14xy®

z, = 35x%y*
= (az>—60 2 4 14y
Zax =5 \ox) T 0% Y
_— 5} (62)_140 .
Z yy ay\ay) ~ xX°y
_ d (62)_70 A
ny_ay ax) = %Y
_ 0 (62)_70 A
2y T gy ay) XY

bauumo, M0 Z yy, = Z yy.
YacTMHHI  MOXIAHI  BUIIMX  MOPSAAKIB  3HAXOMATHCSA  ITOCHIJOBHUM
nudepeHITliIOBaHHSIM YaCTUHHUX MOX1THUX HUKYOTO MOPSIIKY.

52



03z
dx20y

0z _
— = —3sin (3x + 8y) + 2e**~ ¥

s Qyskuii z(x, y) = cos (3x + 8y) + e2*¥™4,

Ilpuxnao 2. 3naiitu

X
a_Zz = —9cos (3x + 8y) + 4e?*~ %
0x?

0’z = 72sin(3x + 8y) — 16e2*~4Y
d0x?0dy

IHumanna Ne3

Honammsa excmpemymy gyukuii 0eox 3minnux. Heooxiona ma docmamus
YMO8U ICHY8AHHA eKCmpPeMyMY PYHKUIT 080X 3MIHHUX

Oyukuis z=f(x,y) Mae y touti My (x9,y0) Maxcumym (MinimMym), SIKIIO ICHYE
TaKUM OK1J TOUKU My, 110 JuIst yCiX ToUoK M (x,y) 3 IIbOTO OKOJTY, K1 BIAPIZHSAIOTHCS
B1Jl TOYKU M), BAKOHYETHCS HEPIBHICTh

f(x0,y0) > f(x,y) (f (x0,¥0) < f(x,¥)) (6.2)

Heobxiona ymosa icnyeanns excmpemymy GyHKIUL z=f(x,y): Ko (QyHKIIA

. . .o .. . . .0z
z=f(x,y) mae y Toutii My (x9,)p) EKCTpEMyM 1y 11ii TOYIl ICHYIOTh YACTHHHI MOX1H1 P

iaz TO
oy’

0z

x (%0, ¥0) =0

6.3)

0z O' ( .
— x , -
ay( 0 Yo)

Jlocmamus ymosa icuysanms excmpemymy QyHKIIl z=f(x,y): Hexall GyHKIISA
z=f(x,y) HemepepBHa Pa30oM 31 CBOIMU YaCTMHHUMH MOXITHUMH MEPIIOTO Ta JPYroro

. . . . 0z .
MOPSAJIKIB Y JIEIKOMY OKOJIl TOUKU My (X0,y0) 1 3a10BOJIBHSIE YMOBI p (%0,Y0) =01

0z
% (x0,Y0) = 0. Iloznaunmo

2 2 2
% (X0, Y0) = 4, ai_azy (X0, Y0) = B, Zﬁ (x0,Y0) = C, (6.4)
A=AC- B (6.5)
Toni y Touti My (x9,)0) pyHKist z=£(x,)):
1) mae MiHIMYM, sIKIIO A > 014 > 0;
2) mae MmakcuMyM, Ko A> 014 <O0;
3) He Mae ekcTpemymy, skio A < 0;
4) MoKe MaTu, a MOK€ i HE MaTu eKcTpeMyM, ko A = 0. Y nanoMmy BUNAAKy
NOTPiOH1 T0IaTKOBI JOCII1IKEHHS.

IIpuxnao 1. 3uaiitu excrpemyM QyHKLii z = x° — 3x%y — 3 — 3x + 3y +1.
1) BukopucTtoByrouM HEOOXiIHY YMOBY ICHYBaHHA ekcTpemymy (6.3),
3HAaXOJIMMO KPUTHYHI TOUKH:
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9z _ 3.2 _ 2
ax—Bx 6xy—3=0

0z
ay

Po3B’sa3yeMo cucteMy, 107aeMo piBHAHHS. OTXKe, MAEMO:
—6xy —3y* =0 = 2xpyH*=0 = y2x +y) = 0.

=—3x2—3y2+3=0

Toni piBHsSHHS po3nagaeThes Ha ABa: y = 0, y = — 2x. 3HaiiJieH1 y NICTaBISIEMO Y
CUCTEMY 1 OJICPIKY€EMO:
a)y=20
x> =1 = x=+1. Omke orpumamu a8i kputuaHi Touku M;(1; 0) 1 Mr(~1; 0).
0)y=—2x

Onepxyemo x> + 4x> — 1=0 = 5x> = 1 = x = #(1//5), a y = F(2/+/5), T00TO
MaeMo e JBi KputHaHi Toukn M3(1/4/5 ; —2/~/5) 1 Ma(=1/+/5; 2//5).

2) O0UUCIIOEMO BEIUYUHY A, JIJI YOr0 BUIIMCYEMO IOXiIHI APYroro MOpsaKy:
9%z _ 9%z _ 9%z _
0x?

6x—6y, oxay X, 357

Js Touxu Mi(1; 0) A=-36 <0 — ekcTpeMyMy HEMae.

st touku M>(—1; 0): A=-36 <0 — ekcTpeMyMy HEMAE.

st TOYKH M3(1/+/5; —2/5): A=36>0, pUIOMY A>0.
Otrxe B T. M3(1/4/5; -2//5) € minimym.

st TOYKH My(-1/5; 2/5): A=36>0, pUIOMY A<0.
Otmxe B T. My(—1/+/5; 2/4/5) € MmakcumyMm.

Ipuxnao 2. 3uaiitu excrpemyM QyHKLii z = x> + 3 — 3xy.
1) BukopucroBytoun HEOOXiHY yMOBY ICHYBaHHs ekcTpemymy (6.3),
3HAXOJAUMO KPUTUYHI TOUKH:

62_ 2_ _

—ax—3x 3y=20 y = x?
92 _3y2_3x=0 W*—x=0
o, =3y —3x=

Maemo n8i kputuuHi Touku M;(0; 0) 1 Ma(1; 1).

2) OOUUCITIOEMO BETUYUHY A, JI1 4OTO 3HAXOUMO MOX1AH1 APYroro MopsiaKy:
&:6 0%z _ 6 z_
0x2 s 0x0y V> dy?

Jnst touku M,(0; 0) A=—-9 <0 — eKCTpeMyMy HEMaE.

st touku M(1; 1) A=27>0, mpuaomy A>0. O1xe B T. M>(1; 1) € MiHIMyM.

IHumannsa No4

Ipuxnaoui acnekmu oughepenuiaibHo20 YucieHHA GYHKUIT 080X 3MIHHUX 8
meopii ynpasainns

B exoHoMiuHIif Teopii Ta Teopii yrpaBiaiHHSA QYHKIIT Ay>Ke 4acTO 3aJ1eKaTh Bij
JeKUTbKoX (pakTopiB. Hampukiram, BUITyCK MpOAYKITiT 3a7€KUTh BT KaImiTally Ta mpairti,
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a TIOTIUT — BIJ] I[IHA TOBApy Ta JOXOJIB CIIOKHUBAYiB.

[MpuxknagHumMu  acrekTaMu AUQPEPeHIIadbHOTO YHCICHHS (QYHKLIH ABOX
3MIHHUX Y Teopii yIpaBIiHHSI € ONTUMI3aIlis Ta MOIMIYK eKCTPEMYMIB (MaKCHMi3allis
npuOyTKy a0o MiHIMI3allisl BUTPAT 3a MEBHUX YMOB); aHAJi3 YyTJIMBOCTI CHCTEMHU
(ocmiKeHHsT TOTO, SIK Maji 3MIHM BXIJHUX MapaMeTpiB BIUIMBAIOTh Ha BUXIIHUU
pe3yibTaT); PO3PaxyHOK IIBUIKOCTI TIOTIOBHEHHS 3amaciB IS MiHIMI3aIil pU3HKY
nedinuTy mpu 0OMEXEH1H MICTKOCTI CKIIaay TOIIO. Po3rissHeEMO fesiKi 3 HUX.

Ak 1 y Bumanky QyHKIIi OfHIET 3MIHHOI ICHYE TOHSITTS e1acmu4HOCMI

8UpobHUYOi pynxyii z = f(x,y) 11010 YNHHUKIB BUPOOHUIITBA X 1)
x 0z

Ex(z) =~ (6.6)

z 0x
Enactuunicte BUpoOHMYOI GyHKIIT (6.6) BU3HAYa€ MPUOJIM3HUM BIJICOTKOBHUI

OpUPICT BUPOOHUUOT (PYHKIIT (MiJABUIICHHS, 3HIKEHHS), 110 BIAMOBITAE MPUPOCTY
YUHHUKA X Ha 1% 3a yMOBH, 1110 YNHHHUK ) HE 3MIHIOETHCS.

E,(z) = gj—; (6.7)

Enactuunicte BUpoOHMYOI QyHKIIT (6.7) BU3HAYa€ NpUOIU3HUIA BIJCOTKOBUI
MpUPICT BUPOOHNYOI (YHKIIIT, 1110 BIANOBIIa€ MPUPOCTY YNHHUKA ¥ HA 1% 3a yMOBH,
10 YUHHUK X HE 3MIHIOETHCA.

Ilpuxnao 1. ]Jlns BuUIyCKYy TOBapy BHU3HAau€Ha BHUpOOHHMYA (DYHKINIA
fx, ¥) = 20x + 10y — 2y* + 4x* + 3xy, 1€ x, ¥ — YAHHUKK BUPOOHMITBA. Bu3Hauntu
€JACTHYHICTh (YHKIII 3a KOXHUM YMHHUKOM 1 KOE(IIEHT €JaCTUYHOCTI MpH
3HAYEHHAX YMHHUKIB X = 1, y = 1.

Busznagaemo enacTU4HICTh QYHKIIT 32 KOXKHUM 3 YHUHHUKIB:

Ey(2) =22 =2(20 + 8x + 3),
_ Y07 _¥ 10 _
E,(z) = 73y 2 (10 — 4y + 3x),

ne z=20x + 10y — 2y? + 4x? + 3xy.
O6uncnuMo koedilienT enacTudHocTi npu x=1, y=1. BpaxoByroun, mo z(1,1)

= 35, maemo:
20+8+3 31

Ex(Z) = T = E = 0,89,
10—4+3 9
Ey(Z) = T = E = 0,26

Takum 4yuHOM, 31 301IBIIEHHSIM YWHHHMKA X Ha 1% BigOyaeTbcs BiTHOCHE
30UTbIIIEHHST 3alaHoi BUpoOHWYOI (GyHkmii npubmuzno Ha 0,89% (3a ymoBu
cTaOuIbHOCTI YMHHMKA ). [Ipu 361b11eHH] YnHHKKA ) HA 1% 1 HE3MIHHOCT1 YUHHUKA
X BUpoOHWYA (PYHKIlIS 30UTbIIUTHCS NpuOan3Ho Ha 0,26%. BuxoauTs, HalOUIbIINIMA
BILJIUB HAa BUPOOHUYY PYHKIIIIO Z = f(X, }’) 3/11CHIOE YNHHUK X.

3aysaoicennsi. Bin’emHe 3HaueHHS Koe(illiEHTa €JIACTUYHOCTI TOBOPUTH PO
3MEHIIEHHS BUPOOHMYOT (YHKIII 1pu 30LIBIIEHH] BIANOBIJIHOIO YWHHHUKA.
Hanpuknagn, skmo E.z) = —0,08 (z = flx, y) — QyHKIIS BUMYCKY NpPOAYKIi), TO
30UTbLIEHHS YUHHUKA X HAa 1% MpUBOIUTH A0 3MEHUIEHHS BUITYCKY MPOIYKIIi Ha
0,08%.

Ilpuknao 2. ®ipma Bupobiisie a1Ba Buau ToBapiB G 1 G, 1 mpojae iX 3a MiHO0
1000 rp. ox. 1800 rp. ox. BinmosigHO. Q) 1 O,— 00’ €Mu BUpOOHUIITBA TOBAPIB. DyHKITIS
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Butpar Mae Buraan C = 2Q7 + 2Q,Q, + Q3. Tlotpi6Ho 3Halitm Taki o00GCATH
BupoOHHMNTBA () 1 (), TpU SIKUX TPUOYTOK, SIKUU ojepxkye (ipma, Oyze
MaKCHUMaJbHUH.

Cymapnuii 1oxo Bif mpojaxy ToBapiB G i Ga: R =10000; + 8000;. IIpubyTok
11 € pizHHIICIO MiXK 10X0/10M R 1 BUTpatamu C

I1=R - C=(10000:+8000,)—(2QF + 2Q:Q, + Q3),
I1(Q1, 02) = 10000Q; + 8000, — 2Q7 — 2Q;Q, — Q3.

3HaiineMo MakcuMyMm (QYHKIT mpuOyTKy. JIJIs 3HAXODKEHHS CTaIllOHApHUX
TOYOK, BU3HAYAEMO YACTHWHHI MOXIMHI meprioro mopsaky Bin dyukmii [1(Q;, O) i
IPUPIBHIOEMO X JI0 HYJIS:

1000 —4Q, — 2Q, =0,
{800 —2Q, —2Q,=0.

Po3p’s30k cuctemu: Q) = 100, O, = 300. Takum ymHOM, CTalllOHapHA TOYKa
My(100; 300).

3HaxX0AUMO YaCTHHHI IMOX1JIH1 APYTOTr0 MOPSAKY:

%1 %1 9211
4=5%2 My B =500, My &0 =% Mo &

Ockinekn 4 < 0, A = AC — B> = 4 > 0, 1o Touka My(100; 300) € ToukOIO
MaKCHUMYMY.

MakcumanbHui mpUOYTOK JOCATAETHCS TP oOcarax BupoOHuirea Q) = 100,
0, =300, a Benmuunna npudyTKy /7(100; 300) = 170 000 rp. ox.

Ilpuknao 3. Po3rnsiHeMo MoJeNb YIpPaBJIIHHS 3aMacaMy pi3HUX TOBApiB, SIKi
30epiraloTbcs Ha OJIHOMY CKJIaJi, IUIOMAa SKOTO OOMEKeHa. 3arajibHi BUTPATH,
NOB’s13aH1 3 BUKOHAHHSM 3aMOBJICHHS Ta 30epiraHHsM IIMX TOBapiB Ha CKIajli,
MaTUMYTh BUTJISL:

C ..S.
— \'n 0i'9i .
Csaranbﬂi — 4i=1 ( qi + aaiqi) - min, (68)

ne Cy; — BUTPATH HA BUKOHAHHS OJHOTO 3aMOBJICHHS JJISI TOBApY i;
S; —nmotpeba y 3aMOBJIEHHI1 i-ITPOJTYKTY;
q; — pO3MIp 3aMOBJICHHS i-TIPOAYKTY;
«a — BUTPATH Ha 30epiraHHs MPOIYKIlli 3 ypaXyBaHHSIM 3aiiMaHO1 TUIONT CKIIady;
a; — BEIMYNHA, sIKa BPAXOBY€ MIPOCTOPOBI rabapuTu OAUHHUII i-TIPOTYKITIT;
1 — KUIBKICTh PI3HUX HaliMEHYBaHb MPOYKIIii, 1110 30€pIraloThCs Ha CKIIA/II.
OOmexeHHSs, OB’ A3aH1 3 TUIOLICI0 CKIIAy, 3aMHUCYIOThCSA y BUIISIA (OPMYIH
(6.9):
i-1aiq; <G, (6.9)

ne G — moma cknaxy (m2).

3arayibHUN po3B’ 530K 3a1a4i (6.8)-(6.9) MOkHA 3HANTH 3a JIOMTOMOTOI0 METOTY
MHOXXHMKIB Jlarpamxka. Y Bumagky, koiau oOMexxeHHs (6.9) He BUKOHYEThCH,
HEOOX1IHO  BH3HAYUTH  ONTHUMAJIbHI  3HAYEHHS  PO3MIpIB  3aMOBJICHb  (,
BUKOPHUCTOBYIOUM (pyHKLIO Jlarpamxka y BUTIIsAL:

Coi'Si .
CBaI‘aJIbHi = ?:1( > + aaiqi) + Z(G - Z?:l aiQi) - min, (610)

qi
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Jie Z — HeBU3HaYeHUH MHOXHUK Jlarpanxka (z < 0).
OnTumainbpHl 3HAYEHHS TapTid MOCTAaBOK §; JJI KOXKHOTO 3 /7 BHUIIB MPOTYKIIii
BU3HAYAIOTHCS NUITXOM PO3B’si3aHHs cucTeMHu (n+1) piBHSHB (6.11):
ac -
3araJibHl — O’

aq;
P (6.11)
aCSaI‘aJIle — O

0z
[TincraBuBmm yactunHi noxigHi QyHkmii (6.10) y piBHsHHS cuctemu (6.11),

OJIEPIKYEMO
—Coi-Si _
—— taa; —za; =0,
L
n —
I3 meproro piBHsAHHSA cuctemH (6.12) BU3HaUaeMo q;:

_ Coi'Si
qi = /—ai(a—z*)’ (6.13)

ne z* — MHOKHUK Jlarpamka, mpu IKOMy BUKOHYETHCS PIBHICTD (6.9).

(6.12)

[TincraBuBim 3HaueHHs (6.13) y apyre piBHsHHS cucteMu (6.12), MmaeMo:

G = Zn a-q- = —COi‘Si = n —aiZCOi.Si =
=1 aila~-z9) =14 ai(a-z")

_wn ’aiCoi'Si_Z?n\/aiCoi'Si
T L= (a-zt) Va-z* (6.14)

[Mosnaumsim sk V = )=, 1/a;Cy; - S; y Bupasi (6.14), maemo G =
Otxe, MHOXHUK Jlarpamka z* Bu3HA4aeThCs 3a (HOPMYJIOHO:

¥

a—z

2" = a—V—Zza—(K)Z. (6.15)

G? G
Takum 4MHOM, OITHUMAJIbHI PO3MIPU 3aMOBJICHHS TTPOYKIII, K1 B1IMOBIIAl0ThH
0OMEKEHHSM IUIOIII CKJIaay, pO3paxoBYIOThCs 3a hopmynamu (6.13) ta (6.15).

IIuTaHHd 1Jd caMoNlepeBiPpKH 3HAHD

1. MaiiTe BU3HauUe€HHA (PYHKI[IT ABOX 3MIHHUX.

2. JlaiiTe BU3HAYEHHSI YACTUHHMUX MOX1THUX (DYHKINT TBOX 3MIHHUX.

3. Sk BU3HAYAIOTHCS YACTUHHI MOX1AH1 BUIUX MTOPSIKIB?

4.V gxomy BUMAJAKY 3MIIIaH1 YACTUHHI MOX1HI APYTrOro MOpsAKY € piBHUMHU?

