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BCTYII

daxiBIi, K1 BOJOMIIOTh METOJAMU PO3B’sI3aHHS AU(EPEHIIaTbHIX PIBHSHB,
3aTpeOyBaHl HE TUIBKM Taiy3l mMaTeMaTtwku, a 1 y chepax IT, dinanciB, iHXeHepIi,
MEJIMIIMHN Ta HayKOBHUX JOCHiIKeHb. JrdepeHiiaibHi piBHIHHS OMUCYIOTh 0€3714
IPUPOJIHUX Ta TEXHIYHMX TporieciB. Lle 1 pyx TiJI, eJeKTpoMarHiTHI XBUI1, KBAaHTOBA
MeXaHiKa, MOJICJIIOBAHHs eMiIeMid, picT MOMmyJisIIii, ¢apMaKoKiHETHKA, MeXaHika,
TEIUI000MIH, JUHAMIKa PIJIUH 1 Ta31B, MOJIEJ 3POCTaHHS, IPOTHO3YBAaHHS PUHKOBUX
3MiH 1 Tak gaii. Tomy ¥ BUHHMKJIA TOTpeda BUBYATH Y MPOBIIHUX YHIBEPCUTETAX KpaiHU
Kypc audepeHIiaabHuX PiBHSIHb.

Ha cydacHomy etami pO3BUTKY AudepeHiiaabHl PIBHSHHS MarlOTh YHCENbHI
3aCTOCYBaHHSA B 1HQOPMAIIHHUX TEXHOJOTIAX. Y MepIly Yepry 1€ MallliHHE HaBYaHHS,
7ie BUBYAIOTh aJITOPUTMH ONTHUMI3alii (TpafieHTHUH CIyCK, AUHaMiuHi cuctemH). [1o-
Apyre 1e y KOMITIOTepHIM rpadiul Ta IrpoBid IHIYCTpii, /1€ BUBYAIOTH (HI3UUHI
cumyii (pyx, aedopmanii). [Jani, e MoaentoBaHHS Ta CUMYJISLIi, /1€ BUBYAIOTh
KOMIT FOTEpHI MO KJIIMATy Ta 3aCTOCYBaHHS y OOUYHMCIIIOBaJIbHIN 010JI0T1i.

Kpim Toro, audepeHitiaabHi piBHSIHHS B a0CTPaKTHUX MPOCTOpaxX (HAMPHUKIA/,
B 0aHaxOBUX YM TUILOEPTOBUX IMPOCTOpPAX) € KIYOBUMHU JUIl Cy4acHOI HayKH Ta
TEXHOJIOT1M, OCKUIBKM BOHM JI03BOJISIIOTH PO3B’SI3yBaTH 3ajaul, SKI HEMOXKJIMBO
chopMyIOBaTH B €JIEMEHTApHUX (YHKIIIOHANBHUX MpocTopax. JudepeHiianbHi
pPIBHSHHS B aOCTpakKTHHUX TIPOCTOpax IIOB’sA3aHI 3 TEOpPIEI0 OmeparopiB Ta
(YHKIIOHATFHUM aHaJIi30M, TEOPIE€I0 EBOJIOMIMHUX PIBHSIHb Ta TE€OMETPUYHUM
aHanizoM. BuBueHHs audepeHIialbHUX pIBHAHb Yy aOCTPaKTHUX NPOCTOPAX €
BOKJIUBUM JIJISI TJIMOOKOTO MAaTEMAaTHUYHOIO aHalli3y peajbHUX MPOLECiB, 0COOIUBO B
00J1acTsIX, /e KJIaCU4H1 METOJIU HE MPAIIOIOTh.

Kypc «/ludepenuianbHux piBHSAHB» Ja€ TEOPETHUYHI Ta MPAKTHYHI HABUYKH,
HEOOXIHI JUIsl aHali3y Ta MOJENIOBaHHS CKIAIHUX NPOLECIB Y MNPUPOJHUYUX,
TEXHIYHUX 1 COLIAIbHO-€KOHOMIYHUX HaykaX. OCHOBHI pO3JUIM KypCy — Li€ 3BUYaiiH1
nudepeHiaabHl PIBHAHHS (3arajibHi Ta YaCTHHHI PO3B’SI3KM, MOPSIOK PIBHSHHS,
MOYATKOBI Ta KpailoBi 3a7a4i, piBHIHHS 1-T0 MOPSAIKY, pIBHSHHS BUIIUX MOPSJIKIB) Ta
cucteMu nuQepeHIiaIbHUX PIBHSAHB (JIIHIMHI OJAHOPIAHI Ta HEOMHOPIAHI CHCTEMHU
nudepeHIliaIbHUuX PIBHIHB, BUBHAYHUK BpOHCHKOTO).

MeTo10 BUBYCHHS HaBYaJIbHOI JUCHUILTIHM «JlpdepeHiianbHl pIBHIHHI» €
3aCBOECHHSI CHCTEMATHYHUX 3HAaHb 13 OCHOBHHMX METO/IB Ta TEXHIK PO3B’sI3aHHSA
nudepeHIiaTbHUX PIBHAHD Ta iX CHCTEM; O3HAHOMJICHHS 3 METOJIaMH MOJICITFOBaHHS
PI3HOMAaHITHHX SIBUII Ta MPOLECIB 3a JONOMOrOK 3BUYAWHUX JudepeHI1aTbHIuX
PIBHSIHB, 1[0, B CBOIO YEPTY, JIA€ MOXIIMBICTh aHAII3yBaTH Ta MOJIEJIIOBATH MPOIIECH Ta
SBUIIA B raly3sX MallOyTHBOT A1SUIBHOCTI CTYIEHTIB SIK (DaxiBIiB; HAOYTTS HABUUOK 13
METO/IB PO3B’sA3aHHS 3BUYANHUX IU(EepeHLIaAIbHUX PIBHAHb, SIKI MOKHA YCIIIIHO
BUKOPHUCTOBYBATHU B PI3HUX OOJACTAX HAYKH 1 TEXHIKH.

OCHOBHUMU 3aBJAaHHSIMHM BUBUYCHHS TUCUUILTIHU «/{udepeniianbHi piBHIHHS

— O3HAMOMHTHCS 13 3arajbHOI0 Teopicro audepeHIliadbHuX PIBHAHb Ta iX
CUCTEMaMU;



O3HAlOMUTHUCS 13 OCHOBHUMH TUINAaMHU JIU(EpeHIlaIbHUX pPIBHAHb Ta
METOJIaMHU X PO3B’sI3aHHS;

3aCBOITH METOJ| PO3JILJICHHS 3MIHHUX;

3aCBOITH METO/] IHTErPYIOUOTr0 MHOKHHKA;

3aCBOITH METOJI Bapiallii JOBUIHHOI CTaJI0i Ta METO/ ITiICTAHOBKH;

3aCBOITH METOJ] BBEJICHHS ITapaMeTpa;

3HAXOJIUTU PO3B’s13KM 3aa4i Ko,

BUPOOUTH HABUYOK 13 BUKOPUCTAHHS Teopii 3BUYANHUX TH(epeHITiaTbHUX
PIBHSIHB JIJIs1 MOJICTIOBAHHS PI3HOMAHITHUX SIBUII] Ta MPOILIECIB.