5. ChopmyntoiiTe HEOOXiIHY YMOBY ICHYBaHHS €KCTpeMyMy (YHKIIT J1BOX
3MIHHUX.

6. ChopmymtoiiTe IOCTaTHIO YMOBY ICHYBaHHS €KCTpeMyMy (yHKLII JBOX
3MIHHUX.

7. 511 TpUKIaAHI acMeKTH udepeHIiaqbHOTO YHCIeHHS (QYHKIA JBOX
3MIHHHX Yy T€Opii ynpaBiIiHHs BaM BiaoMi?
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TecTn

: . 2
1. Yacmunna noxiona no sminmiii x ons gyuxyii z(x,y) = 2x1°°y7 + e " yac

8U2TA0:
.200x%9y7 + XV .
.200x%° + y2eXy” .
. 200x%9y7 + y2e*¥*
100x% + e*”.
100,,7

. . .o 2
. Yacmunna noxiona no 3minniu y ons gyuryii z(x,y) = 2x°°y’ + e mae
sues

14 10046 4 xe*¥
. 14 10046 4 2xyeX¥
100y6 + zyexyz-
100y6 + exyz-
) Hoxzdna 0py2020 NOPAOKY Z e O ynxyii y(x,y) = 3x%y* + e>*72Y yae

uo:'J_UdO\PQ’l\):-JUdowm

8UTIAO:

. 6xy* + 552,

. 6y* + 5e5%72Y,

. 6xy* + 25e5¥72Y,

r. 6y* + 255472,

4. 3miwana noxiona opy2020 nopsoky Z”xy ona ¢ynxyii y(x,y) = 3x%2y* +
+e5"2Y yae suensao:

a. 12xy3 — 2e5%72Y,

0. 24xy3 + e>¥72Y,

B. 24xy3 — 10e>*72Y,

24xy3 + 10e5*2Y,

5. Axwo A =0 @ynkyia 080x 3MiHHUX:
a. Moxe MaTu MiHIMYM.

0. Moxxe MaTl MaKCUMYM.

B. MoXe HE MaTH EKCTPEMYM.

r. Yci BiANOBIIi TPaBUJIBHI.

w O\

—

3aBIaHHA LIS CAMOCTIHHOr0 BUKOHAHHSA

1) 3naiiTi nepii YacCTHHHI MOX1H1 QyHKIIIT:
1. lz—3x3’+(x—7y)4—

12z——+€9y e

13z—ln(4y + 3 —ZX)

1.4 z = cos,/6y — 7x + sin(2x3 — 3y®)
1.5z = (x7 + 5x*y? + y7)1°

1.6z=In [In/xy
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1.7z = 2y — 7x) - 5(=2%*7)
1.8 z = (cosx — 8) - ctg(6y)

_ (x+2yh
1.9z = e
1.10 z = sin (y—2x)

Inx
2) 3HaliTH yci YaCTUHHI MOX1JIHI JPYTOro NOPSAKY st PyHKII:

21z=(4x3+7)-e™>

2.2z =3x3y3

2.3 z = sin(x? + y?)

3) 3HailTH eKcTpeMyM (PYHKIIIi:

3.1z=x%—2xy+3y%—4

3.2z =2xy—3x%—-2y%+10

33z=(x—-1)*+(@y-1)?%*-4

34z =2x+4y —2xy

4) ®ipma BupoOsie 1Ba Buau ToBapiB G 1 G2 B KUIbKOCTSIX Q) 1 (> BIAMOBIIHO.
Oynkiisg Butpat Mae Burisg C = 2NQ + 010, + 2NQ», a TONUT Jijis KOKHOTO TOBapy
Mae 3anexHictb P =500 — 3NQ; + O,, P, =300 + O, —3NQ,, ne P;, P, — 11iHa OTUHUIT
ToBapy BUIiB G| 1 G, BIINOBIIHO. 3HANTH MaKCUMaIbHUN NPUOYTOK, IKUI MOXKE OyTH
JOCSITHYTUH Ha TaHOMY MiANPUEMCTBI. (N — HOMEp CTyZeHTa 3a CITUCKOM).

_ 2
5) Jlana Bupobuuua dynkuisz = Vxy3 + (x + N)y + (xf;;i

’KUBOT TIpalll; y — BUTpPATH YPEUEBJICHOI Mpalll. 3HalTU KOe(DIIIEHTH eNacTUYHOCTI
E\(z) ta Ey(z) B Touni (1;1) Ta mosicHUTH iX eKOHOMIUHUHN 3MicT (N — HOMEp CTy/AEHTa
32 CITUCKOM).

, A€ X — BUTpATHU

PexoMenaoBaHa Jiteparypa: ocHoBHa 1, 2, 3, 5; nomarkoBa 7, 8, 9, 10, 11, 12,

13.
TEMA 7
% IHTETPAJIBHE YU CJIEHHSA @ YHKIII OJAHIE1I 3SMIHHOI
OcHOBHI NOHATTSA: NepBicHA (PYHKIII1, HEBU3HAYEHUH 1HTETpa,
BU3HAUYECHHUI IHTErpall, HEBJACHUM 1HTErpan, 30DKHICTb HEBJIACHOTO
1HTEerpany.

Ilinan
1. HeBusHaueHwil iHTerpas Ta WOTO BIACTUBOCTI. HeBW3HadeHi iHTErpanu
eJeMeHTapHUX (QDYHKITIH.
2. OCHOBHI METOAM IHTETPYBaHHS.
3. Buznauenuii inTerpain. BaacTUBOCTI BUBHAYEHOTO 1HTErpaa.
4. HesnacHi iHTerpanu. [ToHATTS 301KHOCTI HEBJIACHUX 1HTETPaiB.
5. IlpuxnagHi acrieKTH 3aCTOCYBaHHSI BU3HAYECHOIO 1HTErpajia B MEHEKMEHTI.
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Humannsa Nel

Hegu3znauenuii inmezpan ma iio2o0 earacmuegocmi. Heeusnaueni inmezpanu
eleMeHmapHux (OyHKuiu

Oyukis F(x) Ha3uBaeTbes nepsicHoro 1t GyHKUii f (x) Ha IEeBHOMY 1HTEpBali,
SIKITO Y KOXKHIHM TOYIIl IIbOTO 1HTEPBAJTy BUKOHYETHCS PIBHICTh
F(x)=f(x). (7.1)
Ipuxnao. s ¢yskmii f(x) = cosx mepBicHUMU OyayTh Taki (pyHKII, sKi
BIJIPI3HSIOTHCS CTATUMU

s
F(x) = sinx+Z

F(x) =sinx + 3

Axmo F; (x) 1 F,(x) — nBi nepBicHi it GyHKIIT f(x) Ha JesskoMy 1HTepBali, TO
PI3HMIIS MK HUMH Ha [IbOMY 1HTEpBaJIi JOPIBHIOE AESIKINA CTalii. 3 IbOrO BUTIKAE, L0
SIKIIO BijioMa sika-HeOy b nepBicHa F (x) amst 3aganol GyHKIl f(x), TO BCSI MHOXHHA
nepBicHuX i GyHKIT f (x) Buuepnyetbes dyukiisamu F(x) + C, ne C = const.

Hesusnauenum inmeepanom ¢ynxyii f(x) Ha3UBa€ThCS CIMEWUCTBO yCIiX ii
MEPBICHUX 1 TO3HAYAETHCA

[f(x)dx =F(x)+C, (7.2)

ne f(x) — mipinTerpaibHa QyHKILIS;

f (x)dx — miginTerpanbHuil BUpas;

X — 3MIHHA IHTETPYBaHHS;

dx — mudepeHirian 3MiHHOT IHTeTPyBaHHS.

[Iporiec BW3HAauUEHHS TEPBICHOI a00 HEBHU3HAYECHOTO IHTErpaja Ha3HMBAETHCS
IHmezpy8anHAM QYHKYII.

Bracmusocmi neeuznauenozo inmezpana:

D ([ fG)dx) = F(x)

2) d([ f(x)dx) = f(x)dx

3) [F(x)dx = [dF(x) = F(x) + C

4) [ kf (X)dx = k [ f(x)dx

5) f(f1(x) + f(x))dx = ff1(x)dx + ffz(x)dx

6) [ f(kex + b)dx = ~F(kx +b) + C

Tabyuirst HEBU3HAYCHUX 1HTETpaJiB

DyHKLIs HeBu3Hauenuii iHTerpan
f dx x+c
n+1
j x™dx =4
n+1
j i 2Vx+C
—dax x+
Vx
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2
1
j—dx In|x|+ C
X
fexdx e*+C
X
f a*dx a4 +C
Ina
jcosxdx sinx +C
jsinxdx —cosx +C
j ! d t +C
X
cos?x x g
j ! d t +C
—ctg x
sin?x x g
X
arcsin—+ C
[ .
a? — x? —arccosa +C
1 t X +C
1 i aarc ga
2 + a2 1 X

——arcctg—+ C
a ga

1
j—mdx ln|x+w/x2ia2|+C

j 1 g 1l x—a+C
—x —
x2% — q? 2an|x+a|

IHumanna Ne2
OcHogHi MemoOu inmezpyeanns

3 OCHOBHUX METOJIIB IHTETPyBaHHSI BUIIJIUMO TaKi METOJIH:

1. Memoo 6e3nocepednvoeo inmezpy8anHs.

[le#ti meTon TmOB’s3aHUN 3 TPUBEACHHSM MIMIHTETPAIHHOTO BHpaA3y [0
TaOJIMYHOTO BWTJISAY IUISXOM TIEPETBOPEHb 1 3aCTOCYBaHHS BJIACTUBOCTEU
HEBU3HAYCHOTO 1HTErpasa.

Ipuknao 1. O6uucnutn iHTerpaJI
2

f<x2+%> dx=j(x + 2x? —+ ) =f<x4+2x+x—12)dx=

1
=fx4dx+2fxdx+j dx —+x ——+C
5 X



Ipuxnao 2. O6UUCIUTH 1HTETpAIT
02X .y — pX . 53 02X .y X .3
dx = J — dx =
f( ex.x ) (ex.x ex.x>
3
X
= Jexdx—j-xzdx = ex—?+C

Ipuknao 3. O6UUCTUTH THTETpa
6cos’x — 1 6cos?x 1
[ Py L P
coS2x cos?x  cos’x
1
=f6dx—J s—dx =6x —tgx+C
coS?x

2. 3amina 3MiHHOI iHme2py8anHs.

Ieit crioci6 BUKOPHCTOBYEThCs, Komu inrerpan [ f(x)dx ne moxe OyTu
0e3mnocepeIHbO MEPETBOPEHUH Ha BUTIISA TAOIUYHOTO.

BBoasth 3aMiny x = @(t)

Toai f(x) = f(9()). dx = ¢’ (t)dt
[fGdx = [ f(e®)e'(t)dt (7.3)
®opwmyna (7.3) € popmynoro 3aminu 3mMiHHOI Yy HEBU3HAUCHOMY 1HTETPAII.

Ipuxnao 4. O6uncnury inrerpan [ x - e* dx
3amina 3MmiHHOI t = x2. Toni dt = 2xdx.

. o x? _1 x? _1 t _lt _l x?
x-e dx—2 e Zxdx—2 edt—ze +C—2e +C

IIpuxnao 5. O6umcnury inTerpan [ W

3aMiHa 3MIHHOI t = ln X. Tozu dt = - dx

—x— —dt=2/t+C=2VInx+C
fx\/ Inx Vinx X J
Ipuxnao 6. O6uncaury inrerpan [(x3 — 4)1x%dx

3amina 3MiHHOI t = x3 — 4. Toni dt = 3x?dx.

3 _ 2)11,.2 _l 3 _ 211, 2,2 _1 11 _lﬁ _

(x°—4) xdx—3 (x° —4) 3xdx—3 t dt 3 12+C
1 X3—412
=%-t12+6=%+6

OSX

Ilpukaao 7. OGuncauty interpan J —
3amida 3MiHHOI t = sinx. Toni dt = cosxdx.

COSX 1 1
j —dx = f — - cosxdx = f—dt = In|t| + C = In|sinx| + C
sin x sin x t

3. Memoo inmeepysanHs yacmunamu.
Hexait pynkuii u(x) 1 v(x) HenepepBHO AudepenuiioBani ¢pyHkuii. Dopmyna
IHTErpyBaHHs YaCTHHAMH Ma€ BUTIIS;

[udv =uv— [vdu (7.4)

62



Buainumo kimacu iHTErpaiiB, IS IKUX MO 3acTocoByBatucs dopmyia (7.4):
I knac — mipiHTerpagbHa (PYHKIIS Ma€ BUTIISI:

(sinx (sinx dx
cos x cos x dx
1 dx
x™- 4 Smlzx . B nupoMy Bunaznky npuiiMaemo u = x™, a dv = < SLZJZCX : (7.5)
cos?x cos? x
a* a*dx
\e* \e*dx
11 knac — migiaTerpanbHa QyHKIISA Ma€ BUTTISA!
farcsinx (arcsinx
arccos x arccos x
x™- {arctgx ,Tomiu=+arctgx ,adv=x"dx. (7.6)
[ arcctgx [ arcctgx
Inx Inx

IIpuxnao 8. O6umcnury inTerpan [ xe?*dx
[le#t iHTerpan BiTHOCUTHCS 10 I Kaacy.
u=x du = dx

dv = e**dx v=[e**dx = %ezx
3actocoByemo Gopmyiy (7.4)

jxezxdx = lerx —lf e?*dx = lxezx —£+ C
2 2 2 4

Ipuxnao 9. O6uncnury interpan [ Inxdx
[le#t inTerpan BimHOCUTHCS 10 /I knacy.

u = Ilnx du = idx
dv = dx v=[dx=x
1
jlnxdx=lnx-x—jx-;dx= lnx-x—]dlenx-x—x+€
IIpuxnao 10. O6uncnury imTerpan [ arcsinxdx

[leit iHTErpan BiAHOCUTHCS 10 I knacy.
. 1
u = arcsinx du = —dx
V1-x2
dv = dx v=[dx=x

1
—dx
V1 — x2
1 -
Interpan f X = dx 00YHnCINMO 3a JOIIOMOI'OIO BBEAEHHS HOBOI 3MIHHOI t =
—-X

1 — x2. Tomi dt = —2xdx.
1 1 —2xdx 1 (dt 1
Xr———dx === | ——=—< | == == 2VT+C = [+ (=
f V1 —x2 2) \J1—x2 2) Nt 2
=—J/1—-x24+C
jarcsinxdx=arcsinx-x—(—xll—x2)+C=arcsinx-x+\/1—x2+C
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Humanna Ne3
Buznauenuii inmeepan. Bnacmueocmi suznauenoz2o inmezpaia

Skmo ¢pyukuis f(x) HenepepBHa Ha Binpi3Ky [a; b] 1 F(x) — nepBicHa QpyHKIIiT
f(x) Ha mBOMY BIiZPI3Ky, TO BHU3HAYCHHH IHTErpaJl OOYHCITIOETHCS 3a (POPMYIIO0
Herorona-Jleitbnina

[ f()dx = F(b) — F(a) (7.7)

Bracmusocmi euznauernoco iHmezpaﬂa:

D[, f)dx =0

2) [ Af)dx = A [, f(x)dx

3) [ f)dx = — [ f(x)dx

H [, (@) + f0dx = [ fi()dx £ [ fo()dx
5) f:f(x)dx = f:f(x)dx + fcbf(x)dx, gea<c<b

Ilpuknao 1. O6UUCIUTH THTErpa
2

’ 4x+1 et 1 4241 41+1 1 5
X — —— . — % — _ —
jl e dx o M (e e ) 2 (e’ —e”)
Ilpuknao 2. O6UUCTUTH THTETpal
1 1 Bx+2)°" 1
3 2)2dx == ———| =—(510-210
jo (Bx+2)yde=3""7; . 30 )
Dopmyna 3amiHu 3MIHHOL Y BU3HAYEHOM) IHmMe2pai
x = @(t) dx = @' (t)dt
b /
[ Fedx = [} fo(®)e' (D)t (738)

rea=@(a);  b=e(B)
IIpuxnao 3. O6uKCAUTH iHTErpal f

(1+x)\/_
Bamina t = Vx » x = t? - dx = 2tdt

tlz\/ZZZ t2:\/§=3

f f 2tdt f3 dt 2arctat|?
——_ = 4arc =
1+ x)\/_ T+t ), A+ It
= 2(arctg3 — arctg?)

Ipuxnao 4. O6uncmaty interpan [* cos® x sinx dx

amimat = cosx = dt = —sinxdx
2
ty =cos0=1 tzzcosgzg

V2
2
cos? x (—sinx) dx = —j t2dt =
1

SE

n

) .
cos“xsinxdx = —

0 0
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3

| V2

1 t3
= | s t*dt = —
JQ 3

2

vz 3 2
2
Dopmyna inmezpyéants Yacmunamu Os GUSHAYEHO20 IHMe2paid.
b L b
J, udv =wvl|§ — [ vdu (7.9)

Ipuxnao 5. O6uncnuty inrerpan [ On X cosx dx

Lleit iHTErpal BIIHOCUTHCS 10 [ Knacy.

u=x du = dx

dv = cosx dx v = [ cosxdx = sinx
3actocoByemo popmyiy (7.9)

Y A

jxcosxdxzx-sinxlg—f sinxdx = x - sinx|§ + cos x|§ =

0 0
=mn-sinm—0+cosmt—cos0=—-1—-1=-2

IHumanna Ne4
Hesnacui inmezpanu. llonammsa 30ixcHocmi HeglacHUX iHmezpaiie

Jnsi BU3HAYEHOIrO IHTETpaja Ma€ BHUKOHYBAaTHCS YMOBa OOMEXEHOCTI
MIJIHTErPATIbHOT (PYHKIIT 1 CKIHUEHHOCTI TPaHULb IHTErpyBaHHA. K110 Xxo4ya O 0/1Ha 3
[IUX YMOB HE BUKOHY€ThCS, IHTETpall HA3UBAETHCS HEGNACHUM.

Po3rissHeMo BUM HEBIACHUX 1HTETPAaiB.

1. Inmeepan 3 necKinueHHUMU SPAHUYAMU.

Hexait pynkis f(x) HenepepBHa npu a < x < +00, To0TO 17151 X = a. Toxi 3a
BU3HAYECHHSIM BBAKAEMO

+o00 . A
J, f(x)dx = Alirpw J, f(x)dx. (7.10)
SIKII0 TpaHMIs iCHYeE, TO KaKyTh, IO IHTErpa fa+°0 f(x)dx sbicaemvcs, B

1HIIIOMY BHITAJIKY 1HTETPAJl HA3UBAIOTh PO30IHNCHUM.
Ha neBnacuuii inTerpan (7.10) po3moOBCIOKYIOThCS Oarato BIAaCTUBOCTEH
BU3HAYCHUX 1HTErpaliB, 30kpema popmyna HeroTona-JleibHia

400 .
J, f@)dx = lim (F(4) - F(a)) (7.11)
Ipuxnao 1. Jlocnianty Ha 361KHICTH iHTErpan [ 0+°o e ¥ dx
+00 A e—5%|4 e54 o0
f e >*dx = lim e >*dx = lim = lim +—=
0 A—->+o00 0 A—+o00 —5 0 A—-+00 —5 5
_ i 1 ef 1
= antoo (‘ 595A) 575

OTxe, 1HTETpa 301raeThCs.

Ipuxnao 2. Jlocnianty Ha 361KHICTh iHTErpan | 2+OO 3—;
0 dx A dx
— = 1lim | —== lim 2vx|’ = lim 2VA - 2VZ = 4
2 \/; Aot ), \/} A—+00 2 A—+co
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OT1xe, iHTErpan po30IiraeTbesl.
Teopema nopisnauns: Slkmo Ha iHTEepBam a < x < +oo ¢ynkuii f(x) i g(x)
HenepepBHi 1 3a10BoNbHAIOTH YMOBI 0 < g(x) < f(x), To 13 30DKHOCTI IHTErpana

fa+oo f(x)dx BuTikae 301KHICTH IHTErpaa fa+°o g(x)dx, a i3 po30DKHOCTI iHTerpaja
fa+oo g (x)dx Butikae po36iXKHICTb iHTErpaa fa+°° f(x)dx.

2. Inmeepan 8i0 Heobmedxcenoi pyHKYii.
Hexaii pynkuis f(x) HenepepBHa npu a < x < b 1 HAOIMKYETHCS A0 00, KOJIU
x — b. To6To0 Ha Bipi3ky [a; b] byskis f(x) € Heoomexenorw. Toxi

[, fOOdx = lim [T f(0)dx. (7.12)

. : b : :

ko rpaHuls ICHY€, TO 1HTErpal fa f (x)dx 30iraerbcs, B iHIIOMY BHUIAIKY
BIH € PO301KHHMIA.

AHaNoOrivyHo

b . b
Jo fG)dx =lim [ f(x)dx, (7.13)
akio f(x) € HeoOMEXKEHOI0 IPH X — a.

. . . . 3 dx
IIpuxnao 3. Jlocniautu Ha 361KHICTH iHTErpat [ 1 o1

3 dx 3
j =lim =limIn|x — 1|]3,, =In2 —lim In|e| = o
L x—1 0}, x— £-0 £-0

OTxe, IHTETpaJ pO30IraeThes.

. . . . 2dx
IIpuxnao 4. Jlocniautu Ha 361KHICTB iHTErpat |, 0

2 dx 2 dx 2
= lim —— =1lim 2Vx =2x/§—1ir%2\/2=2\/§—0=2\/§
£ g

0 \/_z 20 Joievx €0

OTxe, iHTETpa 301ra€ThCA.

IHumannsa Ne5

HQMKJZ(I@HI. acnekKmu 3aCmocCy8aHHA 6UIHAYEH020 iumeegaﬂa 6
MeHeycMeHmi

Bu3HaueHuil 1HTErpajl € MOTY>XKHUM IHCTPYMEHT AJId aHaii3zy Oe3nepepBHUX
MPOIIECIB Y MEHEHKMEHTI. SKIo audepeHiiitoBaHHs AooMarae 3HaiTH TeMI 3MiH
(MUTTEBY WIBUIKICTh), TO IHTETPYBAHHS JI03BOJIAE€ MIAOMTH MIACYMOK LIMX 3MIH 3a
MIEBHUH TIEP10I.

OCHOBHI TpPUKJIAIHI aCMEKTH 3aCTOCYBaHHS BHU3HAYEHOTO IHTErpajia B
YOPABIIHCHKINA TISTBHOCTI:

1. Po3paxyHOK 3arajgbHOro JOXOly Ta BUTpAT.

VY peanbHOMy Oi3HECI TPOIIOBI MOTOKM YacTO HAAXOASATh HE NHUCKPETHO, a
Oes3rnepepBHO (HAMPUKIIAI, Y PUTEIIII a00 OHJIalfH-CcepBicax).

Sxuo QyHKUis f{f) onrcye IHTEHCUBHICTD HAJIXO/KEHHS I0XOAY B MOMEHT 4acy
¢, TO 3arajJbHUM AOXI1]] 32 IEPIOJ BiJl ¢; 10 {2 OOUHUCIIOETHCS SIK:
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t
Income = ftlzf(t)dt, (7.14)

Ipuxnao 1. @yHKIliS MapriHAJIbBHUX BUTpAT BUPOOHUIITBA X OF. MPOIYKIIil 3a
neBHUM yac Mae BUDIA flx) = 50 — 0,02 x. Sk 3MiHATBCS BUTpATH BUPOOHMIITBA (Y TP.
0]1.) TIpHu 30UIbIIIeHH] BUITYCKY npoaykiii Bij 100 go 120 og.

DyHKIIS MapriHaIbHUX BUTPAT € MOX1IHOIO BiJl PYHKIIIT BUTpaT.

MC(q) = C'().
®DyHKIIisI BATPAT MATUME BUTJISIII;
f;‘f C'(x)dx = f;‘f £ (x)dx, ne x1=100, a x,=120.

120 120
f C'(x)dx = f (50 — 0,02x)dx = (50x — 0,01x?)|133 =56
100 100

OTtxe, mpu 30UTbIIEeHH] BUIycKy npoaykuii Big 100 qo 120 ox. BinOynerbes
3pOCTaHHs BUTPAT BUPOOHUIITBA HA 56 Tp. 0.

2. YrpaBiiHHA 3anacamu.

MeHemkepaM BaXJIMBO 3HATH CEpPEIHIM pPIBEHb 3amaciB Ha CKIaal JUIs
MiHIMi3allli BUTpaT Ha 30epiranns. ko S(#) — KUIbKICTh TOBapy Ha CKJIa/l B MOMEHT
¢, TO IHTErpaJl JO3BOJISIE 3HANTH 3arajibHi BUTPATU Ha 30epiraHHs 3a Mepio/.

3. BuznaueHns 3arajabHOr0 00CATY BUPOOHUIITBA.

Axmo ¢pyHkuis z = f(t) onucye 3MiHy MPOTYKTUBHOCTI IEIKOr0 BUPOOHHUIITBA 3
4acoM, TO 00CsST MPOAYKIi /', BATOTOBJIEHOI 32 mpoMixkok yacy [0,7], o0unucIoeThes
3a OpMYJIOIO:

F =[] f(tyt, (7.15)

a o0csT MPOJYKIIi, IO BUIYCKAETHCS, 3a MPOMIKOK Hacy [f1, £>] 0OUUCTIOEThCS 32
dbopmyIioro

5]
F=[f()dt (7.16)
h
Ilpuknao 2. BuzHauutu o0cCsT NpOAYKIlii, BATOTOBJICHOI 32 MPOMDKOK 4acy |1,
2], AKII0 MTPOIyKTUBHICTH Mpalll XapakTepu3yeThes hyHKuiew f(t) = ;ﬁ + 3.

OO6csr npoaykilii BU3HauaeThes 3a popmyioro (7.16).

t2y 2 2 2

F = +3)dt=(—l 3t+ 4 +3t)
jtl (3t+4 ginlse+d ,
1—70+3z30z[.

OT1xe, 00csaT BUPOOJICHOT TPOTYKIIii TOPIBHIOE IPUOINU3HO 3 Of1.

—2l 10 2l 7+6—-3=
_3n 3n =

2
==In
3

4. JInCKOHTYBaHHSI TPOILITOBUX MOTOKIB.
UucTi iHBecTHIN SK MOXIJHA BiJl KamiTaly 3a 4acoM ! OOYHUCIIOIOTHCS 3a

dopmymoro [ (t):diK(t), ne K(f) — xamitan, 3ajieXHuUd Bif dvacy, I(f) — 4ucti
t

iHBecTHUIlli. SIKIIO MOTPIOHO BU3HAYMTH MPUPICT KAMTATY 3a IEPIOJ] Yacy 3 MOMEHTY
qacy t 10 t, T00To Benmnuuny AK = K(t,) — K(t1), TO MO>KHA HAaITMCATH:
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AK = K(t,)-K(t,)= [ 1(t)dr. (7.17)
4
IMpuxnao 3. Yucrti inBectumii 3aani dynskmiero (£) = 7000+/t. BuznaunTn:
a) IPUPICT KaIiTaly 3a TPU POKH;
0) uepe3 CKIIbKHU POKIB MpupicT Kamnitany ctanoButume 50 000 rp. ox.

a) BuxopuctoByemo popmyny (7.17), noknapmm ¢, = 0, 1, = 3:
3

3 2 3 2
AK=K(3)—K(O)=J 7000\/fdt=7000-§t? =7000-§-3
0 0
= 24248,71 rpou. of.

0) [lo3HaunBIIM IITyKaHUH BIAPI30K Yacy yepe3 7 OTpUMaEMO
AK = [ I(t)dt, ne AK = 500001 I(t) = 7000+,
Toni 50000 = [ 7000Vt - dt =

N|w

T 1 2 37 2,.3 2,3
f, 7000t3dt = = 7000 - =¢tz| =7000->T2=> 50000 = 7000 - =Tz
37 g 3 3
3 ) 2
T2 =222 = 10,71; T = 10,715 ~ 5 (poxis).

14
OT:xe a) 3a TpU POKH MPUPICT Kamitany cranoButume 24248,71 rp. ox.;

0) uepe3 I’SITh pOKIB MpupicT Kamitary ctanHosutume 50 000 rp. o.

Sxmo dynskmis f{¢) — GyHKIISA rpoIIOBOro MOTOKY, a ¥% — HOMiHaJIbHA 00JIIKOBa
IIOpIYHA CTaBKa, TO MOTOYHA BapTICTh MAaHOYTHIX JOXOAIB 3a nepiog Mix ¢ =0 Ta t =
!, CTAHOBHUTb:

rt
PV = [[7 f(t)e woodt. (7.18)
Ilpuknao 4. Buznaunut npuOyTOK KOMIIaHii, sika BKjiajae 4 MJIH T'p. OJI. Y HOBE
oOnagHaHHS 1 MOPOKY OTPUMYyBaTUME 2 MJIH T'p. OJ. IPUOYTKY MPOTSATOM 5 POKIB, a

HOMIHaJIbHA 00JTIKOBA IIOpiYHA cTaBka craHoBUTUME 10%.
3a ¢opmyoro (7.18) peanpHe 3HaYEHHS 3arajJbHOTO MPUOYTKY CTAHOBUTHME:

P= f 2701t — 4 = (—20e%11)|5 — 4 = 20(1 — e~ °5%) — 4 = 387
0

OTxe mpuOyTOK KOMMaHii CTAaHOBUTH 3,87 MIIH Tp. OJI.

Ipuknao 5. Hexait ¢pyHkiis monuty (o6epHeHa, p(q)) Mae BUTIIS
p(q) = 120 — 2q,
ne p — 1iHa (Tp. o1. 3a O11.),
q — KUIbKICTh OAVMHUIIb MPOAYKIII.
SK1110 KOMITaHis IPOJIAE G ONMHUILB 32 IIHOIO, KA [Ma/1a€ 13 3pOCTAHHIM 00CHATY,
TO CYKyIHHUH J0X1]1 JOPIBHIOE TUIOIT A kpuBoro p(q) Bix 0 1o qq:

TR(qo) = [, p(q) dg. (7.19)
3HailieMo CyKyNHHUI JOX1] IpU Npojaxy g, = 30 oguHUILb.
30
TR(30) = | (120 —2q)dq = (120q — q?) 13°= (120-30—30%) — 0 =
0
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= 3600 — 900 = 2700.

Otxe, npu peanizarii 30 ogMHUIF TPOAYKIIT 32 3MIHHOIO IIHOIO 332 3aKOHOM
p(q) = 120 — 2q cyxynnuii goxin cranoButume 2700 rp. of.

IIuTanHs Ui caMonepeBipKH 3HAHb
1. laiiTe BU3HaYEHHS MEPBICHOT Ta HEBU3HAUYEHOTO 1HTETpaa.

2. Y 4omy moJyiAira€e METO/1 3aMiHH 3MIHHOI y HEBU3HAUEHOMY 1HTETpati?

3. Jlna AKUX KJaciB 1HTErpaiiB BUKOPUCTOBYEThCA (hOpMyna IHTErpyBaHHS
JacTUHAMU ?

4. SIxi BIacTUBOCTI HEBU3HAYCHHX 1HTETpalliB BU 3HA€TE?

5. ChopmyroiiTe OCHOBHI BIaCTHBOCTI BU3HAYEHOTO 1HTETpaa.

6. YuMm BIAPIBHSAIOTBCS METOAM 3aMiHM 3MIHHOI B BH3HAYE€HOMY Ta
HEBU3HAYCHOMY 1HTErpajax.

7. SIK1 iHTETpaju Ha3UBAIOTHCS HEBJIACHUMHU?

8. SIki HEeBNACH1 1HTErpaju HA3UBAKOTHCSA PO3OLKHUMU?

9. HaBeniTh npukiaay 3aCTOCyBaHHS BU3HAYEHOTO 1HTETpaJla B YIIPaBIIHChKIN
TISUTBHOCTI.

Tectn

1. @opmyna inmeepysanHs wacmuHamu Ol HEGU3HAYEHO20 iHmezpania Mae
8U2TIA0:

a. [udv = (u+v) — [ vdu

6. [udv = uv + [ vdu
Judv =uv — [vdu
Judu =uv — [ vdv
. Hesusnauenuii inmezpan ons ¢pyuxyii [ e*~**dx mae euenao:

1 1-4x
" .

- W

e
1
4
B. %61_496 + C.

1 —
—Zel 4x+C.

3. Hesusnauenuii inmezpan ons gynxyii [ (8x — 3)*dx mae euenso:
(8x—-3)5
5 o )
6.8 4 .
40
(8x—-3)5
B. ———.

40 <
(8x-3)
r.——+C.
5
4. Axuti 3 HageOeHux iHme2paie € HeGNacHuUl?

4 dx

Y2 x41°

5 dx
0. fz ﬁ

o PN

1 q-ax

e

-
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5. @opmyna Heromona-Jletioniya mae euensio.

a. fff(x)dx =FMb)—F(a)+C
6. [ f(x)dx = F(b) - F(a).
8. [ f(x)dx = F(a) — F(b).
r. [] f(x)dx = F(a) + F(b).

33B2!3HHH JJIH CAMOCTIiliHOr0 BUKOHAHHS

1) 3HaiiT HEBM3HAUCHI IHTETPAJIU:

L. 1f\/4 9x2

1.2 [ /(8 — 3x)6dx
d

1.3 f16x: 9

14f(x 1)2+4
1.5f\/_ x3e¥4x2

T W
2

1.6 [ —dx

1~9I (6x —5)dx

24/3x%* =5x+6
1.10 [ e** xdx
111 farctgx

1.12 f

1.13
xdx

1.14 fx6+4

1.15 [ sin* x cos xdx

2) O6uncIUTH IHTETpa, BAKOPUCTOBYIOUH (DOPMYITY IHTETpyBaHHS YaCTUHAMM:
2.1 x cos 3xdx

2.2 [2xe ™ dx

2.3 [xInxdx

2.4 [arctgxdx

2.5 [x4% dx

3) 3HailTh BU3HAYEHUH THTErpal:

edx

2x+4
lnx
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1

3.1 f_l —
[

32 [, /4tgxdx

dx

-1
3.3 f 2 (11+5x)3
3 4]9 x—1

Ze/x

3.5 [ —dx

36f 1+lnx

3.7 fl xlnxdx

38fn/2xcosxdx
xdx

3.9 fO (x2+1)2

3.10 [ xe™dx

4) Hexa#t ¢yukuis nomuty Mae Bursan p(q) = 100 — q. 3naiitu dopmyy
cykymnroro poxony TR(qo) = | Oqo p(q) dq ta obuucnutu TR(20).

PexomennoBana Jiiteparypa: ocHoBHa 1, 2, 3, 5; nogatkoBa 7, 8, 9, 12, 13.

TEMA 8
OCHOBMH TEOPII UMOBIPHOCTEM

)

OcHoBHI NOHATTA: BUIIAJKOBA o114, IIPABUIIO
KOMOIHATOPUKH, TIEPECTAHOBKA, PO3MIIIEHHS, KOMOiHAIlisl, WMOBIPHICTh MO/,
MMOBIPHICTh CYMICHUX MOJIA, HMOBIPHICTh HECYMICHUX TOJIA, WMOBIPHICTb
HE3JICKHUX TOJ1M, WUMOBIPHICTh 3aJIeKHUX MOJ1M, (popMylia MOBHOI WMOBIPHOCTI.
dbopmyina Baiieca.

ILinan
1. AnreOpa moiid.
2. EnemenTu KOMOIHATOPUKH.
3. Kinacuune BU3Ha4YE€HHS] IMOBIPHOCTI.
4. IMOBipHOCTi HECYMiCHHX Ta CYMiCHHUX, 3aJICKHUX Ta HE3aJIKHHX TOJIiil.
5. ®opmyna moBHOI WMoBipHOCTI. Dopmyna baiteca. [lpuknagHi acmexTu
3acTocyBaHHA (popMyJ MOBHOT iiMOBIpHOCTI Ta baiieca B Teopii ynpaBiiHHS.

Humannsa Nel
Anzebpa nodii

Bunaoxoea nodis — 11e Oyab-Kui pe3yabTaT eKCIEPUMEHTY (BUIIPOOYBaHHS),
KU 32 OJHHUX 1 TUX CAMUX YMOB MOXK€ BiIOYTHUCS, @ MOXKe U Hi.

[Toxii mo3HawaroThCs Beaukumu Jitepamu 4, B, C,...
71



[Toxii kmacudikyoTh 3aJ€XXHO BiJ] TOTO, HACKIIBKHA rapaHTOBaHA TXHs MOsIBA:

1) 0ocmosipna (8ipociona) nodis — 1€ MOIsA, ika 000B’SI3KOBO BiIOyIE€THCS B
YMOBaX €KCIIEPUMEHTY (BUIIPOOYBaHHS);

2) Hemoxcnusa nodia — TOMISA, SKa HIKOJIM HE BiIOyIeThCs B yMOBax
€KCIIEpUMEHTY (BUIIPOOYBaHH).

[Tomii HA3WBAIOTBCSA HecyMiCHUMU, SIKIO BOHH HE MOXYTh BiIOyTHCS
OJHOYACHO, ITOSIBA OJHIET 3 HUX BUKJIIOYAE MOYKINUBICTD MOSIBU 1HIIIUX.

[Toxii HA3UBAIOTHCS CYyMICHUMU, IKIIO BOHU MOXKYTb B1IOYTHCS] OJTHOYACHO.

[Tomis, sika BiMOYBa€ThCS y TOMY BHUIIAJIKY, KOJIM HE B1AOYBaeThCcs Mo A,
HA3MBAETHCS NPOMULEICHOIO NOVIEI0 1 TIO3HAYAETHCS A.

Iloena epyna noditi — 11e Taka CyKyITHICTh BUNIQJAKOBUX TIOJIIH, IO B PE3YJIbTATI
KOXKHOTO BHUIIPOOYBaHHS OOOB’SI3KOBO BiAOyaeTbcs xouya 6 oaHa 3 HUX. ToOTO 1@
MEPENIK YCIX MOKJIMBUX BapiaHTIB PO3BUTKY MOAIM, Kl TUIBKM MOXYTbh CTaTHUCS B
KOHKpETHII cutyanii. [To3a 1i€ero rpyrnoro HI4Oro 1HIIOro BiAOYTUCS HE MOXE.

OKpeMHUM BUIMAJKOM HOBHOI IPYIH € IPOTUIeKHI nomii 4 Ta A. Bonu 3apxnu
YTBOPIOIOTH MOBHY TPYIy HECYMICHUX MOIIH.

Cymoro (00’€THaHHAM) JACKUJIBKOX BUIAQJIKOBHUX IMOJIM HA3UBAETHCS OIS, sSKa
noJIsirae y 3/iMicCHEeHHI xo4a O OAHI€l 3 TaHuX MoAld, ToOTo abo A, abo B, abo 4 1 B
pazom:

A+B=C.