Y pe3ynbTaTi BUBYEHHS HABYAJIbHOI AMCUMIUIIHU CTYJIEHT MOBUHEH HAOyTH
TaKUX IPOTPAMHUX KOMIIETEHTHOCTEH:

3MaTHICTh PO3B’S3yBaTH CKJIAJHI CIIEIIaTi3oBaHl 3aja4l Ta MPaKTHYHI
npoOsieMd TPUKIAAHOT MaTeMaTHKU y MpodeciiHiil AisubHOCTI abo y
IpoLEeCi HaBYaHHs, U0 Nependadae 3aCTOCYBaHHS MAaTEMaTUYHUX TEOpii Ta
METO/IIB 1 XapaKTEePU3Yy€eThCS KOMIUIEKCHICTIO Ta HEBU3HAYEHICTIO YMOB;
3JIaTHICTh YYUTHCS 1 OBOJIO/IIBATH CyYaCHUMU 3HAHHIMU,

3/1aTHICTbH JI0 A0CTPAKTHOI'O MUCJIEHHS, aHANI3y Ta CUHTE3Y,

3HAHHS Ta PO3YMIHHS NPEIMETHOI O00JacTl Ta PO3yMiHHSA MpodeciitHOi
TISUIBHOCTI,

3/1aTHICTh BUKOHYBATH 3aBJIaHHA, C(HOPMYJIbOBAHI y MaTEMaTUUHIN (opM;
3/IaTHICTh OOMPATH Ta 3aCTOCOBYBATH MaTEMAaTHYH1 METOH JJI PO3B'sI3aHHS
NPUKIATHUX 3a7a4, MOJCIIOBaHHs, aHali3y, MPOEKTYBAaHHA, KEpyBaHHS,
MPOTHO3YBaHHS, IPUUHATTS PIllICHb,

31aTHICTh C(OPMYJIIOBATH MaT€MaTU4YHY MOCTAaHOBKY 3a/ayl, CIHPAIOYHCh
Ha TIOCTaHOBKY MOBOK MPEAMETHOI rany3l, Ta o0upatu Merox il
pO3B’si3aHHS, 1110 3a0e3meuye MoTpiOHI TOYHICTh 1 HAAINHICTh Pe3yJIbTaTy.

VY pesynbTari BUBUEHHS HABYAIBHOI JAMCIIUIUIIHK CTYJCHT MOBUHEH HAOyTH
TaKUX MPOTPaMHUX PE3yJIbTaTIB HABUAHHS !

BOJIOAITH OCHOBHUMH TIOJIO)KEHHSIMH Ta METOJaMH MAaTeMaTUYHOTO,
KOMILIEKCHOIO Ta (DYHKIIIOHAJIbHOTO aHali3y, JIHIMHOI anreOpu Ta Teopii
YKCell, aHAJITUYHOI TeOMETpIi, Teopii AU(epeHIiaIbHUX PIBHAHb, 30KpeMa
PIBHSIHb Yy YAaCTUHHUX TMOXIJHUX, TeOpii HWMOBIPHOCTEH, MaTEeMaTUYHOT
CTaTHCTUKH Ta BUMIQJAKOBHUX MPOIIECIB, YNCETHHUMHI METOIAMH;

YMITH PO3POOJIATH Ta BUKOPUCTOBYBATH Ha MPAKTHUIIl aJITOPUTMHU, TIOB’s13aH1
3  ampokcumariero  (GyHKIIOHAJBbHUX  3aJIEKHOCTEH,  YHCEIIbHUM
mudepeHIliloBaHHsIM ~ Ta  IHTETpyBaHHSM,  PO3B’SA3aHHSIM  CHCTEM
anreOpaiuHux, AudepeHIliaTbHIX Ta IHTETPAIbHUX PIBHAHB, PO3B’A3aHHIM
KpaloBHX 3a]1a4, MOLIYKOM ONTUMAJIbHUX PILIICHb.

HalyTi 3HanHsS mipu BUBUYCHHI Kypcy «/ludepeniiianbHi piBHSIHHSI) HEOOX1THI
JUTSL TIOJIATBIIIOTO BUBUCHHS KypCiB: «MeToau o0unciieHny, «MeToau onTuMiszallii Ta
TOCHIDKEHHST orepaniiiy, «Teopis aBTOMaTUYHOIO KEPYyBaHHS Ta PETYJIIOBAHHS,
«MaremaTUuHe MOJENIOBAHHS», HAMHMCAHHI KypcoBOi pOOOTHM 3 JHUCHUIUIIHU
«JIndepeniianbHi pIBHAHHSI) Ta MOAANBIIOL TOCTITHUIBKOT JiSJILHOCTI B HAyKax IMpo
1H(hOopMaIIiiHI TEXHOJOTII Ta IHIIUX rady3sX HAYKH Ta TEXHIKH.
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1. OcHoBHI NOHATTSA Teopii AudepeHiaILHUX PiBHIHD

1.1. 3aranbHi NOHATTS Npo AudepeHliaabHi pIBHIHHS

Teopis 3BHuUaiiHUX AUQEpEHLIaTbHUX PIBHSAHb € OJHUM 3 HAMMOTY>KHIIIMX
IHCTPYMEHTIB TIi3HAHHS JOBKOJMIIHBOTO CBiTy. BoHa 103Boise BHBYaTH U
TOCTIKYBaTH PI3HOMAHITHI €BOJIOIIMHI TPOIECH, IO MAalTh BJIIACTHBOCTI
JAETepMIHOBAHOCTI, CKIHUEHHOBUMIPHOCTI, T (epeHITiIiOBaHOCTI TOLIO.

[Tporiec Ha3uUBa€THCS OemepmiHOBaHUM, SKIIO HOro MalOyTHIA PO3BUTOK 1
MUHYJIE OJTHO3HAYHO BU3HAYAIOTHCSA HOT0 CTAaHOM y TenepilHii yac. MHOXUHY BCiX
MO>KJIMBUX CTaHIB MPOLIECY HA3UBAIOTh ¢hazosum npocmopom. IIpoliec Ha3uBAETHCS
CKIHYEHHOBUMIPHUM,  SIKIIO  Woro  (a3oBHMl  MPOCTIp  CKIHYCHHOBUMIPHHH.
Jlugepenyitiosanicms npoyecy BU3HAYAETHCI THM, IO HOro (pa3oBHil MpOCTip Mae
CTPYKTYpy IudepeHiiioBaHoro OaraToBUJy, a 3MiHa CTaHy Y 4Yacl OIHUCYEThCS
nudepeHIiioBaHUMU (DYHKITISIMU.

BuBuaroun (i3uuHi siBUIIA, HE 3aBXIH BIAE€THCS 0€3MOCEPEAHBO 3HAUTH 3aKOHU
a00 dhopmyin, sIKi IOB’I3YIOTh MIXK COOOI0 BEIMUUHM (DI3UYHOTO MPOIECY, ajle YacTo
MOXHa  BHUSBUTH TE€BHY (YHKUIOHQJIbHY 3aJIEKHICTh MDK  HEBIAOMHUMH
XapaKTepUCTHUKaMH TMPOLECy, IIBHIKOCTIMHU iX 3MIHM W YacoM, TOOTO 3HalTH
PIBHSIHHSI, SIKI MICTATH MOXIJHI HEBIIOMHUX XapaKTEPHUCTHUK Ipolecy. Taki piBHSHHS
Ha3UBAIOTh U epeHyianbHUMU.

3 TeOMETpUYHOI TOYKH 30py PO3B’S3KY AudEepeHIlialbHOTO PIBHAHHS Y
NPSIMOKYTHI CHCTeM1 KOOpAMHAT BIAMOBIAA€ Jeska KpUBa, $KY Ha3UBAIOTh
inmezpanvroo Kpusoro. CyKyNmHICTh THTETpaIbHUX KPUBUX, 3AJICKHY BIJ] JOBUIBHUX
CTaJINX, HA3UBAIOTh CiM €0 inmeepanvrux Kpusux. Hanpukiasn, po3B’si3Ku piBHSHHS

. 7
y" = 7 yTBOPIOIOTH JIBONIApaMETPUUHY CIM 10 mapabos y = Exz + C;x + C,, KOXHa 3

SAKUX € IHTETPAIILHOIO KPUBOIO.