Sxiio nmogii A 1 B HecyMicHi, TO CyMa BKa3ye Ha T€, 1110 BiI0Y1€ThCS TUIBKU OJTHA
3 HUX.

Jlooymrxom nooiu (nepetunoM) A 1 B — HazuBaerbes nofia C, sika moJisirae B
TOMY, 1110 OOMIBI TTOA1T 000B’I3KOBO BIIOYXYThCS:

AxB=C.

Ilpuknao. Jlesixa ¢pipma-niocTadyaibHUK pealii3y€e TOBap TPhOM pi3HUM (ipmam-
nokynisM. [lomii Ay, Az, A3 — BiamoBinHa (ipMa-MOKyMeb OJEPKYE TOBAp Y
BCTAHOBJICHUH TEpMiH. 3anucaTy Moiii:

1) ToBap B yCTaHOBJIEHUHN TEPMIH OJIEPKUTH X04a O o/iHa (hipma

Ay + Ay + A3 = C (OCKUIbKH TIOJII1 CYMICHI);
2) ToBap B YCTAHOBJIEHUN TEPMIH OJIepKaTh yci Ppipmu
Ay x Ay x A3 = C;
3) ToBap B YCTAHOBJICHUHN TEPMIiH OJEPKUTH TUTbKH TpeTs (ipma
AZl X Zz x Az = C,
4) Tinbku oHa (ipMa OJICPKUTH TOBAP B YCTAHOBJICHUN TEPMiH
A x Ay x Ay + A x Ay x A; + A x A, x A3=C.

Humanna Ne2
Enemenmu komoinamopuxu

Kombinamopuka — e po3ain MaTeMaTHKH, SIKU BUBYA€E CIIOCOOM MiAPAXyHKY
KUIBKOCT1 BapiaHTiB BUOOPY ab0 pO3MIIICHHS €JIEMEHTIB MHOKUHHU.
Hexaii moTpiOHO BUKOHATH MOCIIOBHO JB1 Aii. SIKIO mepia aisi BUKOHAHA m
PI3HUMHU crioco0aMH, a pyra — 1 pi3HUMHU Cloco0aMu, TO OOUABI J1ii MOKHA BUKOHATH
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mXn pI3HUMH crioco0aMu. SIKIO K MOTPIOHO MOCIIIIOBHO BUKOHATH TPH i, IPUIOMY
mepira Jis Moke OyTH BUKOHAHO m CIoco0amu, JApyra — 1 croco0amMu 1 Tpets — k
crioco0aMu, TOJII TPH i MOXKHA BUKOHATH mXnXk crioco0amu.

3acanvre npasuno KOMOIHAMOPUKU (NPABUNO MHOJCEHHs): HeXal MOTpiIOHO
MOCTIZIOBHO BHUKOHATH 7 Jid, NpUYOMYy Iiepiia Jis Moke OyTH BHUKOHAHA 1
croco0amu, apyra — m, CrocodaMu TOIO, HAPEIITi #-a Mis — m, crnocodamu. Tomi
YHCJIO BCIX CITIOCOOIB, SKMMH MOKHA BUKOHATH 111 71 1M

Sy =my XmyX...Xm,. (8.1)

Y KoMOIHATOpHIlIl BHUIAUISIOTHE TPU OCHOBHI THIIH CIIOJYK: HepecmaHOo8KU,
PpOo3MiueHHs Ta KomMOIHayil.

Ilepecmanoskoro 3 n elemenmie HA3UBAETHCS KUIBKICTh CITOCOOIB PO3CTAHOBKH
IIUX €JIEMEHTIB Y MIEBHOMY MOPSJIKY MiXk CO00I0.

Yucno 6cix pizHux nepecmanosox 3 N eiemMeHmis O0O0pIBHIOE N axmopial,
moomo n! =1-2-...-n.

Yuciio BCIX NEPEeCTaHOBOK 3 71 €JIEMEHTIB MO3HAYAIOTh P!

P,=n!=12-...n. (8.2)

Ilpuknao 1. KepiBHUK BIJAUTy MapKETHUHTY 3alljlaHyBaB MpPOBECTH 6
IHAUBITyaIbHUX 3ycTpiued (one-to-one) 31 CBOIMM MIAJErIMMU. BiH BUpIilIUB
MIPOBECTH BC1 3yCTpPidl OJHY 3a OJIHOIO 0e3 mepepB. CKUIbKOMa Pi3HUMHU CIIOCOOaMU
MEHEKEp MOXe CKIacTh rpadik 1ux 3ycTpided (TOOTO BU3HAYMUTU YEPTOBICTh
M1 UIeTIINX ) ?

Y nHac n=6 00’exkTiB (CHiBpoOITHHKIB). MH BHKOPHCTOBYEMO BCIX
cniBpoOITHUKIB. [Topsanok BaxnuBui, OCKUIbKH rpadik «Onekcanap MukonaiioBuy
nepimii, Onbra OnekciiBHa Apyra» BiApi3HsAeTbea Bl rpadika «Onbra OlekciiBHa
nepma, Onexcannap MukonaioBud Jpyruit». OCKIIBKA MU TIEPECTaBISEMO BCi
€JICMEHTH MHOXKWHH, BUKOPHUCTOBYEMO (HOpPMYITy TIepecTaHOBKH (8.2):

Ps=6!=1-2-3-4.5-6=720

OT1xe, MeHeKep Moke ckiactu 720 pi3HUX BapiaHTIB rpadika 3ycTpiyeit 3i
CHIBPOOITHUKAMHU.

Posmiwenns (abo eapiayii) — 11e CHOJYKH, SIKI CKIAAAIOThCS 3 kK €JIIEMEHTIB,
00paHMX 13 MHOXUHHU 7 €JIEMEHTIB, JIe MOPSAJOK IIUX E€JIEMEHTIB € BaXJIMBUM (200
KUIBKICTb CITOCOOIB PO3CTABUTH 71 €JIEMEHTIB Ha k MICIb).

["omoBHA BiAMIHHICTH PO3MIIICHB BiJl KOMOIHAIIH MOJIATa€ B TOMY, IO SKIIIO MH
IPOCTO TIOMIHSIEMO 00paHi 00’ €KTH MICISIMU, TO OTPUMAEMO B3KE HOBY CIIOJYKY.

Uwucno BCix pO3MINICHB 13 72 €IEMEHTIB M0 & 00YUCITIOETHCS 32 POPMYIIOI0

Al=n-n-1)- n—=-2)...(n—k+1). (8.3)
Kk CriiBMHOXXHHUKIB
abo
n!
i‘l = o (8.4)

Ipuknao 2.y signum npaitoe 10 cniBpoOiTHUKIB. [ToTpiGHO 00paTu KepiBHUKA
MPOEKTY Ta HOTO acUCTeHTa. BU3HAYNTH KUTBKICTh BapiaHTIB TAKOTO MPU3HAYCHHS.
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Ockinbku Tpeba o6paTu 2 ciBpoOITHUKIB 3 10, mprUYOMy MOPSJIOK € BaXIUBUM,
TO BUKOPUCTOBYEMO PO3MIIIICHHS

2 _ 100 10! _ 81910 _ o o _
Aio = (10-2)! 8! 8! 9+10 =90.

OTxe, icHye 90 cnoco0iB TaKOTO MPU3HAYEHHS.

Kombinayii — ue crnonyku, sKl CKIaJaloThCid 3 k €JIeMEHTIB, oOpaHuX 13
MHOXXHHH 71 €JIEMEHTIB, SIKILO MOPSAI0K BUOOPY HE Ma€ 3HAUCHHS.
I{e xro4oBa BIIMIHHICTG Bijl pO3MIIlIeHb. ¥ KOMOIHAIISX BaXXIJIMBO JIUIIE T€, SKi
came eJIeMEHTH MOTPanuiIn JI0 TPYIIH, a He Te, Y SKi MOCIIA0BHOCTI iX OOUpaH.
Yucio Bcix KOMOIHAIIH 3 77 €JIEMEHTIB 10 k& 00UUCITIOETHCS 32 POPMYJIIOH0
Ak n!
Ck="L=—— 8.5
n k! (n—-k)k! (8.5)
Ilpuxnao 3. 'Y Biaiai MapkeTuHry mnpamroe 8 daxiBiis. JJist ydyacTi y BUCTaBIII
noTpioHO 0OpaTu kKoMaHay 3 3 oci6. CkibKOMa cioco0aMu 11€ MOKHA 3pOOUTH?
BuxopuctoByeMO KOMOIHAIII10, OCKUIBKY B IOMY BUIAJKY BaXJIMBO JIUIIIE
nepe0yBaHHs B KOMaH/I1
3 8! 8! 5!6-7-8 6-7-8
87 (8-3)!31 5!31 5/1-2-3 1-2-3

=7-8=056

IHumanna Ne3
Knacuune suznauennsa umosipnocmi

Yucno, sike € Miporo 00’€KTUBHOI MOKJIMBOCTI TOTO, IO TOAISA BiIOYACThCA,
HA3UBAETHCS 11 UMOBIPHICTIO.

MmoBipHicTs moxii mo3HauaroTs P(A).

BigHomeHHs yncna CpUsTIMBUAX BUMNAIAKIB HaCTaHHS MOJii 4 10 yucia ycix

MOXKJIMBUX BUITQJIKIB HA3UBAETHCS UMOGIpHICMIO TIOJIT A
m

P(A) =—. (8.6)

JI€ m — YUCJIO BUMPOOYBaHb, B SIKUX MOJ1s1 A HACTYNHIIA;

1 — 3arajbHe YUCIIO BUIPOOYBaHb.

dopmyna (8.6) HA3UBAETHCS POPMYI0I0 KIACUYHOL UMOBIDHOCHII.

ﬁMOBipHiCTL OyIib-sIKOT TI0/111 He MOXe OyTH BiJI’€MHOIO a00 Olblle OJUHUIL,
omxke 0 < P(4) < 1, npuuomy P(A4) = 0, sikuio nofis 4 — HeMoxiuBa, a P(A) = 1 sxmio
A — BipoOrijHa Mois.

HUmogipnicme npomunesichoi nodii 1o mogii A eusnauaemucs 3a popmyior:

PA)=—""=1-"=1-P(4). (8.7)

Ilpuxnao 1. MeHemxkep 3 IKOCTI HE MOKE TIEPEBIPUTH KOKHY OJIMHUITIO TOBApY
B naprtii 3 1000 mTyk, TOMy BiH BUKOpUCTOBY€E BUOIpKY. Y maprtii 3 100 neraneit € 5
OpakoBaHuX. MeHeKep HaBMaHHsI O0Mpae OJHY JieTajb. SIka WMOBIPHICTH TOTO, IO
oOpana aetanb OyJie KiCHOIO?

Po3paxyHok: 3aranbHa KibKicTh AeTaneit y naptii #=100. KipkicTh AKiCHUX

netaien m=100-5=95.
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Omie P(4) = %50 = 0,95 (a60 95%).

Ipuxnao 2. 'Y xanpoBoMy pe3epBi € 10 kaHIuIaTiB: 6 YOJIOBIKIB 1 4 >KIHKH.
[Totpi6HO chopmyBatu rpymy 3 3 ocid maug ayauTy. SIka MMOBIPHICTH TOTO, IO JI0
IpyNH NOTPATUIATH JIUIIE )KIHKU? SIka HMOBIPHICTB TOTO, II0 Y TpyIii Oye xoua O OAuH
YOJIOBIK?

3aranpHa KUIBKICTh cIoco0iB 006patu 3 ocobu 3 10:
10! 100 7!8-9-10

Ciy = = = =120
10710 -3)131 7131 711-2-3
KinpkicTh crioco0iB oOpatu 3 KiHKH 3 4-X HasIBHUX:
3 4! 4! 3!1-4
C4 = = = =
3 (4—-3)!3 113! 3!
HIMOBIpHICTB TOTO, 1110 Y TPYyIll OyAyTh yCi )KIHKU
3
P(A) =4 =2 =1 £ 0,033 (mpubamsno 3,3%)

c3, 120 30
[Toxis, mo y rpymi Oyjae xo4ya 6 OJMH YOJIOBIK, € IPOTUIICIKHOIO JI0 IMO/I11, KOJIH
B IpyIi OyAyTh yCi JKIHKH.
Otxe, P(A) =1—-P(A) =1—-0,033 = 0,967 (mpubausuo 96,7%).

Ilpuknao 3. Komnanis Bumyctuia 10 000 iorypTiB, miJ KpUIIEYKaMU SKUX
po3mimeni npusu: 100 nmpusi o 500 rpu 1 1000 npu3sis o 20 rpH. SIka HMOBIPHICTH
JUTSI KJTIEHTA BUTPATH Xo4a O AKuich nmpu3?

3aranpHa kuibKicTh moait # = 10000. Copustiusi nonii (Oyab-siIKUi Mpu3):
m=100+1000 =1100.

1100 o
P(4) = === 0,11 (11%)

IIpuknao 4. IlocrauyanbHUK 3a3BUYail TPUBO3UTH TOBAP Y OJIMH 13 pOOOYHX JHIB
TUXKHS (3 TIOHEAUIKA O IT’ATHUIO) 3 OJHAKOBOI HWMOBIpPHICTIO. SIka WMOBIPHICTH
TOTO, 1110 TOBap MpUOYyJe came B TOHEALIOK a00 BIBTOPOK?

3aranom pobouux nHIB 7 = 5. COpUSTIMBUX THIB m=2.

P(4) = = = 0,4 (40%)

IHumannsa No4

Hmogipnocmi necymicHUX ma CyMiCHUX, 3A1€HCHUX Ma
He3a1elcHux nooiu

[Tonii Ha3WBaIOTBCA HeCcyMiCHUMU, SKIIO TOSBAa OJHIEI 3 HUX BHUKIHOYAE
MO>KJIMBICTh MOSIBU 1HIIOI B OJHOMY 1 TOMY X BHUNpoOyBaHHI. BoHM He MOXyTh
CTaTUCS OJTHOYACHO.

VIMOBIpHICTb CyMH CKiHUEHHOTO 4YWMCIa HecyMicHUX mofiit (A1, Az, ..., Ay)
JOPIBHIOE CyMI IXHIX HMOBIPHOCTEM.

P(Ay+ As+ ...+ A,) = P(41) + P(42) + ... + P(4,).. (8.8)
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CyMma UMOBIpHOCTEHN TO/I1H, 1110 YTBOPIOIOTH TOBHY TPYITY, TOPIBHIOE OJUHHUIILI.
PA+B+C+...+M)=1. (8.9)

Ipuxnao 1. Kommanist 6epe y4acTb y TeHAEpl Ha Iep:kaBHE 3aMoBJIeHHs. [Tomis
A: xommanis Burpae teunep. [lonis B: komnanis nporpae ternaep. L{i moxii HecymicHi,
00 BM He MOXXHA OJHOYACHO 1 BHUIpaTH, 1 MPOTpaTh TOM cammii TeHuep. Ko
n“MoBipHicTh Burpamry P(A4)=0,3, a mporpamry P(B) = 0,7, To cyma 3aBXau 10piBHIOE |
(a60 100%), 60 1HIIMX BapiaHTIB HEMAE:
P(A + B)=P(4)+ P(B) =0,3+0,7=1.

Ipuxnao 2. Komrmanisi BUpPIIIY€E, SKUM TPAHCIIOPTOM JIOCTaBUTH ToBap. BapiaHT
A: nocraBka MopeM (HMOBipHICTb 00panHs — 0,5); BapiaHT B: J0oCcTaBKa 3ajl13HUIICIO
(iMmoBipHicTh — 0,3); Bapiant (C: [g0CTaBKa aBTOMOOUIBHMM TpPaHCIIOPTOM
(imosipHicTh — 0,15), BapianT D : focTaBKa aBlalliiHUM TPAaHCIOPTOM (MMOBIPHICTD —
0,05). BusHaunutu WMOBIPHICTH TOTO, IO JIOCTaBKa TOBapy BilOyAEThCS HA3EMHUM
TPAHCIIOPTOM.

[Tonii 4, B, C, D € nHecymicauMmu. [lofis, 1o ToBap Oy/e BiANpPaBIE€HO HA3EMHUM
TPaHCIIOPTOM, O0’€Hy€ JIBl1 MOAIl: JOCTaBKa 3aji3HMICI0 ab0 J0CTaBKa aBTo.
MMoBipHicTh Hiel moxii Bu3HauaeThes 3a Gopmyoro (8.8):

P(B+C) = P(B)+ P(C) =0,3+0,15=0,45

[Toxii HA3UBAIOTHCS CYyMICHUMU, SIKITO TIOSIBA OJHIET 3 HUX HE BUKIIIOYAE TOSIBU
1H1101. TOOTO BOHU MOXKYTh BiJIOYTHUCS] OJJHOUACHO.

OCK1JIbKY TIO/111 MOKYTh TIEPETUHATHUCS, TO NIl BU3HAYEHHSI HMOBIPHOCTI CyMH
(o0’enmHaHHs) MUX MOJINA Tpeba BITHATH WMOBIPHICTH iX CHUIBHOI MOSBH, 1100 HE
nopaxyBaTH i1 IB1Yi.

VIMOBIipHiCTBb CyMH IBOX CYMiCHHX IOAi# JOPiBHIOE CyMi iX fiMOBipHOCTEI Ge3
WMOBIPHOCTI iX I00YTKY, TOOTO

P(4 + B) = P(4) + P(B) — P(4 x B). (8.10)

Ilpuknao 3. KommaHis 3amycKaeTe HOBY JIHIMKY TOBapiB 1 XO4€ OLIHHUTH
oxoruieHHs ayauTopii. [lomist 4: KIl€HT Ai3HABCS MPO TOBAp 13 pekiamu B Instagram
(P(4)=0,6). Ilomis B: xiieHT MAi3HABCA MPO TOBap uyepe3 «capadaHHE pajio»
(P(B)=0.4). imMoBipHicTb TOTO, 1110 K1Ti€HT 6auuB pexi1aMmy B Instagram i qyB mpo ToBap
Bin Apyra P(A*B)=0,2. BuzHnauutu iMOBIPHICTB TOTO, IO KJIIEHT OAYHMB pEeKIaMy.

[Tonii € cymicaumu. 3rimHo 3 hopmynoro (8.10) maemo

P(4 + B) = P(A4) + P(B) — P(4%B)=0,6+0,4-0,2=0,8.

Tobto 80% miIbOBOI ayIuTOpii KOMITaHii OXOIJIEHO X04Ya O OJHUM KaHaJoM
KOMYHIKaIlii.

ITonii A Ta B Ha3UBAIOTHCS HE3ANEeHCHUMU, SIKIIIO MOSIBA OJHIET 3 HUX HE 3MIHIOE
HMOBIPHICTb MOSIBU 1HIION.

ﬁMOBipHiCTB T00YTKY JBOX 1 OlIbIIE HE3aJEKHUX TOJIM TOPIBHIOE TOOYTKY
iXHIX IMOBIpHOCTEN

P(A; x Ay % ... x A,) = P(4)) x P(42) % ... X P(4,). (8.11)
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Ilpuxnao 4. Kommnanis Mae 1Ba 3aBOJIM B pI3HUX KpaiHax: ouH y [Tombii, 1HIIHi
y B’ernami. Ilomis A: crpaiik npaniBaukie y Ilomemi (P(4) = 0,05).
[Tonis B: taitdpyn y B’ernami (P(B) = 0,1). Buznauntu HMOBIpHICTb TOTO, 1110 0OM/1Ba
3aBOJ 3yMUHATHCS OJHOYACHO.

Tonii A i B € He3anesxxanMu. MIMOBipHiCTE TOTO, IO 0OM/IBA 3aBOIM 3y THHSTHCS
OJIHOYACHO, IOPIBHIOE JOOYTKY HMOBIpHOCTEH moAiit 4 1 B:

P(4 x B) = P(4) * P(B)=0,05x0,1=0,005 (0,5%).

Ilpuxnao 5. MeHemkep BIIIUTY 3aKyMiBeldb IMPaIlo€ 3 TPhbOMa He3aJIeKHUMU
nocTayaJbHUKaMH. VIMOBIPHICTH TOTO, IO MEpIIMii MOCTAYaNBHUK IPHBE3E TOBAP
BUYaCHO, cTaHOBUTH 0,9, npyruii — 0,8, TpeTiit — 0,7. BusHa4MTH MMOBIPHICTH TOTO, 11O
xo4a 0 OJIMH MoCTavyalIbHUK MMPUBE3E TOBApP BUACHO.

BukopuctoByeMo WMOBIPHICTh MPOTHIIEKHOI moii. Akmo moxis 4: «Xoya 6
OJIMH TOCTaYyalbHUK JOCTABUB TOBAp BYACHO», TO MpoTuiexkHa nomis A: «Hixto 3
MOCTa4YaJIbHUKIB HE IPUBI3 TOBAP BYACHO» (BCI 3aMI3HUIIUCS).

VIMOBipHICTb 3aImi3HeHH I KOKHOTO 3 OCTa4aIbHUKIB:

P({3amizuenns 1-ro})=1-0,9=0,1

P({3amizuenns 2-ro})=1-0,8 =0,2

P({3amizuenns 3-ro})=1-0,7=0,3.

3HaiiieMo WMOBIPHICTH TOTO, IO BC1 MOCTAYAJIbHUKH 3aII3HATHCS OJIHOYACHO.
BuxopucroByemo gopmyiy (8.11)

P({3aniznenns 1-ro},({3ami3uenns 2-ro},{3anizHenHs 3-ro})=0,1x0,2x0,3=0,006
3HaxoAMMO WMOBIPHICTH MOI1
P(A) =1-P(A) =1-0,006 =0,994.
OT1xe, TMOBIPHICTB TOTO, 1110 X04a 0 0JHa TTOcTaBKa Oy/1e BUacHO — 99,4%.

[Toxii Ha3UBAIOTHCS 3A/IeHCHUMU, KO TIOSIBA OJHIET 3 HUX 3MIHIOE€ HIMOBIPHICTh
nosiBY 1HIIO1. TyT 3’ SIBISETHCS TIOHATTS YMOBHOI UMOBIPHOCHII.

ﬁMOBipHiCTB noaii A 3HaijeHa B TPUIYIICHHI, IO MOJis B HacTymnuia,
HA3UBAETHCS YMOBHOI0 UMOBIpHIcmio IO A o0 noAil B 1 mo3HadaeTbes Pp(A4).

Hmosipnicmo 006ymxy 060x 3aneachux noditi (a6o HMOBIpHICTE CyMiCHOT MOSBH
JIBOX 3aJIEXKHUX MOA1N) A Ta B JOpIBHIOE JOOYTKY HMOBIPHOCTI OJIHI€T 3 HUX HA YMOBHY
WMOBIPHICTb 1HIIO1

P(A x B) = P(A) x P4«(B), (8.12)
abo
P(4 x B) = P(B) x Pp(A). (8.13)
Ipuxnad 6. VIMOBipHiCTH TOro, IO HapTis ToBapy Mae AedeKT, CTAHOBUTH
P(B)=0,1 (10%). Sxmo naptis Mae aedeKT, IMOBIPHICTh TOTO, IO KIIEHT MOBEPHE
TOBAp 1 3AIUIUTH HETATUBHUMN BIATYK (TI011is1 A), ctanoBUTH Pp(A4)=0,8 (80%). Axio
napTiss He Mae AeeKTiB, WMOBIPHICTh TOTO, IO KIIEHT BCE OJIHO 3aJIHUIIUTH
HETaTUBHUN BIATYK (HampWKiIaa, 4epe3 JOBry JocTaBky), ckmamae 0,05 (5%). Sxa
HMOBIPHICTb TOTO, 10 BIAOYAYThCs OOMIBI 011 OJJHOYACHO: MapTis Oyae neeKTHOIo
1 KOMIaHis OTPUMA€ETe HeTaTUBHUHN BIATYK?
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P(A4 x B) = P(B) x Pp(4)=0,1x0,8=0,08 (%)

OTxe, WMOBIPHICTb TOTO, IO KOMIAHIS BUITYCTUTh OpakoBaHy MapTiio 1
OTpUMAETE 32 I1e MyOJIIYHy CKapry, CTAHOBUTH §%.

Ilpuxnao 7. Pama nUpeKTOpiB CKJIANA€ThCS 3 TPHOX OyXTralTepiB, TPHOX
MEHE/KEPIB Ta IBOX 1HkKeHepiB. [Im1aHy€eThCsI CTBOPUTH OPTKOMITET 13 TPHOX YOJIOBIK.
SIxa IMOBIPHICTB TOTO, 110 BC1 TPOE, SIK1 YBIUIYTh B OPTKOMITET, € OyXranTepH.

[To3znaunmo moii

A — nepmmit Oyxranrep, SKui yBiijie B OPTKOMITET;

Ay — Apyruit OyxraiaTtep, SKUi yBiiie B OprKOMITET;

A3 — TpeTiit OyxranTep, SKUi yBiiie B OPTKOMITET.

B =A, X Ay X A3 — Tpu OyxrajiTepu, K1 yBIMYyTh B OPIKOMITET.

— — 3 2 1 1
P(B) = P(Ay X Ay X A3) = P(A1) X Py, (A3) X Py xa,(A3) = SXoX—=o
_c_ 1
a6o P(B) ==

IHumannsa Ne5

@dopMysia TOBHOI MMOBIPHOCTI BUKOPUCTOBYETHCS Y MEHEIKMEHTI IS
IIPOTHO3YBaHHS Ta OIIIHKH 3arajlbHUX INaHCIB Ha ycmix, a ¢opmyna baieca — mis
aHaJi3y MPUYHH TOTO, IO BXKE CTAJ0Cs, Ta KOPUT'YBaHHS ILJIaHIB.

3HaieMo WMOBIPHICTD JESKOI MOl 4, 1110 MOXKe BIIOYTHCS pa30oM 3 OJIHIEIO 3
noxait H,, Ha, ..., H,, 110 YTBOPIOIOTH MOBHY TPyIy NoAiil. byeMo Ha3uBatH 11 moAii
cinomesamu.

VMoBipHicTh Tozii A 0GUMCIIOEThCS SIK cyMa J0OYTKiB HMOBIPHOCTI KOXKHOT
rinoTe3u Ha YMOBHY HMOBIPHICTb NOJIi 4 3a L€l rnoTe3u, To0To

P(4) = X}y P(H,) - Py, (A), (8.14)

ne P(H;) — anpiopHa KMOBIpHICTH TOTO, 110 CIIpaBAUTHCA H; TimoTesa;

Py, (A) — ¥imoBipHIiCTh NOAIT 4 32 yMOBH, 10 TinoTe3a H; BinOynacs.

®opMyIia MOBHOT HMOBIPHOCTI 3aCTOCOBYETBHCS Y TAKUX CPepax yHpaBIIIHHS:

— YNPAaBNiHHA JIAHYI2AMU HNOCMAGOK: BU3HAYEHHS WMOBIPHOCTI 3aTPUMKH
TOBapy 4epe3 Mpolieaypy Ha MUTHMIII, HA CKJIaJl a00 Yepe3 MOrogH1 yMOBH;

— HR-meneoxcmenm: BU3HAYEHHS HMOBIPHOCTI TOTO, LIO HOBUM MpalliBHUK
npoijae BUMPOOYBaJbHUM TEPMiH, BpPAaXOBYIOYM pI3HI piBHI HOro Mmo4aTKoOBO1
M ATOTOBKHU;

— Mapxemune: PO3paxyHOK KOHBEpCii calTy, /e BIABIAyBadl MPUXOASTH 13
PI3HHX JKEpeI (COIMEPEKi, MOMIYK, peKamMa), KOKHE 3 IKHX Ma€ CBOIO CHEIUpIUHY
HMOBIPHICTb MOKYTIKH.

Ilpuxnao 1. KomnaHisa miaHye BUITYCTUTH HOBUH CMapTQOH. YCHiX Mpoaaxy
(monist A) 3a7eKUTH BiJ] EKOHOMIYHOI CUTYaIlil B KpaiHi:

1) Bigomi rinoTe3u (CTaHW PUHKY):

H; — exoHomiune 3poctanns, P(H;) = 0,3;
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H, — crab6inbuicTs, P(H,) = 0,5;
H; — penecis, P(H;) = 0,2.
I'inotesu H,, H,, H;, yTBOPIOIOTH MOBHY TPYyMy MOJ1H, OCKUIBKU

2) Binmoma orinka HMOBIPHOCTI YCITIXY 32 KOXXHO1 YMOBH:

— IIpY 3pOCTaHHi ycIix Maiixe rapanTosanuil Py (A) = 0,9;

— 1pu cTabinbHOCTI mancy Henoraui Py, (4) = 0,6;

— npu penecii mancu nusbki Py, (4) = 0,2.

Po3paxyBaTu IMOBIpHICTH YCITIXy Ha pUHKY HOBOTO CMapT(OHY.

BuxopucroByemo ¢popmyiry moBHOT iiMoOBipHOCTI (8.14)

P(A) = P(H,) 'PHl(A) + P(H;) - PHZ(A) + P(H3) - PH3(A) =
=03:09+05-06+0,2-0,2=0,61

OTxe, 3araibHa WMOBIPHICTh YCmiXy MNpoekTy crtaHoButh 0,61 (61%). Llei
MOKA3HHK JI0NIOMAra€e BUPIIIUTH, YA BAPTO 1HBECTYBATU PECYPCH, TOPIBHIOIOYH HOTO 3
PHU3HKAMHU.

JloriyHuUM MpOJIOBXKEHHSAM (OpPMYJIH MOBHOI WMOBIPHOCTI € (opmyna baiieca.
kim0 moBHa WMOBIPHICTh JOTOMAara€ «mporHo3yBaTh ManOyTHe», To (opmyna
Baiteca no3BoJisie «aHanmi3yBaTH MHHYJIe» a00 MEPEOIIHIOBATH IIAHCU, KOJU BXKE
OTPUMAaHO HOBHH pe3yJIbTarT.

@opmyna baiieca no3BONSE BU3HAYUTH WMOBIPHICTH TOTO, IO CIpalioBaja
caMe KOHKpeTHa rinoresa H;, 3a yMOBH, 110 MOAIS A BXke BiAOyacs.

VIMoBipHicTh rimoTesm 3a yMoBHM, mo momis A Binbynacs, JOpiBHIOE
BIJTHOIICHHIO TOOYTKY MMOBIPHOCTI JIaHO1 TIMOTE3W HAa YMOBHY MMOBIPHICTH MOSIBU
noii A pu KaHii TinoTe31 10 MOBHOT KMOBIPHOCTI MOSIBU TOA11 4, TOOTO

_ [_[l 3 P(Hi)‘PHi(A) . P(Hi)'PHl-(A)
P,(H;) —P( /A) - P IR P(H)Pu(A)

Ilpuknao 2. BUKOPUCTOBYIOUM N1aHl npuxiady I, BUSHAYUTH sIKa UMOBIPHICTb
TOTO, 110 KOMIIaHis JOcArjia YCIIXy y 3amycky cMmapTdoHa (3amyck cMmaptdoHa
BUSBUBCA YCIIIIHUM, TOOTO moxisi A BiaOynacs) came 3aBASKH E€KOHOMIYHOMY
3pocTtanHIo (rinore3a Hy).

Busznagaemo WMOBIpHICTH TOTO, 110 BiOyacs rinore3a H; 3a yMoBHU ycmixy 4,
BUKOpUCTOBYIOUN (popmy:y batieca (8.15)

(8.15)

_ P(Hy)-Py(A) 0309 027 0
Py(Hy) = P(A) = o6l o6l 0,443 (44,3%)

AmHanoriuHo MoxHa po3paxysaru iniii rinoresu Py (H,) ta Py(H3) Tabm. 8.1

Tabmuns 8.1 — VIMOBIpHOCTI TinoTe3

Cran puHKy 1711;\[4?;1{3?;11;?::5 VMoBipHicTb micns ycmixy
3pocranns Hy 30% 44,3% (3pociia)
Cra0unpHicth H, 50% 49,2% (maiixke HE 3MIHMJIACH)
Penecist H, 20% 6,5% (pi3Kko BITasa)
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Amnaui3 nqanux Taou. 8.1 103Bosisie 3pOOUTH TaKl BUCHOBKH:

1) iIMOBIpHICTH TOTO, 110 KOMITaHisI MpaIfoBajia B yMoBax periecii, Braia 3 20%
10 6,5%, 110 € TOTTYHUM, OCKIIBKH M1l 4ac perecii HaBpsia i MokHa Oyio O gocsariu
yCHixXy;

2) UMOBIPHICTbH TOTO, 110 €KOHOMIKa 3pocTana, 36imbmumacs 3 30% mo 44,3%.

3) ycmix MIATBEPIKYE TO3UTUBHUN CTaH PUHKY, IO € CUTHAJIOM MJis
MEHe/Kepa, OCKUIbKH TeTep 1l HOBI JIaHI MOKHA BUKOPUCTOBYBATH JJIS TIJIaHYBaHHS
HACTYITHUX KPOKiB a00 1HBECTHUIIIH.

Ilpuknao 3. dipma Mae Tpu JpKepena nocrayaHHs KoMiuiektyouux: 4, B, C. Ha
bipmy A npunanae 50% 3aranbHOr0 00cAry nmocrayanb, Ha B — 30% 1 Ha C —20%. I3
npakTUKu BimoMo, mo 10% neranel, siki mocTaBisioTbes (pipmoro 4, OpakoBadi,
dipmoto B — 5%, pipmoro C — 6%. BuzHauuTu IMOBIPHICTH TOTO, IO B35iTa HABMAHHS
OpakoBaHa jieTainb Oyja oTpuMana Bij pipmu 4.

BBenemo Taki mo3HaueHHS:

1) I'imoTe3u (JKepesa mocTayaHHs):

A — nocravansHuK ¢dipma 4, P(A) = 0,5;

B — nocravansuuk ¢ipma B, P(B) = 0,3;

C — noctavaneuuk ¢ipma C, P(C) = 0,2.

I'inore3u 4, B, C yTBOPIOIOTh MOBHY I'PYIy MOJ1M, OCKUIBKI

P(A)+P(B)+P(C)=054+03+4+02=1

2) Binoma oiiHka WMOBIPHOCTI OpakoBaHUX BHUPOOIB JUISI  KOXKHOTO
MOCTavyaJbHUKA:

— P,(6pax) = 0,1,

— Pg(6pax) = 0,05;

— Pc(6pax) = 0,06.

VIMOBipHiCTB TOTO, 110 B3Ta HABMAHHS OPaKOBaHA JETalb OyJa OTPUMAHA Bij
dbipmu 4 Bu3HaUaeThes 3a popmynoro baiieca (8.15)

b (2 P(A) - Py(6pax)
apar(4) = P(A) - Py(6pax) + P(B) - Pg(6pax) + P(C) - Pc(6pax)
_ 05-0,1 _ 0,05 0.65
~05:01+0,3-005+02-0,06 0077

TakuM YMHOM IMOBIPHICTH TOTO, IO OOpaHa AeTallb Oyyia oTpuMaHa BiJl pipmu
A 3a yMOBH, KOJIM BOHA BUSBHIJIACS OpakoBaHOMO, 3MiHuaacs 3 0,5 1o 0,65.

Iluranus AJISL CaMOHeQeBi[!KI/I 3HAHb

1. JlafiTe BUBHAYCHHS BUITAIKOBOI ITO/II1.

2. 'Y oMy mosiirae OCHOBHE MPABUIIO KOMOTHATOPUKH?

3. SIx BU3HAYAETHCS KIBKICTh MIEPECTAHOBOK 3 71 €JIEMEHTIB?

4.V d4oMmy Tmojsra€ TOJOBHA BIAMIHHICTH PO3MIIIEHb BI1J KOMOIHAIN Yy
KOMOIHATOpHIIi?

5. JlaiiTe BU3HAYEHHS KJIACUYHOT HMOBIPHOCTI MOAI1.

6. Aki moii Ha3UBaKOTHCS HECYMICHUMU?

7. SIx BU3HA4YA€ThCS UMOBIPHICTh CYMH JEKIJTbKOX HECYMICHUX MOMA1I?
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8. SIk1 moii Ha3MBAIOTHCA HE3AIEKHUMUA?

9. Sk 00YHCITIOETHCSI TMOBIPHICTH OJHOYACHOT TOSIBU JEKUTBKOX HE3ICKHUX
MOI1ii?

10. Ha3BiTh MOXJIHBI chepu ympaBiHHS, € 3aCTOCOBYETHCS (HOpMyIia IOBHOT
HMOBIPHOCTI.

11. TlosicHIT, pI3HUIIIO BUKOPUCTAHHS Ha MPakTUIl (GOPMYJIU TMOBHOI
“MoBipHOCTI 1 popmynu baiieca.

Tectun

1. T1o0ii ha3usaomvcs CymMicCHUMU, AKUJO:

a. BoHr MOXyTh BIIOyTHCS OJIHOYACHO.

0. Bonu HEe MOXYTh BIJIOYTUCS OJHOYACHO.

B. [losiBa o/1HI€T 3 HUX HE BUKJIIOYAE MOSBU 1HIIIOI.

r. [IpaBuiibHI BiANOBIAL a), B).

2. Hmogipuicms nooii’ A npuiimae 3Havenus:

a. —00 < P(4) < +oo.

0.-1<PA)<L 1.

B.0<PA) L.

r. P(4) > 0.

3. Cnonyku, Axi ckiaoaromecs 3 k enemenmis, GUOPAHUX i3 MHONCUHU N
e/leMeHmis, IKU0 Nops0oK GUOOPY He MAE 3HAYEHHS, MAIOMb HA38).

a. Po3mimeHHsl.

0. KomOinarii.

B. Bapiarrii.

r. [lepecranoBku.

4. Hmosipricmo 6ipo2ionoi nodii A dopisHioe:

a.-1<PA)<L 1.

0.0 PMA)<1.

B. P(4)=0.

r. P(A) =1.

5. Cykynnicme 6unadkosux nooit, MaKux wo 6 pe3yIbmami KOMCHO20
suUnpobdysanHs 0008 a3K060 8i0OYOemvcs xoua 6 00HA 3 HUX, MAE HA38):

a. [ToBHa rpymna nomii.

0. HezanexxHi noii.

B. HecymicHi nogii.

r. ['imoteswu.