[Ipotiec 3HAXOMKEHHSI PO3B’S3KIB MUGMEPEHINIATLHOTO PIBHSIHHS HA3UWBAIOTh
iHmezpy8anHsAM 1IHOTO PIBHSHHSA. SIKIIO MPU IIbOMY BC1 PO3B’SI3KH BJIA€THCSI BUPA3UTHU
yepes enemMeHTapH1 GyHKIIiT a00 y keadpamypax (KOJIU pO3B’I3KU BUPAKAIOTHCS Yepe3
IHTErpaigy BiJ €JIEMEHTapHUX (PYHKI(IH), TO KaXyTb, IO PIBHSAHHS 3iHmMezpoaHe y
CKIHUEHHOMY 8U2/A01.

OcHognow 3a0auero meopii iHmezpysaHHs OUpepeHyialbHo20 pPIBHAHHS €
3HAXOJ[PKEHHSI BCIX HOTO PO3B’SI3KIB Ta JOCTIIKEHHS iX BIACTUBOCTEH.

1.2. O3HaveHHs1 AU(epPeHUIATBHOI0 PIBHAHHA

O3nauennsi. /[ugepenyianvnum pieHsHHAM HA3UBAETHCA PIBHSHHS, SKE
NOB’SI3ye  HE3JIeKHY 3MiHHY X, InykaHy ¢yskmito y = y(x) Tta ii moxigHi
yI, y"’ym, " y(n)

O3HaveHHAA. 36uyaiHuM OuPepeHyialbHUM  PIGHAHHAM MN-20 NOPAOKY
HA3UBAETHLCS CIIBBIIHOIICHHS

F(x,y,y’,y”,y’”, ...,y(”)) =0, (1.1)

TIPH 1IbOMY TIpHIycKkaeThes, mo Y™ Bxomuth y (1.1), a 6yap-sKkuii 3 iHIIKX apryMeHTiB
¢byHkiii F Moe B 11€ CITIBBITHOIICHHS HE BXOHTH.
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O3nauenHs. [lopsaoxom 36unaiino2o ougepenyiarbHo20 piGHAHH Ha3UBAEThCS
MOPSIIOK HAWBUIINOI MTOX1/THO1, TKa BXOJAUTH JI0 PIBHSHHSI.

Hanpuknan,

— y' 4+ ye* = sin x — piBHAHHS TEPIIIOTO MOPSIKY;

y" + 5xy’ + 3y = x? — piBHAHHS APYrOro HOPSIKY;
y" + (y")3Inx = x? — piBHAHHA JPYroro HOpsIKy.

O3nauenHs. SIkuio audepeHiiaibHe PIBHAHHS MICTUTh YaCTHHHI MOXITHI
HEBIOMOI (DYHKIIT BiJ] KIJTbKOX HE3aJEKHUX 3MIHHUX, TO HOTO HA3UBAIOTh PIGHAHHAM
3 YACMUHHUMU NOXIOHUMU.

Hanpuknan,

0*u 9%*u  9%u
ox2 T ayr Tagp S wn2)

OsnaveHnsi. Po3zg’saskom oOugpepenyianvrhoco pisnsanua (1.1) Ha paeskoMy
intepBani I = (a; b) € R Ha3uBaroTh pyHKIi0 Y = y(X), IKa Ma€ Ha [bOMY 1HTEpBai
MOX1JIH1 JIO MOPSIAKY 1 BKJIIOYHO Ta 3a/10BOJIbHsE piBHsHHSA (1.1) Ha [.

Lle o3nauae, 1o ;i BCiX X € (a; b) BUKOHYETHCSA TOTOKHICTb:

F (%500, (0,"(0,9" (), ., y™ () = 0.

Hanpuknan, GyHKIIi y = sinx,y = cosx € po3B’si3kaMu Au(epeHIiaTbHOTO
piBasaHs Y +y =0 nHa inTepBanmi [ = (—00;400). Ane po3B’S3KaMH I[HOTO
PIBHSIHHS, SIK JIETKO TEpPEBIpUTH, B3araii € Bcl QyHKIIi Burimsaay y = C; sinx +
C, cos x, ne C;, C, — NOBLIbHI CTaJl.

O3nauvenHsi. ['padix QyHKIT y = y(X) Ha3UBAETHCS IHMESPANLHOIO KPUBOIO
I epeHiaIbHOrO PIBHSHHS.

O3navennsi. CyKynHIiCTh IHTErpajbHUX KpUBHX Y = @(x,C), 3alexHy Bix
JOBUIBHUX CTalMX, HA3UBAIOTh CiM €0 IHmMezpanrbHux Kpusux abo 3a2anbHuM
Ppo36’°a3xom TA(EepeHIiaIbHOTO PIBHSHHSL.

1.3. 3apauya Komi

Hexait 3amano nudepeniianbie piBHsHHsA (1.1) mepmioro MOpsAKy, IIo
PO3B’s13aHE BITHOCHO TIEPIIO IMOX1THOI:

dy
FrimpAG 2 (1.2)

®yukuis f(x,y) IPUITyCKAEThCS BU3HAYEHOIO HA JesKii miaMHoxuui D ¢ R?
3MIHHUX X Ta Y.

O3HauveHHsl. 3amaya 3HAXOKEHHS pO3B 53Ky y = y(x) nudepeHiiaIpbHOro
piBHSIHHS (9), SIKUW 3aI0BOJIBHSIE TIOYATKOBY YMOBY

y(xo) = Yo, (1.3)
Ha3UBAEThCS 3adauero Kouwi.

Po3B’s3atu 3agauy Ko (1.2), (1.3) 3 reoMeTpHUYHOTO MOTJISAY O3HAYAE 3HAWTH
cepen ycix IHTerpajdbHUX KpuBUX audepeHiiaapbHoro piBHsHHA (1.2) Ty, ska
POXOAUTH uepe3 3amany Touky M (xq; yo).

BiamoBiae Ha MUTaHHS MPO Te, 3a AKX ymoB 3amada Komri (1.2), (1.3) mae
pO3B’s130K, nae Teopema [leano.



Teopema (ITeano). fdxmio dhyskiis f(x,y) HenepepBHa y aeskiii obiacti D C
R?, To icHye HemepepBHA Pa3oM 3i CBOEI MOXiAHOKW QyHKLIA y = y(x), fAKka €

po3B’a3koM 3axaqi Komi Z—z = f(x,¥),y(x0) = yo, e (xo; ¥9) € D.

Teopema (ITikapa). Hexaii pynxuis f(x, y) nudepenmiansaoro piBasaHs (1.2)
BM3HAYeHa i HerepepBHa B 0OMexkeHii o6macti D € R? i touka (x; Y ) — BHYTpIiIlIHS
TouKa 06sacTi D

D={xy:|x—x0l <a;|ly—yol <b}, (a>0,b>0).
I, byskuis f(x,y), oOMexeHa
lfCoy) <M, V(x;y) €D (M >0),
1 Mae 0OMexeHy TTOX1IHY 3a 3MIHHOIO Y Ha objacTi D'
of (x, )

oy
3a mux ymoB 3amada Komri (1.2), (1.3) mae equnuii HenepepBHO nudepeHITIOBHUAN
pPO3B’S30K B IHTEpBaIi

<K, V(x;y) €D (K >0).

— x| <h= {—}
|x — x| min|a, -

1.4. Metopa i30KJIiH

O3nauenns. [Ipoekiis iHTerpasbHOI KpUBOI Ha BICh OpPAMHAT HA3UBAETHCS
G azosoro kpusoio a0 mpackmopicto AUHEepeHIIATBHOTO PIBHSIHHS.

O3HaveHHsA. [30K1iHOI0 HA3UBAETHCA KPUBA, Y KOXKHIN TOYI SIKOT HAMpPSIMOK
M10JIA OJTHAKOBHI.

Takum uuHOM, CciM’s i30kiIiH audepeHmiaabHoro piBasaat y' = f(x,y)
BU3HAYAETHCS PIBHICTIO

fy) =k =1tga,

7€ @ — KyT HaXWIy MoJisi HarpsiMiB 110 oci Ox.

3MiHIOIOYM 3HauYeHHS k, OJEpPKMMO MHOXHHY 130KIiH B obOmacti D. 3a
JIONIOMOTOI0 130KJIIH 1 BiOMHX CcTanuX KyTiB @ (kK = tga) Haxuily IOTHYHHX [0
IHTErpaJIbHUX KpPHUBHX, SIKI iX MEpPEeTHHAIOTh, MOKHA CXeMamuuyHo TOOyIayBaTu
IHTErpajibHl KpUBI JU(PEPEHLIATBHOIO pIBHAHHA. Takui METOJ JOCIHIJIKEHHS
nudepeHiaIbHUX PIBHSIHb HA3UBAIOTh MemMoO0OM I30KIiH.

KpuBa neperunae none HampsiMiB (IuB. puc. 1.1), mpuyoMy HampsIMOK IO
OJIHAKOBHM.

yn

Z

X
Pucynox 1.1 — KpuBa nepetunae mosie HarpsimiB
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Hampuxian,
audepeHLiaIbHOro piBHAHHSA (AuB. puc. 1.2).

y2

noOyayBaTu

1HTerpaibH1

KpHUBI1

dy X

dx y

2 2
fydyzfxdx:7=7+61:>y2+x2

+ x?

= C?% — ciM’s1 IHTErpaIbHUX KPUBHX (KOJIA).
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Pucynok 1.2 — ITone nanpsamis
I[uTaHHa 1151 CAMOKOHTPOJIIO 10 Temu 1
1. o po3yMitoTh mia GpazoBUM MIPOCTOPOM?
2. Slka KpuBa Ha3WBAETHCS IHTETPAIHHOIO KprBO0? HaBeniTh mpukiIagm.
3. Slka € OCHOBHOIO 3amader0 Teopii IHTErpyBaHHA JUEPEHITIATLHOTO
PIBHSIHHS?
HagpeniTe mpukiany IUHAMIYHUX MaTEMaTUUYHMX MOJIEJed MpoIleciB Ta
CUCTEM.
SIke piBHSHHS Ha3UBAETHCS 3BUYANHUM NU(EPEHIIAIbHUM PIBHSIHHSIM N-TO
nopsiaky?
Sk BU3HAYUTH MOPSAOK 3BUUAHHOTO AUGEPEHITIATBHOTO PIBHSIHHSIM?
[Ilo po3yMirOTh Tl po3B’SI3KOM TudEpPEHIIaTbHOTO PIBHIHHSAM?
Cdopmymoitte 3amauy Korri.
9. Cdopwmymtorite Teopemy Ileano.
10.Cdopmymroiite Teopemy Ilikapa.
11.5ka KprBa Ha3UBAETHCS 130KIIHOIO?

0 ~N o

3aBaanusa 10 temu 1

1. TloOyxayiiTe 1HTErpajibHI KpUBI Ta MOJIE€ HAMpPSAMIB JUIsl JTU(epeHIaTbHOTO
. d

piBHsHHES =~ = Z,

dx x
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. I[loOGynyiite iHTErpajdbHI KPUBI Ta IMOJIE€ HAMPSIMIB [ JudEpeHIiaTbHOTO
: d

P1BHSHHA ﬁ =y+x.

. IloOynyiiTe iHTerpanbHi KpUBi Ta MOJ€ HAMpPSMIB s IU(EpPEHIIaIbHOTO
. dy x%—y?

PIBHSIHHS —— = ————.

dx 1+x2+y?2

. [loOGynyiiTe iHTErpajdbHI KPUBI Ta IOJI€ HANPSIMIB I JudEpeHIiaTbHOTO

PIBHAHHA —— = 1+ xy“.

. IloOynyiiTe iHTerpanbHi KpUBI Ta MOJ€ HAMpPSMIB s IU(EpEeHIIaIbHOTO

. d xX—
PIBHSIHHS 222
dx 1+x2
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2. IndepenuiaabHi piBHIHHS NEePHIOro MOPSAAKY

2.1. 3pnuaiini qudepeHuiaJbHi pIBHAHHS MEPLIOT0 NOPSIAKY

OsnaveHHsl. 3suuauinum Oughepenyiarbhum pisuanuam l-co  nopsaoxy
HA3WBAETHCS CITIBBIAHOMICHHS

F(x,y,y") =0, (2.1)
e X — He3alekHa 3MiHHa, y = y(x) — HeBimoma (QyHKIis; y' = Z—z; F(x,y,y') —

3ajaHa (YHKI[is 3MIHHUX X, Y,V .

Sxuio piBHsAHHSA (2.1) MOKHA PO3B’sI3aTH BIAHOCHO MOX1IHOI, TO Or0 MOXKHA

3aMycaTu y BUTIISIL
y'=fxy), (2.2)
ne f(x,y) —3amaHa QyHKIS 3MIHHEX X, Y.

OsnaveHnsi. PiBusHHA (2.2) HA3UBAETBCH OuUPEPEHYIAIbHUM DIBHAHHAM
nepuio2o nopsioKy, po3e sa3aHum 8i0HocHo noxionoi. Taky dopmy audepeHiiaibLHOTO
PIBHSIHHS HA3UBAIOTh HOPMAILHOIO.

OsnauenHsi. Po3ze’sizkom oughepenyianvrnoco pisuannam (2.1) ado (2.2) Ha
neskomy intepBami [ = (a;b) € R Ha3uBarOTh HEMEPEPBHO TU(PEPCHIIIHOBHY
dbyHkmio y = @(x), ska 3a10BoIbHsE piBHAHHA (2.1) Ha iHTepBami I:

F (x,go(x), dgo(x)) = 0.

dx

Osnauvennsi. CuisBigHomieHHs P(x,y,C) =0 Ha3UBAETBCA PO36 A3KOM
pisnanns (2.2) y nesisnomy euensoi (a00 zaeanvruii inmeepanom piensnnus (2.2)), AKIIO

1Ieil pO3B’SI30K BU3HAYAE Y K PYHKIIO Bi X: Y = @(x), AKa € pO3B’A3KOM PiBHSIHHS
(2.2).

2.2. 3BuyaiiHi AudepenniajbHi piBHIHHS MEPUIOTr0 NOPSAKY
Os3nauennst. /JJugepenyianvne pigHaAHHA 3  BIOOKpEMACHUMU  3MIHHUMU
Ha3UBaIOTh JU(depeHiaTbHe PIBHAHHS BUTIISLY

fix)dx + f,(y)dy = 0, (2.3)
ne f1(x), f(y) — HenepepsHi QyHKIii Ha neskomy iHTepBanti [ = (a; b) C R.
[IpoinTerpyBaBum piBHSAHHSA (2.3), OTpUMaEMO

[ Atdx+ [ ey =c

3arajJbHUM 1HTErpajl 3aJaHOTO AUPEPEHIIATBHOTO PIBHSIHHS.
Ipukaaa. 3HaiiTy 3aranbHUN po3B’ 130K JU(EPEHIIaTbHOTO PIBHSIHHS:

1+x2dx+1+y2dy:0'

xdx d
[ [ 22,
1+x? 1+y?