3aBaaHHA I CAMOCTIHHOr0 BUKOHAHHSA

1) V¥ micTi HanmiuyeThes ciM 3aBofiB. CKiJIbKOMa cloco0aMu OpraHizailis MOXKe
PO3MICTUTA Ha HHUX TPHU Pi3HI BUPOOHWYI 3aMOBJIEHHS? (3aMOBJICHHS HE MOKHA
JIpOOUTH, TOOTO PO3MOJUIATA MOTO Ha ACKIJIbKA 3aBOJIIB).

2) Ha piunux 300pax axkiioHepiB 25 y4yaCHUKIB IPETEHIYIOTh HA TIOCTH T'OJIOBH,
cekpeTaps 1 YOTUPH 1HIIUX NOCTa B MpaBiiiHHI. CKITBKH 1CHY€ CLIOCO01B MPU3HAYEHHS
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Ha TMOCTU TOJOBHU 1 cekperapsi? CKUIbKM CIOCOOIB 3aMIIIEHHS YOTUPbOX BaKaHCIM
miciist oOOpaHHs TOJIOBH 1 ceKpeTapsi?

3) YV TtpancnopTHiii kommnanii mpaitoe 12 BoxiiB. Kokumii apyruil 1eHb
HEOOXI1THO HAMPaBUTH IBOX BOJIIB HA KOXKEH 3 I’ sITH 3aBOJiB. CKiJTbKOMa criocobammu
MO>KHa HalpaBUTH BOJIIB Ha 111 3aBOJH?

4) dipma-ckian peanizye ToBapu 20 HaiimeHyBaHb. CKibKOMa Crioco0amMu ix
MOKHa PO3MOJUIMTU MO TPbOX Mara3uHax, SKIIO BIOMO, IO B MEPIIN Mara3uf
MOBUHHO OYTH JIOCTABJICHO BICIM, y JIPYTHM — CiM, a B TPETiil — II’ATh HalilMEHYyBaHb
TOBapiB?

5) V¥ Bigaum mpoaakiB KOMIIaHI1 € BICIM 3aMOBJICHb Ha BiJAIPaBICHHS TOBAPIB:
II’SITh 3aMOBJICHb Y MEXKaX KpaiHu 1 TpU Ha eKCropT. SIka MMOBIpHICTh TOTO, IO JBa
B35TI HABMaHHsI 3aMOBJICHHS: 1) BHYTpIIIHI; 2) OAHE 3aMOBJICHHS y MeXaX KpaiHu 1
OJIHE Ha EKCIOPT; 3) HA EKCIOPT?

6) I3 maprii, mo cknanaerbesa 3 30 BUPOOIB, cepell AKUX 11’ ATh HECTaHJAPTHHX,
JUTsI KOHTpO:It0 BUOMpaeTbes 10 BupoOiB. 3HATH IMOBIPHICTH TOTO, 1110 Bel 10 BUpoOiB
OyayTh CTaHIAPTHUMU.

7) Mara3un orpumye ToBap maprtisiMd no 100 mrTyk. SKmo m’sTh, B3ATHX
HaBMaHHs 3pa3KiB BIANOBIIAIOTH CTaHAApTaMm, MapTis TOBapy HAAXOAUTh HAa
peanizaiito. Y 4eprosiil mapTii 8 oquHUL TOBapy 3 AePEKTOM. SIKka MIMOBIPHICTH TOTO,
110 TOBAp HaJllif/Ie B peai3ailito?

8) Y Tabnuill HaBe/eHA XapaKTEPUCTHKA CIIBPOOITHUKIB KOMITaHii

[Tixpo3ainu Kinkn YoiioBiku
BupoOHnamii Biin 6 20
Bbyxranrepis 3 2
Binain 3akynok 5 5
MapKeTHHTOBUI BiJIIT 2 8
Bignin peanmizarii 5 10

Hasmanns BigiOpaHuii oAWH CHIBPOOITHUK. 3HAWTU WMOBIPHICTH TOTO, IO II€
a) KiHKa; 0) CIIBpOOITHUK MapKETHMHTOBOTO BIJIUTY; B) YOJIOBIK, SIKUH MPAIIO€ Y
BUPOOHUYOMY BIJUTII @00 BIJUILI 3aKyIOK; T') JKIHKA, 10 TIpaIoe y Oyxranrepii abo
BIJUTLT1 peaizailii; 1) CriiBpOOITHUK BUPOOHUYOTO BIJUIITY 200 BIIIUTY MApKETHHTY.

9) [Mokymenp npuadaB y Mara3uHi MoOyTOBOT TEXHIKM MIKPOXBUJILOBY MY Ta
eNEeKTPUUHMH uaiiHuK. VIMOBipHICTH TOrO, IO MPOTSATOM TaPaHTIHHOIO TEpMiHY
MIKpOXBWJIbOBA MY HE Buitne 3 nany — 0,85; a enextpuunuit yaitnuk — 0,92. 3HaiiTu
HMOBIPHICTB TOTO, 110 X04a O OAMH 13 [IUX MPUJIAJIIB BUTPUMAE FapaHTIMHUMN TEPMiH.

10) ImoBipHICTH OaHKPYTCTBA AJiA OJHI€T hipMu cTtaHOBUTH 0,4, a 111 1HIIOL —
Ha 25% MeHIile. BusHauuTH MIMOBIPHICTH TOTO, 1110 30aHKPYTY€ Xoua O OJIHA 3 HUX.

11) Ha cknani 36epiratotbest 800 BupoOiB 3aBoay Nel 1 1200 BupoOiB 3aBoay
Ne2. Cepen BupoOiB 3aBosty Nel B cepennboMy 95% BuIIOi SIKOCTI, a cepesi BUPOOIB
3aBony No2 — 80%. Homy piBHA IMOBIPHICTH TOTO, 1110 MEPUINI MPUHECEHUN 31 CKIIATY
BUPI0 BUSBUTHCS HU3bKOI KOCTI.

12) V nponax HaAXOAsITh HABYIIHUKHN TPhOX BUPOOHUKIB. [Ipomykirist meprioro
BUpoOHHKa MicTUTh 10% 13 mpuxoBaHuUM aedexkTom, npyroro — 5% i tperboro — 2%.
Slka iMOBIpHICTH, TIpUAOATH SKICHI HAaBYIIHWKH, SKIIO B MarazuH Hagiimuio 30%
BUpOOIB Bij mepioro BupodHuka, 20% — Big apyroro i 50% — Big TpeThoro?
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13) Bigomo, mo 80% npoaykuii € crangapTHoro. CripolieHrit KOHTPOJIb BU3HAE
K SIKICHY CTaHJapTHY MPOIYyKIito 3 MMoBipHicTIO 0,9 1 HEcTaHIApTHY 3 IMOBIPHICTIO
0,3. 3HailTH IMOBIPHICTH TOTO, 1110 BU3HAHUI SIKICHUM BUPIO € CTaHIapTHUH.

PexomennoBana jgiteparypa: ocHoBHa 1, 2, 3,4, 5; nonarkoBa 7, 8,9, 12, 13.

TEMA 9
BUITAIKOBI BEJIMUNHU

OcCHOBHI NOHATTA: BHIAJKOBA BEIWYMHA, JUCKPETHA

BUIIAJKOBA BEJIMYMHA, HENEpEepBHA BHIIAJKOBAa BEIMYMHA, 3aKOH

O30Ty BUNIAAKOBOI BETMUMHHU, Psi/l PO3MOJALTY AUCKPETHOI BUMAIKOBO1 BEIMUNHH,

(yHKLIST pO3MOAULY BHUIIAJKOBOI BEJIWYMHH, IIUIBHICTH PO3IMOALLY HENEpepBHOI

BUITQ/IKOBOI BEJIMYMHU, MATEMAaTUYHE OYIKYBAHHS BUIAJKOBOI BEJIMYMHHU, AUCHIEPCIS
BHIT/IKOBOI BEJINYMHHU.

ILnan
1. IloHATTS BUMAAKOBOI BENWYMHHU. JIMCKpETHI Ta HENEepepBHI BHUIIAJKOBI
BEJIMYMHHU.
2. 3aKOHHU PO3NOALTY TUCKPETHUX Ta HEMEPEPBHUX BUIAAKOBUX BETUYHH.
3. OCHOBHI YHMCJIOBI XapaKTEPUCTUKH BUIIAIKOBUX BEJIUYHH.
4. IlpuxnagHi acmekTH 3acTOCYBaHHsS BHIAJKOBUX BEJIMYMH B  TeOpIi
yIpaBIiHHS.

Humannsa Nel

Honammsa eunadkoeoi seauuunu. /luckpemni ma Henepeperi UNaoKosi

eéelUduUHu

Bunaokoeoio eenuuunoro Ha3UBAETHCS BEIMYMHA, SIKA 3aJI€KHO Bl pe3ybTaTy
BHUIPOOYBAHHS BUIIAKOBO MPUIMAE OHE 3HAUCHHS 3 MHOKHMHHN MOKJIMBUX 3HAYCHb.

Ha BigMiHy BIiJ BHUIAIKOBOI TOAIl, fKa € SKICHOI XapaKTePUCTUKOIO
BUMAJKOBOIO  pe3yJbTaTy, BHUIIQJKOBAa BEJIWYMHA XapaKTepHU3ye pPe3yibTaT
BUTIPOOYBaHHS KIJIbKICHO.

[Tpuknaa BUAAKOBUX BEJIMYWH: KUTBKICTh KJIIEHTIB y Yep3l, YUCII0 OpaKOBaHUX
AeTanel y nmaprii; yac 00CcIyroByBaHHs OJTHOTO KIIIEHTA, 0OCST pIYHOTO BUTOPTY TOLLO.

Buninsiors ouckpemmui Ta nenepepeni 6unaoxkosi eututiL.

Jluckpemnoro Ha3UBAETHLCA TaKa BUMAJAKOBA BEJIUYHMHA, KA IPUMMAE CKIHIYCHHY
a00 HECKIHYEHHY 3YHCIIEHY MHOXKUHY 3HAU€Hb.

Henepepsenoro Ha3UBa€eThCA Taka BUIIQJIKOBA BEJIMYMHA, KA MOXE MpUMaTH
OyIb-sIKi 3HAYEHHS 3 JIESIKOT0 CKIHYEHHOT0 a00 HECKIHUEHHOTO 1IHTEpBaTY.

BunaakoBi BeTMUYMHY MO3HAYAIOTh BEIMKUMH JliTepamu X, ¥, ..., a IX MOXKJIUBI1
3HAQYEHHS — MaJICHbKUMH JIITEPaMH X, } TOIIO.
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[I{o6 3amaTv BUMAAKOBY BEJIMYMHY HEJIOCTATHHO MepepaxyBaTH BCl 11 MOXKIIMBI
3HaueHHs. HeoOXiHO TakoX 3HATH, K 4acTO MOXYTh 3 SBIATHCA i 3HAYCHHS B
pe3yibTaTi BUIPOOYBaHb 32 OAHAKOBUX YMOB, TOOTO HEOOX1JHO 3HATH MMOBIPHOCTI 1X
MOSIBH.

CyKyIHICTh yCiX MOXKJIMBUX 3HAY€Hb BUIIAJIKOBOI BEJTUYHHM 1 BIIMOBITHUX iM
HMOBIPHOCTEH CKIIAAIOTh pO3n00il UNAOKOBOI BeIUUUHU.

Humanna Ne2
3aKoHUu po3nooily OUCKpPEenmHUX ma HenepepeHuUx UNA0K08UX 8eaUYUH

3axonom po3nodiny 6unaodkoeoi eenuuuHu HA3UBAETHCS OyAb-sIKE MPaBUIIO
(Tabmuis, ¢yHKIN), sIKE T03BOJISE 3HAXOAUTH WMOBIPHOCTI MOMJIMBUX TIOJIM,
MOB’SI3aHUX 13 BUIIAJKOBOIO BEJIMYMHOIO (HAMPHUKIIAJ, WMOBIPHICTH TOTO, III0 BOHA
npuiiMe sike-HeOy1b 3HaUeHHs ab0 nonaje B AKUi-HeOy1b IHTEpBa).

3aKOH pO3MOJIUTY BUMAJKOBOI BEIMYMHU MOXE OYTH 3aJaHUNl y BUIJISIIL
Ta0JIHIIl, Y BUTIISLL (DYHKIIT pO3MOLTY, Y BUTJISA/I1 HIUIBHOCTI PO3MOILTY.

1) TabnnyHe 3HAYEHHS 3aKOHY PO3MOJLITY MOXE BHUKOPHCTOBYBATHCS TUIBKH
IUJIL IUCKPETHOI BUITAIKOBOI BEJIUYMHMU.

Psioom poznooiny ouckpemnoi éunaoxoeoi eenuuunu X Ha3UBAEThCS TAOIULIS,
AKa MICTUTh YCI MOKJIMBI 3HAUEHHS BUIAIKOBOI BEJIMYMHU Y TIOPSAJIKY 1X 3pOCTaHHA 1
BIJIMOBIAHI ITUM 3HAYEHHSM HMOBIPHOCTI.

Ta6muns 9.1 — Psia po3noiny IMCKPETHOI BUIIAJAKOBOI BEIMYMHH
X X X> Xn

P D1 p2 DPn

Ilpuknao 1. KommaHisis OpoOBOAUTH 3aXOJHW CTUMYJIIOBAHHS CIIOKHMBa4iB 13
3aCTOCYBaHHAM I'poIIOBHX BurpamiB. B akuii npucytHii 1 Burpam y 10 000 rph, 10
Burpais 1o 1000 rpx 1 100 Burpamis o 500 rpH npu 3arajibHii KUIbKOCTI yYaCHUKIB
10 000. BuznaunTy 3aKOH PO3MOJILITY BUIIAJIKOBOTO BUTpamry X ijisi OTHOTO YYaCHUKA.

MOXIMBUMH 3HAYEHHSIMH BHUIAJKOBOI BeIMUMHU X (pO3MIp TIpOILIOBOTO
BUTpAIITy) €:

| X | x=0 | x=500 | x;=1000 | x,=10000 |
BiamoBinHi MM 3HAYEHHSIM HMOBIPHOCTI OyAyTh JOPIBHIOBATU
100
P2 = o000 ~ 001
= 10 = 0,001
Ps 10000 ~
Dy = 10000 = 0,0001

p; =1— (p, +ps+p,) = 1 — (0,01 + 0,001 + 0,0001) =
=1-0,0111 = 0,9889
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Tabmung 9.2 — Psag po3noainy AWCKPETHOI BUITAJKOBOI BEJIMYUHH (PO3MIP
BUTpAILLy)

X 0 500 1000 10 000
P 0,9889 0,01 0,001 0,0001

2) HaiiGiaein 3araiibHOIO (OPMOIO 3aJlaHHS 3aKOHY PO3MOAUTY BHUIAIKOBOL
BEJIMYUHM € (DYHKIIS PO3MOJALTY, IKa MOKE€ BUKOPUCTOBYBATHCS SIK JUIsSI AUCKPETHUX,
TakK 1 JIJIs1 HEMEPEPBHUX BUIAJIKOBUX BEJIMYMUH.

DyHxyicro po3noodiny eunaoxkoeoi eeauyuny X Ha3UBAEThCS WMOBIPHICTH TOTO,
10 BOHA MIpHiiME 3HAYEHHS MEHIIIE, HIXK 3a/I1aHE X

F(x) = P{X < x}. 9.1)

Bracmusocmi ¢ynxyii poznooiny:

1) 0 < F(x) < 1 (sx MOBIpHICTB)

2) ®OyuKIis po3MOJLTy BHUIIAIKOBOI BEIMYMHU € HECMaJalouor (yHKIIIELO,
TOOTO IpH X, > X1, TO F(x,) = F(x4).

3) IMoBipHicTb IOMAJaHHS BHIIA(KOBOI BEIMYMHY B iHTepBal [a, b) nopiBHIOE
pi3HMII 3HAYeHb (QYHKIIIT PO3MOALTY Ha KIHISX I[LOTO 1HTEpBAITY, TOOTO

P{a <X <b}=F(b) —F(a). (9.2)

4) F(—) = 0, F(+0) = 1.

JlJ1s1 MUCKPETHOT BUITAAKOBOI BEJIMYMHU X, IKa TPUMMAE 3HAYCHHSA X/, X2, ..., Xp ,
GyHKIIIST pO3IOALTY Ma€ BUTIIA
F(x) = Yxj<x P(X = x). (9.3)
Ile o3navae, mo QYHKIIS PO3MOALTY OYIb-SIKOi JHUCKPETHOI BHUIAJIKOBOT
BEJIMYMHU € PO3PUBHOIO CXITYACTOIO (DYHKIII€IO, CTPUOKUA SIKOi BIIOYBAalOTHCI Yy
TOYKaX, SKI BIAIOBIJIAIOTh MOMKJIMBUM 3HAUYCHHSIM BMIIQAKOBOI BEJIIMYMHHU, 1
JOPIBHIOIOTh UMOBIPHOCTSIM 1IMX 3HAYEHb.
Ilpuknao 2. KinpKiCTh MPOJAaHUX XOJIOAWIBHHMKIB Y Mara3uHi MNpPOTSATOM JIHS
(BumagkoBa BenuuuHa X) MIATOPSIKOBYETHCS 3aKOHY PO3IMOAUTY, SIKMM 3aaHUil Yy
BUTJISIIL PAY:

Tabmumg 9.3 — Psag po3noaiay TuCKpeTHOI BHUMAAKOBOI BEIWYHMHU (KUIBKICTH
IIPOJIAHUX XOJIOJIUIILHUKIB)

X 0 1 2 3 4
P 0,35 0,3 0,2 0,1 0,05
3HalTH PYHKIIIIO PO3MOALTY BUMAAKOBOI BEJIMUUHH.
1) Hexait x < 0 F(x)=P{X <x}=0.