1fd(1+x2) lfd(1+y2)

2) 1+x2 T2

3iHTErpy€eMo:

1+yz 7%
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11 |1+ 2|+11 |1+ 2|—11 C (c —11 c)
2n X 2n y —2n ) 1—2n )

In(1+x2)(1 + y?) =InC,
3BIJIKH 3arajbHUI PO3B’SI30K MA€ BUTTISA:
(1+x3)(1+y2) =C.
O3nauenns. /{udepeniianbre piBHIHHS BUTTSIY
fi(x) g1 (Wdx + f(x) g, (y)dy = 0, (2.4)
HA3UBAIOTh OUpEPeHyialbHUM PIBHAHHAM 3  BIOOKPEMAOBAHUMU 3MIHHUMU 8
cumempudHin opmi.
Ipuxnan. 3HaiiTi 3araabHU po3B’ 30K TUGEPEHIIATBFHOTO PIBHSHHS:
(xy? + y®)dx + (x* — x*y)dy = 0.
Jlane piBHSIHHS € PIBHSHHSM 3 BiJIOKpemiitoBaHUMH 3MiHHUMH. Hexait x # 0 1

y # 0. Ioginumo o6KaBi YacTuHY piBHAHHA Ha x2y 2. Toxi
x+1 11—y

d dy =0,
%2 X+ yz y
jx+1d +f1—yd _
x2 X yz y=u

1 1
In|x| ————— In|y| = C,
Xy Y

x| x+Yy
y Xy

[Ipu BiAOKpEMIIEHHI 3MIHHUX MU BBaxanu, mo x,y # 0, anex =01y =0 €
pPO3B’sI3KaMU  3a7]aHOTO JudepeHIiianbHoro piBHSAHHA. [l po3B’sA3kM HE MOXKHA
OJIEpKaTH 13 3araJIbHOrO 1HTErpaia npu >kogHomy 3HaueHHi C. Tootox =0Tay =0
— 0CO0IMBI PO3B’SI3KH, 1X CIiJ IOMUCATH JOJATKOBO JIO 3arajbHOr0 iHTEerpaa.

OTxe, 0CTATOYHO PO3B’sI3KaMU 33JJaHOTO TU(PEPEHINATIBHOTO PIBHIHHS €
x| x+Yy
— =C, x=0, y=0.
y Xy

Osnavennsi. J[udepenmianbue piBHsSHHA nepiioro mopsaky y' = f(x,y)
HA3UBAIOTh HENOGHUM, IKIIO (PYHKIIIS [ SIBHO 3aJIEKUTH TIIBKH BiJ OJHIET 3MIHHO1: 200

BiJ1 X, 200 Bixg Y.

In

y' =f). (2.5)

Osnauenns. /{udepeniiansue piBHIHHA (2.5) HA3UBAIOTh ABMOHOMHUM.

2.3. OgHopiaHi qudepeHuiaJIbHI PiBHAHHS

O3nauvenns. Oyukiiro f(x,y) Ha3UBAIOTh 0OHOPIOHOW (DYHKYIEIO SUMIDY N
BIJIHOCHO 3MIHHUX X Ta Y, SKIIO JJIS JIOBUIRHOTO JOMyCTUMOro 3HadeHHs t € R
BUKOHYETHCS TOTOKHICTD:

ftx, ty) = t"f (x, ).

O3nauenns. /{udepenuianbue piBHIHHS
P(x,y)dx + Q(x,y)dy = 0. (2.6)
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ne ¢yskuii P(x,y) ta Q(x,y) € omHopigHuMu (GYHKIISIMA OJHOIO BHMIPY N
HA3UBAIOTh 0OHOPIOHUM OUGhepeHYIAIbHUM PIGHAHHSM.
OTxe, OTHOpIHE BIIHOCHO 3MIHHUX X Ta Y MudepeHIiagbHe pIBHIHHS 3aBX AU
MOJKHA 3allUCaTH Y BUTIISII:
[, (X) dx + (X) dy = 0. (2.7)
X X
VYV piBasaai (2.7) MokHa BBecTH 3amiHy z(x) = % [Honi onHOpigHE
nudepeHIiaabHe PiBHSIHHS 1HTETPYIOTh, BBaKatoun X (QyHKIieo Bia y. s Takux

. b x
PIBHSHB 3alPOBAKYIOTH 3aMiHy Z(y) = >

Ipuxnan. 3uaiiTi 3araabHU po3B’ 130K TU(GEPEHIIATBFHOTO PIBHSHHS:
dy ax+ by
dx cx+dy
. . . ax+by
[MepeBipumo Ha oHOPIAHICTE QyHKIO f (X, V) = xrdy’

atx + bty _t(ax +by) ax+ by
ctx +dty t(cx+dy) cx+dy

ax+b

=t% f(x,y).

Oyukiia f(x,y) = Cx+d§: € onHopimHo ¢yHKIiero BuMipy 0. OTxe, pIBHSIHHS €

OJHOp1IHUM. Maemo

f(tx, ty) =

y
dy _a+by
dx Y
C+dx
BBoaumo HOBY 3MiHHY: Z(Xx) = % 3BiaKu

y=z-x=>y =z'x+z
Toni, ogep>XuMO piBHSHHS:

a+ bz
zZ'x+2z= :
c+dz
dz_a+bz—cz—dz2
Ydx c+dz
dz _a+(b—c)z—dz?
Ydx c+dz '
Po3ainsgemo 3MiHHIL:
c+dz P _dx
a+(b-0z—dzz2 2" %
J c+dz Qg = dx
a+b-0z—-dz2 2" ) %

InTerpan y miBili 4YacTHHI PO3B’SI3YETHCA METOIAOM pO3KiIaay Apoly Ha
eJieMeHTapHi 1podu a0o METOA0M MiACTaHOBKU. [TpummycTumo, 1o miciist IHNTerpyBaHHs
OTPUMYEMO:

F(%) — In|x| + C.

[e 1 € nrykaHuii 3araibHUN PO3B’SI30K JJAHOT'O OHOPIAHOTO AU(PEPEHITIATTBHOTO
PIBHSIHHSL.
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2.4. JliniliHe piBHSIHHSA Ta METOAM HOTr0 po3B’A3aHHSA
OsnaveHns. Jliniuinum oOugepenyianohum pIBHAHHAM NEPULO2O NOPSIOKY
Ha3WBAIOTh MU(epeHITiaTbHe PIBHSIHHS BUTIISTY
y' + Py =Qx), (2.8)

e . P ay . . .
AKE JIIHIMHC BITHOCHO Yy Ta Yy = ™ 1 q)yHKull P(x) Ta Q(x) HCIICPCPBHI B 1HTCPBAJIl

(a; b).
Hocute 4dYacTto JiHINHE audepeHIiaibHe PIBHSIHHSA IIEPIIOTO  IOPSAKY
3aMKUCYETHCS Y HACTYITHOMY BHUTJISIL:

A(x)y' + B(x)y+ C(x) =0, (2.9)
ne A(x), B(x), C(x) — neniepepBHi GyHKIIi. Y 1IbOMY BUIIAAKY piBHSIHHSA (2.9) MOXHA
MPUBECTH 10 BUMBIAY audepeHiiaasHoro piBHAHHS (2.8), sKkmo KoedimieHTn
[IO3HAYUTH
B(x) C(x)
aw ‘= " aey