2)Hexait 0 < x <1 F(x) = P{X < x} = P{x = 0} = 0,35.
3)Hexait 1 < x < 2 F(x)=P{X<x}=P{x=0}+P{x =1} =
= 0,35+ 0,3 = 0,65.
4)Hexaii 2 < x < 3 F(x)=P{X<x}=P{x=0}+P{x=1}+
+P{x=2}=0,35+0,3+0,2=0,85.
5)Hexain 3 < x <4 F(x)=P{X<x}=P{x=0}+P{x=1}+
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+P{x =2}+P{x=3}=035+03+0,2+ 0,1 = 0,95.
6) Hexaii x > 4 Fx)=P{X<x}=P{x=0}+P{x=1}+
+P{x =2} +P{x=3}+P{x=4}=035+03+0,2+0,1+0,05=1,0
OTxe, PyHKITiS PO3MOIITY BUTIAAKOBOT BETMUUHHA MA€E BUTJIS]
r 0 x<0
035 0<x<1
065 1<x<2
085 2<x<3
095 3<x<4
\ 1,0 x >4
HenepepBHa BumagkoBa BeIMYMHA Ma€ HEMEPEPBHY (DYHKIIIO PO3MOILITY.
3) Sk 3aK0oH pO3MOALTY, IKUH Ma€ CEHC TUIbKH JJIsl HETIEPEPBHUX BUMAJIKOBUX
BEJIMYUH, BUKOPUCTOBYETHCS WiNbHICMb PpO3n00iNy ad0 wilbHiCmb UMOBIDHOCHII.
UlinbHicmio po3nodiny Henepepsnoi eunadkosoi eeauuunu X y TOUII X
HAa3UBAETHCS MOXIIHA BIJ ii (PYHKIIT pO3NOALTY Y LiH TOYI
fx) = F'(x). (9.4)
CyTHicTh HIIbHOCTI po3noaity f(x) mossirae y Tomy, II0 BOHA IOKa3ye, sK
9acTo 3’SIBIISETHCS BUIIAIKOBA BETMYMHA X Y JESIKOMY OKOJIi TOYKH X TIPH MMOBTOPEHHI
BUIPOOYBAHb.
['padik miinpHOCTI po3noainy f(x) HA3UBAETHCS KPUBOIO PO3NOOLTY.
Bracmusocmi winonocmi posnooiny f(x):
1) f(x) € HeBix’ eMHOO (PYHKITIEIO (K MMOXIHA HECTIAAr0901 (DYHKIIIT)
f(x)=0
2) VIMOBipHiCTb MOIaiaHHs HellepepBHOI BHITAIKOBOI BeMUMHK X B iHTEpBan
(a; b) nopiBHIOE 1HTErpaTy B MIIJILHOCTI PO3MNOALTY, Y35STOMY IO I[bOMY IHTEPBATY

Pla<X <b} =[] f(x)dx. 9.5)
3) @yHKUIA pO3NOALTY HENEepPEepBHOI BHUIIAJKOBOI BEJIMYMHU JIOPIBHIOE
IHTErpaiy Bl MIUIbHOCTI pO3NOILTY

F(x) = 7 f(x)dx. 9.6)

F(x) =1

4 77 fdx =1

Ilpuknao 3. BU3HAUUTH HIUIBHICTH PO3MOJIIIY BHUIIAKOBOI BEJIMYMUHU, SIKIIO
3amaHa QyHKiis po3noaity F(x), a Takok WMOBIPHICTh IMOMAIaHHS HEMEepPEepBHOT
BUIaIKOBOI BennunHu X B iHTepBai (0,25;0,5).

0 x<0
F(x)={x2 0<x<1
1 x>1
0 x<0
1) 3a Busnauenusm f(x) = F'(x) = {Zx 0<x<1
0 x>1
2) P{0,25 < X < 0,5} = [, 2xdx = x?|05 = 0,52 — 0,252 = 0,1875

IIpuknao 4. BunagkoBa BennuuHa X 3a7aHa MUTbHICTIO PO3TIOILTY
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0 x <0
flx) = %Sinx 0<x<m.

0 X>T
Busznauntu (yHKIIIO PO3NOAUTY BHIMAAKOBOI BeaHMUMHU X 1 HWMOBIPHICTD

. . . s
NoMa/IaHHs HeTIepEepPBHOT BUIAKOBO1 BenuunHu X B iHTepBai (0; E)'

1. BukopucroByemo hopmyiy (9.6)

Hx <0
X X
F(x) =j f(x)dx=J Odx =0
No<x<m )
X 0 x 1 X
F(x) = f(x)dx=J de+j —sinxdx = ——cosx| =
—00 —00 0 2 2 0
_ 1 +1 O_1 1
= —5cosx +5c0s0 =5 ——cosx

Hx>nm
0

F(x) = xf(x)dxzf de+j
— o0 ~ o0 0

1 X
Esinxdx +f Odx =

T

T

N| =
+
N =
Il
—_

_jm_,d N OO KU SUONI PO
= . Zsmx X = 2COSJCO— 2COST[ 2COS =

OTtxe, QyHKITiS PO3IOIITY BUIIAIKOBOI BETMYMHU MA€ BUTJIS]L

0 x <0
1 1
F(x) = 5~ 5cosx 0<x<m
1 X>T
2.P{0 <X<E} = Flsinxdx = _Lcosx|? = =tcosE+21cos0 = 0,5
2 02 2 0 2 2 ' 2

Humanna No3

OCHOBHI YUC1061 XAPAKMEPUCMUKU 8UNAOKOBUX 8CIUYUH

KoxHuil 3aKOH pO3MOJiTY MOBHICTIO XapaKTepU3y€ BUIAIKOBY BEJIMYUHY 3
UMOBIpHICHOT TOUKH 30py. OJIHAK TPH PO3B’sI3aHHI JEIKUX MPAKTUYHHUX 3a/1a4 HEMA€
HEOOX1THOCT1 3HATH yCl MOXJIMBI 3HAYEHHS BUIAJKOBOI BEJMYMHU 1 BIAMOBIAHI iM
iMoBIpHOCTI. YacTo [OCTaTHHO BHU3HAYUTH OKPEMI YMCIOBI MapameTpH, SsKi
XapaKTEepU3yIOTh CYTTEBI pucH po3noaity. Lli yucna, siki XapakTepu3yrOTh Y CTHCIIN
dbopmi  HaAMOUIBII  CYTTEBI  PUCH  PO3MOALTY, HA3UBAKOTBCA  YUCIOBUMU
Xapakxmepucmukamu 6UnaoKo80i 6eUYUHU.

1) MaremaTtnyHe O4iKyBaHHS BUIIAIKOBOI BETUINHHU.

Mamemamuynum oYiKy8aAHHAM OUCKPEMHOI 8UNAOKOBOI 8eludtHU HA3UBAETHCS
cyma J0OYTKIB yCiX 11 MOXKJIMBHUX 3HaY€Hb HA UMOBIPHOCTI IINX 3HAYEHb.

MX) = X X pi- 9.7)
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Mamemamuunum o4iKY8aHHAM Henepepenoi 6unaokogoi eenuuunu X 3
HIUTBHICTIO po3moaiiy f (X) Ha3UBAETHCS YUCIIO
+ 00
MX) = [__ xf(x)dx. (9.8)
MaremaTuyHe O4YiKyBaHHS YacTO HA3UBAIOTh CEPeOHIM 3HAUEHHAM BUNAOKOBOL
BETUYUHU.

MareMaTiuHe OYIKyBaHHS HEMEPEPBHOT BUIAJKOBOI BEIMYUHH X, MOJXKJIHBI
3HAYCHHS K0T HAJIeKAaTh iHTepBany (a; b), 00uncaoTh 3a (HOpPMYJIOL0:

MX) = f: xf (x)dx. (9.9)

Bracmusocmi mamemamuuno2o oyiky8anHsi:

1)M(C) =C, ne C = const

2y M(CX) = CM(X), ne C = const

B YMX+Y)=MX)+M(Y)

HMX-Y)=MX) M(Y),axmo X Ta Y He3aneKHi BUIAIKOBI BEIUIHHU

SYM(X—M(X))=0

Ilpuknao 1. Menemxep KoMnaHii BUPIILYy€, YA BAPTO IHBECTYBATH B MAaCIITAOHY
peKJIaMHy KamIaHito. € MPOrHO3 aHAIITUKIB 1010 MOXKJIMBOTO MPUOYTKY 3aJI€KHO BiJT
peaxilii puHKy.

Tabnung 9.4 — IIporao3 MOKIMBOTO MPUOYTKY

Peakirisi puHKy [TpubyTok (x;) VIMoBipHiCTS (p))
Bucokuii monut +100 000 mou. 0,3 (30%)
Cepenniii monut +40 000 mog. 0,5 (50%)
Huspkuit monut -20 000 (30UTOK) 1101. 0,2 (20%)

Busnauntn MaTeMaTHuHE OUiKyBaHHS MPUOYTKY.
BuxopucroByemo Gopmyiy (9.7)
3

M(X) = in p; = 100000+ 0,3 +40000- 0,5+ (—=20000-0,2) = 46000
i=1
HeoOxigHO 3a3HauuTH, 110 HE € TrapaHTielo, 1o ¢QipMa OTpUMAE came
46 000 non. Lle cepenHe 3HaueHHs NPUOYTKY, SIKUA BU BOHA OTpUMaja, SIKOM
peanizoByBaja noi0H1 TPOEKTH OaraTo pa3iB y OJJHAKOBUX YMOBaX.

2) Qucnepcisi BUTIAIKOBOT BETUYHHH.
3a momoMmoror AucHepcii 1 CepeaHbOKBAAPATUYHOTO BIAXUIIEHHS MOXHA
CyIIUTA TPO PO3CIIOBAHHS BHUIIAJKOBOi BEJIMYMHU BIAHOCHO ii MaTeMaTHYHOTO
OY1KyBaHHS.
Hucnepciero eunaokoeoi eeauuunu X HA3WBAIOTh MAaTEMATHYHE OYIKYBaHHS
KBaJjpaTa BIIXUJICHHS BUMAIKOBOI BEJIMYMHM BiJ il MATEMAaTUYHOTO OYiKyBaHHS
D(X) = M [(X — M(X))?] (9.10)
JInst  MUCKPETHOI BHMAAKOBOI BEJIMYMHU JUCHEPCIST PO3PAaXxOBYETHCS 3a
dbopmyor0:
D(X) = X (x; — M(X))? - p;. (9.11)
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JIns HemepepBHOI BHUITAJIKOBOT BEJIIMYMHM, 3aKOH PO3MOJAUTY SKO1 3aJaHui
HIUIBHICTIO po3noiny f(x), qucrepcis 00YUCITIOETHCS 32 HOPMYIIOIO:
DX) = [*7(x — M(X))*f (x)dx. 9.12)
Jlucniepcis Mae po3MipHICTh KBaJipaTa BUITAIKOBOI BEJIMYHUHH, IO € HE 3aBKIU
3pyuno. Tomy Ha mNOpakTUlll SK XapaKTePUCTHKY pO3CIIOBAHHS OUIBII 3pY4YHO
BUKOPHUCTOBYBATH YHCIIO, PO3MIPHICTh SIKOTO CITIBIAJA€ 3 PO3MIPHICTIO BUIIAJAKOBOI
BEIIMYHHHU, — CEPEeOHbOKBAOPAMUYHE BIOXUICHHS

g, =+ D(X). (9.13)
Bracmueocmi oucnepcii:

1)D(C) =0, ne C = const

2)D(CX) = C?>D(X), ne C = const

3)DX+Y)=DX)+D(Y)

HDX—-Y)=DX)+D(Y)

5) D(X) = M(X?) — (M(X))?

Ilpuxnao 2. BUKOpUCTOBYIOYM JaHi, 1110 HaBEeACH1 Yy npukiadi I, 00UUCIUTH
JUCIIEPCIIO Ta CEPeAHBOKBAAPATUYHE BIIXWICHHS IPUOYTKY.

BuxopucroByemo Gopmyiy g Bu3HaueHHs aucnepcii (9.11)

D(X) =32, (x; — M(X))” - p; = (100000 — 46000)? - 0,3+
+(40000 — 46000)? - 0,5 + (—20000 — 46000)? - 0,2 =
= 874 800 000 + 18 000000 + 871200000 = 1764000 000 nou.
CepenHbOKBaIpaTUYHE BIIXUJICHHS 3HaX0AUMO 3a (hopmysioro (9.13)

g, =+/D(X) =v1764 000000 ~ 42000 gou.

OTtxe, ouikyBaHUMM NpUOYTOK BiA pekyaMHoi kammanii 46 000 moi., a pu3MK
(cepennbokBaapatuune BiaxuiieHHs ) — 42 000 qosn. MoxkHa 3poOUTH BUCHOBOK, 1110 11€
Iy’)K€ PHU3UKOBAHHMI TMPOEKT, OCKUIBKM BIIXWJIEHHA MaiKe OPIBHIOE CaMOMY
OUIKYyBaHOMY MPHUOYTKY.

3HalOYM MaTeMaTH4HE OYIKYBaHHS 1 CEpeIHbOKBAIPATUYHE BIIXUJICHHS
BUITIaJIKOBOI BEJIMYMHU X, MO>KHA YSIBUTH IPUOJIM3HUIM A1ania30H ii MOKIMBUX 3HAYEHb:
3HAYCHHS BUITAJIKOBOT BEJIMUMHM JTy>KE PIIKO BUXOAATH 3a MexKI1 iHTepBany M + 30,.
[le npaBuiio HocuTh Ha3By «llpaBuio 3 o».

IHumannsa No4

Ipuknaoui acnekmu 3acmocy8antsn 6UNAOKOBUX Ge/IUYUH 8 MeoDii
VHPABIAIHHA

3acToCyBaHHS BWITAJIKOBUX BEIUYMH Yy MEHEKMEHTI Ta Teopii ympaBiiHHS
NEPETBOPIOE «IHTYITUBHE MEPEIUyTTS» Ha MATEMaTUYHO OOTpyHTOBaHy cTparerito. Ha
IPaKTHUIl MEHeIKep Maiixke Hikoau He Mae 100% BneBHEHOCTi, TOMy MalOyTHI HOI1i
PO3IIISIa0THCS SIK BUMAAKOBI BETUUNHMU:

1. Vnpasninusa 3anacamu (mooeni cknaocvkozo o0ixy).

B Teopii ynpapiiHHS BaXXJIMBO 3HANTH OaJlaHC: HE BUTpAdaTH 3aifBl POl HA
30epiraHHsi TOBapiB, ajie ¥ HE AOMYCTUTH IePIIUTY.
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[TonuT Ha TOBap MPOTATrOM AHS MOXKE MpUMMATHCS K JUCKPETHA BUIIAJIKOBA
BEIMYMHA. BUKOPUCTOBYIOYM 3aKOoH po3noaury (dacto posmoxin Ilyaccona),
MEHE/KEP PO3PAXOBYE «TOUKY 3aMOBICHHS.

Hanpukinan, SKIo Mara3uH 3Hae, 10 Cepe/iHid MOMUT Ha MPOIYKINIO CKIaaae
10 omuHMI HAa NIeHb, ane 3 IMOBIpHICTIO 5% BiH MoXe 3pocTH 10 20, MEHEmKep
CTBOPIOE «CTpaxoBuit 3amacy. Lle MiHIMI3ye pU3HK BTpA4eHOTO MPUOYTKY.

2. Teopis macogoco 0b6cny208y68amHsI.

Ile ympaBiiHHS yepramMy Ta MOTOKaMU KIi€HTIB (y OaHKaxX, KOJI-IIEHTpax, Ha
CTO a6o B IT-cucremax). Yac mosiBM KJIi€HTa Ta yac HOro oOCIYroBYyBaHHS — II€
HETepepBHI BUIIAIKOB1 BEJTUYHHHU.

Hanpuknan, MmeHemkep 6aHKy Ma€e BUPIIIUTH, CKIIBKHM Kac BIIKPUTH B CyOOTY.
Po3paxyBaBiim MareMaTHuHe OYIKYBaHHS JOBXHHU 4YEpPrd, BIH MOXE 3HAWUTU
ONTUMAJIbHY KUIBKICTh TEPCOHANTy, I00 Yac OYIKyBaHHS HE IE€pPEBUIILYyBaB,
Hanpuknana, 10 XBuiuH.

3. Mapkemune.

VY MapKeTUHT'Yy OCHOBHOIO BUIIAJIKOBOIO BETMYMHOIO € KUIBKICTh BIATYKIB (J11/11B)
abo0 o0csAr mnpojaxiB micias pekiaaMHoi akili. I[loBemiHKa KOXKHOTO KIII€HTa
po3risgaeThes K BUIpoOyBaHHs bepuyun (mpuabdae ToBap ado HE mpuadae TOBap).
[Ipu BenuKiid KUTBKOCTI BIJBITyBa4iB BUKOPUCTOBYETHCSI OIHOMIAIbHUNA PO3MOILI.

biHOMiaIbHMII pPO3MOJIA € OJHMM 3 HAMOUIbII BaXKJIMBUX JUCKPETHUX
PO3MOJIUIIB Y MEHEIPKMEHTI Ta MApKETUHTY. BiH omnucye KUIBKICTh «YCIIXiB» Yy cepii
HE3aJIeKHUX BUIPOOYBaHb, B SIKMX MOKe OyTH JIMIIE JBa BaplaHTU pe3yJIbTaTy: TaK
a00 Hi (KynuB/He KynuB, Opak/He Opak, KIIIKHYB/HE KIIIKHYB).

MMoBipHicTs Toro, mo cepex n BHIpoOyBaHb Oyjae piBHO k ycmixiB,
PO3paxoByeThCS 32 HOPMYJIIOLO:

P{X =k} = Ck-p¥*.gq"k, (9.14)

Y OGiHOMIaTbHOMY pO3IMOAUI YHUCIOBl XapaKTEPUCTHKU PO3PAXOBYIOTHCS 3a
dbopmynamu:

MX)=n-p
DX)=n-p-q=n-p-(1-p)

Ipuknao. Komnanis 3ammyckae pekiiamy B Instagram. Bigomo, o cepenniii CTR
(xmikabenpHICTh) cTaHOBUTH 2% (p=0,02). [Tnanyerbest oxonutu 10 000 moTeHIIHIX
KJIIEHTIB (1).

MaremaTuuHe O4iKyBaHHS KIJIbKOCTI KJIIKIB:

M(X) =n-p=10000-0,02 =200

Hucnepcis Oyae 10pi1BHIOBATH:

DX)=n-p-(1—p)=10000-0,02-0,98 =196

CepenHbOKBaIpaTUYHE BIAXUICHHS:

o, = /D(X) =V196 = 14

OTxe, B cepelHbOMY KoMMaHis odikye orpumatu 200 kiikiB. SKio kommnaHis
orpumae 190 kmikiB, TO uyepe3 BIIXWICHHS 14 1€ € TPUIHITHUM BUTAIKOBUM
KOJIMBaHHs. SIKII0 K KOMIIaHis oTpuMae jmie 150 KI1ikiB, TO 11e 03Havae, 1o peKiama
MIpAaITIOe 3HAYHO TIpIIe, HiK O4iKyBajocs, 1 i Tpeda BUMUKATH a00 3MIHIOBATH.
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4. BupobHuymeo (yac Ha 8UKOHAHHS onepayii).

Sk BUMaJKOBa BETMYMHA MOXKE MpUIIMATHCS Yac, IKUWA pOOITHUK BUTpayvae Ha
30ipKy By3Ia.

Hanpukinan, Ha MIANPUEMCTBI BCTAHOBJIIOETHCS HOBAa KOHBEEpHA JIIHIAL
OuikyBaHuit yac 30ipku — 5 XBWINH, aje uyepes3 JOJAChKUN (pakTop (BTOMA, 3aTpUMKa
AeTaneil) dYac BapiloeThCsl. BHKOPUCTOBYIOUM CTATUCTHKY, MEHEIKEpP MOXeE
pO3paxyBaTu TaKUi TEMIT KOHBE€EPa, 100 BiH HE 3yNUHABCS (HAMIPHUKIIA]], BCTAHOBIIIOE
TEMI HE 5 XBUJIUH, a 5,5 XBUJIMH, BpaxOBYIOUU CTaHJIAPTHE BIIXUIICHHS).

IluTaHHs 148 caMonepeBiPKU 3HAHD
1. JlaliTe BU3BHAYCHHS BUMAAKOBOI BEJIMUMHH.