O3navenHs. SIkmo ¢yHkiis Q (x) TOTOXHO JOPIBHIOE HYIIO, TO PiBHIHHS (2.8)
Ha3UBAIOTb JIHIUHUM OOHOPIOHUM.
y'+P(x)y =0. (2.10)
O3HauvenHs. PiBusuus (2.8), B skomy (yHKIs Q(X) TOTOXXHO HE AOPiBHIOE
HYJIIO Ha3UBAETHCS HEOOHOPIOHUM.
MeTtona Bapianii 10BUJIbHOI cTa101
3HalieMo 3arajJbHUM PO3B’SI30K BIAMOBIIHOTO JIHIKHOTO OJHOPIIHOTO
nudepeHIiaabHoro piBHAHHA (2.8), sike € BOAHOYAC PIBHSIHHAM 3 BIJIOKPEMITIOBAHUMHU
3MIHHHMU:

P(x) =

Y py = = _pdx (v £ 0) o
i xX)y S x)dx (y

In|y| = —jP(x)dx +InC =y =Ce /PWax

Taka ¢opMma 3anucy 3araJibHOr0 po3B’ 3Ky OMUCYE BC1 PO3B’SI3KU OJAHOPITHOTO
piBHSIHHS, 00 po3B’si30k Yy = 0, sikuii Mir OyTH BTpaye€HUM TMPU BITOKPEMIICHHI
3MIHHUX, MICTUTbCS Yy 11l popmi, sikio C = 0.

Jam po3B’si30K JiHIAHOTO JU(EpeHIliaIbHOTO PIBHSHHS MEPIIOro MOPSAKY
(2.8) mrykaemo y BUTIISI I

y = C(x)e™ /P@ax (2.11)
3aMIHUBIIHN J0BIIBHY cTany C neskoro Herigomoro GyHKIiew C(x).

O3nauenns. Takuil MeTOA HA3UBAETHCS MemoOOM apiayii 00GLIbHOI cmanoi
(memoo Jlazpanorca).

[TinctaBumo ¢ynkuito (2.11) y piBasiHHSA (2.8), 01epKUMO

C'(x)e~[P@x 4 C(x)e=IPEIx - (—P(x)) + P(x)C(x)e~ [ PDH = (),
C'()e TP = g(x),
C'(x) = Q(x)el P,

C(x) = f Q(x)el P@dxgy 4 ..
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[TigcraBstiroun temnep 3Haiineny ¢yskimiro C(x) y (2.11), ogepxumo popmyiry
3araJbHOTO PO3B’A3KY JHIHHOTO MU(EPEeHIIaTbHOTO PIBHAHHS NEPIIOTO MOPSIIKY:

y = <J Q(x)efp(x)dxdx + Cl) . e—fP(x)dx —

= Ce~ [ PMdx 4 o= [P()dx J Q(x)el POIdx gy (2.12)

Y 3ammci (2.12) mepmuii JO0aHOK € 3arajlbHAM PO3B’SI3KOM  BiIOBITHOTO
OJTHOPITHOTO JU(EPEHIIaIbHOTO PIBHAHHS, a JIPYTHH € YACMUHHUM PO38 S3KOM
HEOHOPIAHOT0 AU(EPEHIIIaIbHOrO PIBHAHHS (BIH OTPUMY€EThCS, Koau C; = 0).

Ipuxnan. 3HaiiTi 3araabHU po3B’ 30K TU(GEPEHIIATBFHOTO PIBHSHHS:
/ — p5x
y —y=er.
Ile — mniniliHe HeoAHOpinHE AUQEpeHliadbHe PIBHSIHHS MEPIIOro TMOPSIKY.
Po3B’sxemMo BiAMOBIAHE JiHIHHE OJHOPIAHE PIBHSHHS:

d
y,_y=0=>7y=dx=>ln|y|=de+1nC=>

Inly|]=x+1InC =y = Ce”*.
P03B’s130K JiHIMHOTO AU(EPEHITIATBHOTO PIBHSHHS MEPIIOTO MOPSIKY HTYKAEMO
y BUTJISAL

y = C(x)e”~.

[TigcTaBisoun y piBHSHHS, OJIEPKUMO
C'(x)e* + C(x)e* — C(x)e* = e,
C'(x)e* = e,
C'(x) = e*,

C =je4"dx+ Cy,

1 4x
sze +Cl

OTxe, 3arajibHHUI pO3B’ 130K Ma€ BUTJIS;

1 4x X
y=<Ze +C1)e .

Metoa nincranoBku (Meroa bepuyJuii)
Po3B’s130Kk niHiitHOTO qudepeHIiaabHOTo piBHIHHS (2.8) IIyKaeThesl y BUTIISII
n00yTKy nBox audepenuinoBaux GyHkiid u = u(x) i v = v(x), To0TO
y=u-v.
Toni

[TincTaBnstoun Tenep y audepeHItianbHe piBHIHHSA (2.8), oTpuMaemo:

v tu(p+Pev) = Q)
—v+ul— x)v) = Q(x).
dx dx

Kopucryrounch 10BUIBHICTIO (DYHKIIIT v, BUOEpeMO ii Takoro, 11100 BoHa Oyia
PO3B’SI3KOM PiBHSHHS Z—Z + P(x)v = 0 (koedimieHT npu GYHKIIT U JOPIBHIOE HYIIO),

TOM1
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du

i Q(x).

Takum urHOM, IS 3HAXOMKEHHS HeBimomux GyHKIii u(x) i v(x) ogepKuMo
CUCTEeMY JABOX Iu(epeHIiaIbHUX PIBHAHD 3 B1IOKPEMIICHUMHU 3MIHHUMU:

@ P =0
I x)v =0,
du — 0w
dxv-Qx.

Po3B’sxeMo criouaTKy mepiie piBHSHHSI CUCTEMH:

W P =02 = _p)d
T (xX)v = =>?_ (x)dx =

In|v| = —JP(x)dx +In|C,|=v= Cle‘fp(x)dx.

Buacninok noBinbHOCTI QyHKIIT v, BuOepemo y poii C; = 1. Toxi
v = e—fP(x)dx_
[TizcraBumo 3HaieHuit Bupa3 mia GyHkiii v(x), y Apyre piBHIHHSI CUCTEMH,

OTPUMAEMO:

du du
L - [PMdx — o . o P(x)dx
e e Q(x) = 7 Q(x)-e =

du = Q(x) e/ P@axgy = y = j Q(x) - efP@axgy 4 (.

[Tincransioun 3HanaeH Gynkmii u(x) i v(x), onepxumo GopMyITy 3araibHOTO
PO3B’S3KY JHIKHOTO JU(PEPEHIIATIBHOTO PIBHSHHSA NEPIIOTO TMOPSAKY METOJIOM
bepnymi:

y=( j Qx)- ¢/ Py 4 € ) - eI PIx =

= Ce~JPOIdx 4 o= [P()dx . f Q(x)el P@ax gy, (2.13)

OTpumanu TOW e BUTJISAJ 3arajibHOro PO3B’SI3Ky, IO ¥ MPH 3aCTOCYBaHHI
meroxay Jlarpanxa (popmynu (2.12) ta (2.13) igeHTHYH]).

Ipukaaa. 3HaiiTy 3aranbHUN po3B’ 130K JU(EPEHI1aTLHOTO PIBHIHHS:
yr —y = esx.
[aTerpyemo meronom bepuymmi. Hexait y = u - v. Toxi
u'v+uv —uv = e,
uv+u@ —v) = e,
Jlnst 3HaXoKeHHs HeBitoMux QyHKIINA u(x) 1 v(X) oaepKUMO CHCTEMY JABOX
nudepeHIliaIbHUX PIBHIHB 3 BIIOKPEMIICHUMU 3MIHHUMU:

vi—v =0,

du

— v = e>X,

dx

Po3B’skeMo crioyaTky Inepuie piBHAHHS CUCTEMMU:

dv v
——v=0=>—=dx =
dx v
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In|v| = f dx + In|C,| = v = C,e*.