2. YuM BIIPI3HAIOTHCS MOHSTTS BUIIAIKOBOI MOAI1 Ta BUMAIKOBOI BEJIUYUHU?

3. SIK1 BUOUIAIOTH BUITAIKOB] BEIUYUHA?

4. Sk Moxe 3aaBaTUCA 3aKOH PO3MOAUTY JUCKPETHOI BUNIAAKOBOT BETUYUHHU ?

5. SIx Moke 3aaBaTUCS 3aKOH PO3MO/LTY HEMEPEPBHOI BUIIAIKOBOI BEIMYUHU?

6. ChopMmyntoiiTe OCHOBHI BJIACTUBOCTI (PYHKI[lT pPO3MOALITY BHIAJAKOBOL
BEJIMYMHMU.

7. Ha3BITh OCHOBHI BIaCTUBOCTI IIUIBHOCTI PO3MO1ITY BUIIAIKOBOI BEJIMUMHHU.

8. SIK1 4KMCIIOBI XapaKTEPUCTUKU BUITAIKOBUX BEJIMYUH BU 3HA€TE?

9. lllo xapakTepu3ye MaTEMaTUYHE OYIKYBaHHS BUIIAJKOBOI BETUYMHU 7

10. Illo xapakTepu3yroTh AMCIEPCIS Ta CEPEAHbOKBAJAPATHUUHE BIIXUIJICHHS
BUIIaJIKOBOI BEJIMYMHU?

Tectun

1. Bunaoxoea eenuuuna, AKka nputiMae CKiHYeHHY aO0 HeCKIHUeHH) 3UUCIEHY
MHOIICUHY 3HAYEHb, MAE HA38):

a. HenepepsHa.

0. uckpeTHa.

B. KombGiHOBaHa.

r. [HTepBasbHA.

2. 3akon po3nodiny 8unadkos8oi GeluduHu Moxce Oymu 3a0anHuil y 8Uisoi.

a. Pany posnoainy.

0. OyHKIIIT pO3MOILTY.

B. lllinpHOCTI po3momdiny.

r. Yci BIIMOBII IPaBUJIbHI.

3. [{na nenepepsHoi 6UNAOKo60i GelUUUHU 3AKOH PO3NOOLLYy Modce Oymu
3a0anuil y 8U2s0i.

a. Psay posnoniny.

0. OyHKIIi po3MmoaiTy.

B. lllinpHOCTI po3noainy.

r. [IpaBusbHI BiANOBIIl 0), B).

4. llo ocHo8HUX YUCIO8UX XapAKMepUCmuK 6UNa0K08UX 8eIUYUH BIOHOCAMb:

a. MaremaTruHe O4iKyBaHHS.

0. ucnepciro.
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B. CepeTHbOKBaIpaTUYHE BIIXUIICHHS.

r. Yci BiINOBI/Ii IPaBUJIbHI.

5. Bnauenns sunaokogoi eenuuunu 0ydHce pioko 8UX00sMb 3a MedHCI IHMep8any:
a. M+ o,.

6. M + 20,.

B. M + 30,.

r.M+ 4ao,.

3aBaaHHA I CAMOCTIHHOrO BUKOHAHHSA

1) Menemkep KoMIaHii BHUpIIIye, YM BapTO BKJIQJATH TPOIIl B MacIITaOHY
pekiIamMHy Kammasiro. [[porHo3 aHamiTHKIB 11010 MOKJIMBOTO MPUOYTKY 3aJI€’KHO Bl
peakilli puHKY HaBEJIEHO B TaOJHIIL.

Peaxiiist puHKy [TpubyToK (x;) JMoBipHicTb (p))
Bucokuii monut +150 000 mon 0,28 (28%)
Cepenniii monuT +60 000 non 0,5 (50%)
Huszpkuii nonut -23 000 (306uTOK) 10J 0,22 (22%)

BuzHaunti MaTeMaTUyHe OUiKyBaHHS MPUOYTKY.

2) € nBa nmocrayainbHUkU geraned. KiabkicTh OpakoBaHUX JeTanell y KOXKHIii
MmapTii JJis HUX OIUCYETHbCS BUMAJAKOBUMM BenuuumHamu X Ta Y. OOwujasa
MOCTayaJIbHUKU MalOTh OJHAKOBE CEPE/IHE 3HAUCHHS Opaky — 5 OJMHUIb Ha MapTilo.
[Ipore qucnepcis nis nepioro nocradanbauka D(X) = 0,4, a qist apyroro D(Y) =2,5.
[TosicHITB 13 TOYKH 30py MEHEIKMEHTY, KU MOCTa4abHUK € Outbin HamiiauMm. 1o
03Haya€ BHCOKA JUCIIEPCIS B KOHTEKCTI CTa01IbHOCTI BUPOOHUYOTO TIPOIIECY ?

3) Yac T (y xBuWiIMHAX), KMl BATpayae MEHEIKEpP Ha OJHOTO BiJBiyBaya, €
HEMEPEPBHOIO BUMIAJKOBOIO BETUYHHOIO 3 (DYHKIIIEIO po3noainy F()

0 t<o0
© =1L
F(t)={— 0<t<?20

400 -

1 t>20

1. 3HaliTi KMOBIPHICTH TOTO, IO KIIIEHT Oy/1e 00CIyroByBaTucs MeHIe Hixk 10
XBWJIMH. 2. 3HAUTU WMOBIPHICTH TOTO, IO OOCIIYyrOBYBaHHS TpuBaTUME Bil 5 g0 15
XBUJIUH.

4) Mara3uH 3aMOBHMB 3 OJMHHULI JOpororo ToBapy. KUIBKICT HpOJaHUX
OJUHUIL X 3a THXKJICHb Ma€ TaKUI 3aKOH PO3MOLTY

X 0 1 2 3
P 0,1 0,3 0,4 0,2

OOuncmuT MaTtematuuHe ouikyBaHHS D(X) Ta cepeaHe KBajapaTUyHE
BIIXWJICHHS O,. SIKIIIO KOKHA mpojaaHa oauHullg npuHocuTh 1000 rpH mpubyTKy, a
KOXHa HernpojaHa (3anuiok) komtye 200 rpH 30UTKy (32 30epiraHHs), OOYUCIUTH
OUIKyBaHUH (P1HAHCOBUM PE3YNbTAT.
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5) Bimmin MapkeTHHTY 3alycKae peKiiaMmy HOBOTO MPOIYKTY. OUiKyeThCsI, 10 3
moBipHicTio 0,3 BoHa mpuHece AoaaTkoBuid 1oxiay 200 000 rpH, 3 imoBipHicTO 0,5 —
50 000 rpH, a 3 WmMoBIpHicTIO 0,2 BUTpaTH Ha peKJIaMy HE OKYIUIATHCA 1 KOMOaHIs
otpumae 30utok y 30 000 rpH.

OOuucnuTy OYIKYBaHUN CEPETHIN TOX1] BiJ IIi€1 peKIaMHOI KaMIIaHii.

6) Yac X (y micssx), mpoTarom sikoro crneuudiunuii ToBap 30epirae cBoi
BJIACTHUBOCTI Ha CKJIa1, OMMUCYETHCS MIUTBHICTIO PO3MOILTY f(X)

_ 0 x<0
fe) = {0,2e—°'2x x=0

3HailT QyHKIII0 po3noAuty F(Xx) Ta 00UMCIUTH UMOBIPHICTH TOTO, IO TOBAP
3IIICYETHCS MPOTATOM MEPIINX S5 MICSIIB 30€piraHHs.

PexomennoBana Jiteparypa: ocHoBHa 1, 2, 3, 4, 5; nonarkosa 7, 8,9, 12, 13.
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O 0 1O DN K~ WK —

21

22.
23.

24
25

MUTAHHSA 5 3AKPITIVIEHHSA TA AKTYAJI3AILI 3HAHD

. Buznauenus matpwuii.

. Bunn matpuip.

. Onepartii Haj MATPHITSIMHU.

. 3aCTOCYBaHHS MAaTPHIlh y MPUKIIATHUX 3a7a4ax 3 YIPaBIiHHS.
. IloHsATTS BU3HAUHHKA.

. [IpaBuna oGuuCIEHHS BUBHAYHHKIB 2-T0 Ta 3-T0 MOPSJIKIB.

. BitacTuBOCTI BUBHAYHHUKIB.

. MiHop Ta anrebpaiuHe IOMOBHEHHS.

. [IpaBuio 0OYKCIICHHS! BU3HAYHUKIB BUIIMX MMOPS/IKIB.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

OOepHeHa MaTPUIISL.

ANropuTM BU3HAYEHHS OOCPHEHOI MAaTPHIIL.

[ToHsATTS cucTteMu NiHIHHUX anredpaiynux piBHsIHB (CJIAP).
Meron Kpamepa po3s’s3anns CJIAP.

Marpuunnii meton po3B’a3anns CJIAP.

Panr matpuri.

Posp’sa3annsa CJIAP meronom [Mayca.

['paHu1Is YMCIOBOT MOCHITOBHOCTI.

['pannus QyHKIi.

[lepiia ocobnmBa rpaHuULs.

Jpyra oco6yiiBa rpaHuls.

. [IpaBuna nudepeniirtoBanas QyHKITII.

[Toximna ckimamHol GyHKIII].

[Toximni PyHKINT BUIIUX TOPSIKIB.

. [IpaBuzo JlomiTans po3KpUTTsS HEBU3HAYEHOCTI TPAHUII (PYHKITII.
. IlpuknagHi acnekTH 3aCTOCYBaHHS MOXINHOI (DYHKII OJHI€I 3MIHHOI B

3a/1a4ax ynpaBJIiHHS.

26.
27.
28.
29.

[ToHATTS YaCTMHHOI MOX1AHOI (PYHKIIIT IBOX 3MIHHHX.
YacTuHHI MOX1AH1 BUIIUX MOPSIIKIB (PYHKIIT ABOX 3MIHHUX.
[ToHsATTS ekcTpeMyMy QYHKIIT JBOX 3MIHHUX.
HeoOxinmHa Ta nmocTaTHS yMOBU ICHYBaHHS €KCTpeMyMy (YHKIIT JBOX

3MIHHUX.

30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

HeBuznauenuii inTerpasn Ta Moro BIacTUBOCTI.
OCHOBHI METO/IU 1HTETPYBaHHS.

Busznauenwuii inTerpan.

BnactuBOCTI BU3HAYEHOTO IHTETpAIA.
HesnacHi inTerpanmu.

[ToHATTS 301’)KHOCTI HEBJIACHUX 1HTETPATIB.
Anrebpa moii.

EnemeHTH KOMOIHATOPUKH.

Knacuune Bu3HaueHHS HMOBIPHOCTI.
VIMOBIpHOCTI HECYMiCHHX Ta CyMiCHUX HOJiH.
ﬁMOBipHOCTi 3AJIEKHUX Ta HE3AIEKHUX ITOI1H.

94



41
42
43
44
45
46
47
48
49
50

. @opmyia MOBHOI KMOBIPHOCTI.

. ®opmyia barneca.

. IloHATTS BUTIAJIKOBOT BETUYHHH.

. JluckpeTHi Ta HeTlepepBHI BUMAKOBI BETHUNHHU.

. P po3noiny muckpeTHol BUTIAIKOBOT BETUIMHH.

. OyHKIIisI pO3MOLTY BUMAIKOBUX BEITUUHH.

. IiApHICTH pO3NOLTY HENEPEPBHOI BUITAIKOBOT BEJIMYUHH.

. OCHOBHI YHCJIOBI XapaKTEPUCTUKH BUIIAIKOBUX BEJINYMH.

. MaTtematrnyHe O4iKyBaHHS BUIaIKOBOI BEJIMUMHHU.

. Jlucniepcis Ta cepeITHbOKBaPATUYHE BIIXWICHHS BUIIAKOBOI BETUYUHU.
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I'JIOCAPIN

Anzebpaiune oonosnenna Ay eneMenTa BU3HAUHUKA d;j — e MIHOP M;;, sxuit

] 9
y3sTHii 31 3HaKOM (—1)HF/.

Bu3nauena cucmema — cuctema, sika Ma€ TUTbKH OJTUH PO3B’SI30K.

Bu3naunuk n-20 nopaoky, skuii BIANOB11a€ KBaApaTHIN MaTpulll A, — 11€ YncIo,
AK€ 3HaXOJIUTHCS 3a TIEBHUM IMIPABUIIOM.

Bunaokoea eenuyuna — 1e BeIWYWHA, SKa 3aJIEKHO BIJl pE3yJbTATy
BUIIPOOYBaHHS BUMAJAKOBO NMPUNHMAE OJIHE 3HAUCHHS 3 MHOKUHU MOXJIMBUX 3HAUYEHb.

Bunaokoea noodia — 11e O0yab-sSKUil pe3yJbTaT eKCIEPUMEHTY (BUIPOOYBaHHS),
SIKUH 3a OJTHUX 1 TUX CAaMHX YMOB MOK€ BIIOYTHCSI, @ MOXKE U Hi.

Jluckpemna eunaoxoea éeuyuna — 1€ BUMAJKOBA BEIMYWHA, sIKA TIPHAMAE
CKIHUEHHY 200 HECKIHUEHHY 3YMCJIIEHY MHOXUHY 3HAYEHb.

Jlughepenuiroeannsa — npouec BU3HAUYCHHS OX1THOI (PYHKIIII.

Jlocmosipna (sipoziona) noodisi — 1ie nojis, sika 000B’SI3KOBO BIIOYIETHCS B
YMOBaX €KCIEPUMEHTY (BUIIPOOYBAHHS).

3anescni moaii — Taki MoJ1i, MO MOsBa OJHIET 3 HUX 3MIHIOE HMOBIPHICTh MOSIBU
THIIIOI.

Inmeczpysanna ¢hynkyii — npoiiec BUSHAUYCHHS MEPBICHOI a00 HEBU3HAYEHOTO
1HTEerpana.

ﬁmoeipnicmm noaii A — 1€ BITHOIICHHS YHCIIa CHPUATIMBUX BHUIAIKIB
HACTaHHS MOl A 10 YKcia YCiX MOXKIIMBUX BUIIAIKIB.

Keaopamna mampuysa — matpuiis, y siKiii KUIbKICTb PSIIKIB JOPIBHIOE KUIBKOCTI
CTOBIILIIB.

Komoéinayii — ne cnoiyku, siKi CKJIaJIalOThCAd 3 kK €JIEMEHTIB, BUOpaHUX 13
MHOKUHHU 71 €JIEMEHTIB, SIKIIIO MOPS0K BUOOPY HE Ma€ 3HAUCHHS.

Mampuysa po3MipHOCTI M X N — 1Ie CYKYITHICTh M * N YUCEJI, K1 PO3MIIIEHI Y
BUTJISIII TaOIHII, SIKa CKIIAA€ThCs 3 M PSIAKIB 1 11 CTOBIIITIB.

Minop M; enemenTa BH3HaYHMKA Q;; — 1€ BU3HAYHUK, SIKUM OJICpPIKAaHHH 3

MOYaTKOBOTO BU3HAYHMKA IIUISIXOM BHKPECTIOBAHHS [ — TO PSAJKA Ta j — TO CTOBIILA, HA
TIEPETUHAHHI SKUX CTOITh €JIEMEHT Q;;.

Heeusnauena cucmema — cuctema, sika Mae OUIbIIE OJTHOTO PO3B’SI3KY.

Heeupooicena mampuys — KBagpaTHa MaTpULs, BU3SHAYHHK SIKOi HE TOPIBHIOE
HYJIIO.

Hegnacnuit inmezpan — iHTErpan, Uil SIKOTO HE BUKOHYETHCS YyMOBa
00OMEKEHOCTI MiAIHTErpagbHO1 PYHKIII @00 CKIHYEHHOCTI TPaHMIlb IHTETPyBaHHS.

He3anescni nooii — 1ie Takl Iojii, II0 MOsSIBA OJHIEI 3 HUX HE 3MIHIOE
HMOBIPHICTh MOSIBU 1HIIOI.

Hemooxcnuea nodia — 1opis, siKa HIKOJIM He BIAOYyAETbCI B yMOBax
EKCIIEpUMEHTY (BUTIPOOYBaHHS).

Henepepeéna eunaokosea eéenuuuna — 1€ BUIIAJAKOBA BEJIMYMHA, KA MOXE
npuitMaTé Oy/Ib-sK1 3HAYCHHS 3 JESKOT0 CKIHYEHHOT0 a00 HECKIHUYEHHOTO 1HTEpBAIYy.

Hecymicna cucmema — cuctema, sika He Ma€e pO3B’SI3KiB.

Hecymicni noaii — nozii, siki He MOXYTb BITOYTUCS OJJHOYACHO.
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Oounuuna mampuys — KBaJpaTHa MaTPUIlL, B SKiM Ha TOJOBHIM aiaroHani
CTOSITH 1, a BCI 1HIII €JIEeMEHTH TOPiBHIOIOTH 0.

Ilepecmanogka 3 n enemenmie — KUTbKICTb CIIOCOOIB PO3CTABUTH 111 €JIEMEHTH
B MIEBHOMY MOPSIKY MI3K CO00I0.

Iloeéna zpyna nodiii — nie Taka CyKyImHICTh BUTIAJKOBUX TIOJIIH, IO B PE3YIbTATI
KOXXHOT'O BUIIPOOYBaHHs 000B’A3KOBO B1I0YIETHCS X04a O OJHA 3 HHX.

Panz mampuyi — MakcumMaabHa KUTBKICTB 11 JIIHIMHO HE3aJICKHUX PSJIKIB.

Po3miwenna — 1e CONyKH, SIKI CKJIQJAOThCS 3 k €JIeMEHTIB, BUOpaHHUX 13
MHOXXHUHU 7 €JIEMEHTIB, JI¢ TOPSJAOK ITMX €JIEMEHTIB € BaXJIUBHM (200 KUIBKICTh
CIIO0CcO01B PO3CTABUTH /1 €JIEMEHTIB Ha k MICIIb).

Po3nooin eunaoxoeoi eenuuunu — CyKyIHICTb YCIX MOJIMBUX 3HAYCHb
BUITQ/IKOBOI BEJIMUUHH 1 BIJIMIOBITHUX IM HMOBIPHOCTEH.

Pso po3nodiny ouckpemnoi 6unaokoeoi eenuyunu — 1e TabIus, sika MiICTUTD
yCl MOKJIMBI 3HAUYEHHS BUMAJKOBOI BEJIMYMHU Y MOPSIIKY iX 3pOCTAHHS 1 BIANOBIJIHI
UM 3HAYEHHSIM UMOBIPHOCTI.

Cymicna cucmema — 1€ CHCTEMa, IKa Ma€ Xxo4a 0 OJTMH PO3B’SA30K.

Dyukyia po3noodily eunadxkoeoi eeauyuHu — 1€ WMOBIPHICTH TOro, IO
BHITAJIKOBA BEIMYMHA MTPUHME 3HAUYEHHS MEHIIe, HiK 3a7aHE X.

Yacmunna noxiona pynkyii 060x 3minHux 1o OyJIb-SIK1i 3MIHHIN y TOYIIl — 1€
MOX1/IHA MO I[1i 3MIHHIM Y TPUIYIIEHHI, 1110 1HIIa 3MIHHA € (DIKCOBAHOIO (CTAJIOI0).

Yucnoea nocniooenicms — PyHKIIis, ika BU3HAUCHA HA MHOXKHHI HATYypaTbHUX
yucen 1,2, ..., n, ...

Hinvnicms po3noodiny nenepepenoi eunadxkoeoi eeauyunu X y TOUIll X — 1€
noxijHa BiJl ii PyHKIIT pO3NOAUTY Y Iiil TOYIIl.
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