Bnacaigok goBiasHOCTI QyHKINT v, BUGepeMo y poni C; = 1. Toxi

v =e*,
ITizcraBumoO 3HaimeHuit Bupas mis Gyukiii v(x), y Apyre piBHSIHHS CUCTEMH,
OTPUMAEMO:
du 5 du 4 4 4
—ef=eX¥ o> —=e""du=eFdxau=|edx+C, >
dx dx
u = le‘“‘ + C;.
2 1
Tomi

1 4x X
y = Ze +Cy |e”.
MeTtoa inTerpyrouoro muoxxkauka (Meroxa Eiisiepa)

Po3rissHeMo 1mie oaMH MeTox MOOYAOBH 3arajbHOro pO3B’SI3KY JIHINHOIO
HEOJHOPIAHOTO PIBHSIHHS, sIKU OyB 3anponoHoBanuil Einepom. [ToMHOXkMMO 00H 1B

yactuy piBrsnHs (2.8) Ha dyHKwioo f(x) = e/ PX Orpumaemo piBHIHHS:
y/efP(x)dx + P(x)yefP(x)dx — Q(x)efP(x)dx’
B SIKOMY JIiBa YaCTHHA € MTOX1IHOIO BiJl QyHKIIIT yef P(X)4x Toni, MOKEMO MepenucaTH
1€ PIBHSHHS Y BUTJISIIL:
(yefP(x)dx) — Q(x)efP(x)dx’
3BIIKA

yefP(x)dx — j Q(x)efP(x)dx dx + C,

OTXKC

y = (j Q(x) - el Py 4 C) e~ [ POIAx =

= Ce I POIdx 4 o= [P()dx . f Q(x)el P@ax gy, (2.14)

OTpumanu TOW e BUTJISAJ 3arajibHOr0 PO3B’SI3Ky, IO ¥ MPH 3aCTOCYBaHHI
meroxay Jlarpanxa (popmynu (2.12) ta (2.14) ineHTHYH1).

Osnavennst. Oyukuin  u(x) = e/ PO yasppaerses  inmezpyiouum
MHOoMcHUKom MeTony Einepa.

Ipukaaa. 3uaiiTy 3aranbHUN pO3B’SI30K qUdEPEHINIaTLHOTO PIBHSIHHS:
!/

y' —y=e™.
[aTerpyemo meronom Meron Eiinepa. 3HaiiieMo IHTETpYyrOUYHii MHOKHUK:
u(x) = e/ Pdx — o[ —dx — 5—x
[ToMHOXKMMO OOM/IBI YaCTHHU PiBHAHHS Ha QyHKIi0 U(x) = e ™*. OTpumaeMo
PIBHSIHHSL:

y et —y-eT¥ = e,
Moskemo miepenucaTH 1ie pIBHSHHS y BUTIISIL
-xX\/ — ,4x
(y e ) =e /]

3BIJIKHU
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-X 4x -X 1 4x
ye*=|e¥dx+C,=>y-e =Ze + (3,
OTKE

1 4x X
y=<Ze +Cl>e :

2.5. PiBusinns bepuyJsuri

Hexaii ¢ynukuii P(x) Tta Q(x) HenepepsHi B inTepsaini (a; b).

O3naveHns. PiBHIHHS

y'+Px)y = Q)y™, (2.15)
JIe M — JIESIKE YNUCII0, HA3UBAKOTh pigHAHHAM bepuyi.

Sxmo y (2.15) m = 0, To oaepxkyeMo JiHIiiHE HEOTHOpITHE PIBHAHHSA (2.8),
AKIo m = 1, To piBHSAHHS 3 BIIOKPEMIIIOBAHUMH 3MIHHHUMH, TOMY Hajam Oyaemo
BBakatu, mom * 0, m # 1.

[TepeTBOpHUMO CTIOUATKY MPABY YaCTUHY PIBHSIHHS bepHYIUT 10 BUTIISAY TIPaBoi
YaCTHUHHU JIIHIHHOTO PpiBHSHHS. JJI 1IbOTO MOAITMMO OOHMIB1 YACTUHU PIBHAHHS (2.15)
Ha Y

y My + Pyt = Q(x).

PiBusinuss bepuyiuni 3aBkam Moxke OyTH 3BEIEHO JI0 JIIHIMHOTO pPIBHSIHHS

M1JCTaHOBKOIO:
z=y™™m m =+ 1.
Tomi

!

Z

I — _ —Ma,! I —
zZ’=1-my ™y =y aA=my

OTxe, piBHSIHHS HAOyJe BUTIIALY:
14

-m Z —
y (1 _, m)y_m + P(X)Z - Q(X),

——+ P()7 = Q(),
z'+ (1 —-m)P(x)z = (1 —m)Q(x),
oJiepKaHe PIBHSHHS € JIHIMHUM TudepeHIliaJbHUM PIBHSIHHSAM IEPIIOro MOPSIKY
B1IHOCHO HOBOi yHKIIi Z. [HTerpyroun 11e piBHSHHS i MOBEPTAIOYUCH JI0 3MIHHOT Y,
OTPUMAEMO 3arajibHHUIl po3B’sI30K PIBHAHHS bepHyJUIl y BUIIISAL:
1

(1-m)
y = ((1 — m) j Q(x) . e(l—m)fP(x)dxdx + C> ) e_fp(x)dx

PiBHsinHs BepHyuni, sik 1 iH1MHE pIBHSHHS, MOKHA IHTErpyBaTH 0€3M0CEPEIHBO
3a JIOIOMOTOIO MACTAHOBKU y = U * U, U = u(x), v = v(x).

2.6. PiBusinns Pikkari
Osnavenns. Hemniniiiae 3Buuaiine audepeHItiaibHe piBHIHHS BUTIISTY
Y = qo(x) + g1 ()y + q2(x)y?, (2.16)
ne qo(x),q,(x),q,(x) — HemepepsHi B inTepBam (a;b) ¢yHKIII, HA3UBAETHCS
pisHanuuam Pikkami.
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3a neBHUX yMOB piBHSHHA Pikkati (2.16) 3BoauThest 10 piBHsIHHSA bepHyi.

VY Bunanaky q,(x) = 0 piBHsHHS Pikkati € TiHIHHAM HEOJHOPITHUM PiBHSHHSIM
HEPIIOro MOPSAAKY, a Y BUIAAKY qo(x) = 0 — audepeHiiaabHuM piBHIHHSIM bepHynii.
B o000x mmx dYacTKOBMX BHUMAJKax pIBHAHHS PikkaTi JIETKO IHTETPYeThCA. Y
3araJbHOMY BHIIAJIKy piBHSIHHS PikkaTi He IHTETpy€eThCs Y KBaapaTypax.

Axio piBHSHHS (2.16) Y 4aCTKOBOMY BHUMAAKY MOXE OYTH 3alHCaHe SK

y' =ay? + bx?, (2.17)
ne a, b, @ — crai, To HOTO HA3UBAIOTh CneyianbHuM pieHaHHAM Pikkami.

CrneuianbHe piBHSHHS PikkaTi AOMycKae BiAIIYKaHHS 3arajibHOTO PO3B’SI3KY B

. —4n .
eleMeHTapHuX (PYHKINAX, SKMo a = —2 abo a = P il € Z. Ilpn BciX 1HIHUX

3HAYEHHSX ¢ 1I€ PIBHSAHHS BXKE HE MOXKHA 3IHTETPYBATHU B €JIEMEHTAPHUX (PYHKIIISIX.
Moro 3araapHuil po3B’s30K BUPAXKAETHCS Yepe3 T HAPHIHI QYHKII.

PosrnssHemo Jiesiki BUIIaJKU 1HTETPOBAHOCTI Y KBajpaTypax piBHSIHHS PikkaTi:

1. SIKmo qq, 41,9, — ctam, 1o (2.16) — piBHSIHHSA 3 BiIOKPEMIIIOBAHUMHU
3MIHHUMH, a MOT0 THTErpaJl BUPAKAETHCS YEPE3 eIeMEHTapH1 QyHKIIII.

2. y' =¢x)(ay?*+by+c), nea,b,c—craniia?+ b? # 0 — piBHAHHA 3
B1JIOKPEMJTIOBAHUMH 3MIHHUMH.

3. y'= ai’—z+b§+ ¢, ne a,b,c — cram i a?+ b? =0 — oxHOpinHE
PIBHSIHHSL.

SK110 BiIOMUMN T€SIKU YaCTUHHUM PO3B’ 30K PIBHAHHS PiKKaTi, TO 1€ piBHIHHS
MOJKHa 3BeCcTH 10 piBHsHHA bepnysn. Hexaih y; = y;(x) — po3B’sI30K piBHSIHHS
(2.16). Toni

Y1 = qo(x) + ¢ )y + g2 ()yi. (2.18)
3poOuMo 3aMiHy 3MIHHOI:
y=y1t+2
ne z = z(x) — noa pyukuis. [TizctaBumo 3aminy y piBHsHHS (2.16), oTprMaeMo
yi+2z' =qo(x) +q: ()1 + 2) + 42 () 01 +2)?,

yi+2' =qo(x) + ()Y + . ()2 + g2 ()i + q2(x)2y12 + q;(x)2*.

3 BpaxyBaHHAM piBHSAHHSA (2.18), orpumaemo

z' = q1(0)z + q,(x)2y,z + g, (x) 2,
z' = q,(0)z° + (g1 (x) + q.(¥)2y1)z,
z' = (q1(x) + q2(x)2y,)z = q(x)z>.

OcraHHe piBHSHHA € PIBHSHHSAM bepHyIU1i BiTHOCHO (YHKINT Z. SIKE€ 3aBXKIU
IHTErpyEThCS y KBaJparypax.

3aysarxrcenna. OcobmUBUM pO3B’sI3KOM piBHAHHS PikkaTi Moxe OyTH QyHKIIs

y =y1(x).

2.7. PiBHsiHHA Yy IOBHMX JudepeHmianax
Posrasinemo nudepeHnmianbae piBHSIHHS MEPIIOTO TOPSIKY
M(x,y)dx + N(x,y)dy = 0, (2.19)
ne dyskiii M (x,y) i N(x,y) HenepepBHi 1o 000M 3MiHHUM Y AesKii obmacti D i Hi B
OJIHIM TOYI[l OJJHOYACHO HE 00EPTaIOTHCA B HYJIb.
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O3nauenns. /{udepeniiansue piBHIHHA (2.19) HA3UBaAIOTh JugepenyiarbHum
PDIBHAHHAM y NOBHUX Ougpepenyianax, SKIO WOTO JIiBa 4YacTWHA € TIOBHUM
nudepeniianom aeskoi Gynkmii u(x, y)

M(x,y)dx + N(x,y)dy = du(x,y). (2.20)

Teopema (ymoBa Eiiiepa). Hexait pyukuii M (x,y) i N(x,y) y piBusuHi (2.19)

HETepEPBHI y AesiKii o6sacTi D 1 Hi B OJIHIN TOYIN OJHOYACHO HE 00E€PTAIOTHCS B HYJIb
oM (x,y) ; ON(x,y)

dy ox
piBHSAHHA (2.19) OyJ0o piBHSIHHSAM y NMTOBHUX JudepeHIiaiax, HeoOXi1HO 1 JOCTaTHRO,
00 y obsacti D BUKOHYBajacs yMoBa:
OM(x,y) _ ON(x,y)
dy ox
Ipuxnan. 3uaiiTi 3araabHUi po3B’ 130K TU(GEPEHIIATFHOTO PIBHSHHS:
(2xy + 3x?) dx + (x?> + 4y) dy = 0.

M(x,y) N(x,y)
aM(x,y) _ aN(x'y)

dy dx
d(2xy + 3x2) 0(x? + 4y)
= 2x; ———— =2Xx
ady d0x
®Oynkuig u(x, y) MOBUMHHA 3a0BOJIHATH YMOBY:

au_M( )
Frvi x,y).

Ta ICHYIOTb YaCTHHHI TOXI1JHI . Jna toro mo6 mudepeniiaibHe

[TepeBipuMO yMOBY

[IpoiHTErpy€eMO PiBHICTH MO X:

u(x,y) = J(ny + 3x3)dx + o(y) = x2y + x3 + @(y).

®yukmist u(x, y) HIOBUHHA 3a10BOJILHATH YMOBY:
ou
— = N(x,y).

dy
(xzy +x3 4+ <p(y)); = x2 + 4y,
x*+¢'(y) = x* + 4y,
o'(y) =4y,
ey) = j4ydy = 2y* + ;.

> ulx,y) =x2y+x3+2y2+
Takum urHOM, Maemo 3aransHuii interpan (u(x,y) = C):
x?y 4+ x3 + 2y% = C.
Y Oararbox Bumagkax piBHAHHSA (2.19) He € pIBHAHHAM Yy TOBHUX
nudepeniianax. [le o3Havae, 1110 He BUKOHYEThCS YMOBa
OM(x,y) ON(x,y)
dy ox
ToMy, BUHMKa€ MUTAaHHS: YU MOKHA PIBHSHHA HE Y MOBHUX JudepeHianax
3BECTH /IO DPIBHAHHS Yy MOBHUX AudepeHiianax? Buspiserscs, mo y 0araTtbox
BUIIAJKAX I1¢ MOYKHA 3poouTH. IHOMI BHaeThes mimiOpatu Taky dynkiio u(x,y) # 0,

21



miciisi MHOXKEHHSI Ha sIKy piBHSHHS (1) MEepeTBOPIOEThCA Ha PIBHSIHHSA Y TOBHUX
nudepeHIianax:
u(x, y)M(x, y)dx + u(x, y)N(x,y)dy = 0, (2.21)
JIJis OTpUMaHOTO PiBHSHHS MEPEBIPSIOTH HOBY YMOBY:
O(u(x, y)M(x,y))  0(u(x,y)N(x,y))
oy B dx '
O3navenHsi. Oyukitis p(x,y) HA3UBAETBCS IHMESPYBATLHUM MHONCHUKOM
piBHsHHSA (2.19).
Y BUNAJKy IHTETPYyBaJIbHOTO MHOXKHHKA, KM 3aJ€KUTh TUIBKHU BiJ X, HOTO
MO>KHA 3HAWTH Y BUTIISI:

p = elo®dx, (2.22)
VY BUMAJKy iHTETpyBaJbHOTO MHOXXHHUKA, KU 3aJIC)KUTh TUIBKH BiJ Y, HOTO
MO>KHA 3HAWUTHU Y BUTIISIL:
p=ele0dy, (2.23)
Hexaii iHTerpyBabHUN MHOKHHK 3QJICXKHTD BiJl 3a1aH0i QyHKINT w (X, ), TOOTO
u = pu(w(x,y)). Hosnaaumo

oM _oN
0 ox
Y(w) = az 30 (2.24)
Nge MGy
oM _oN
0 0x
In|u(w)| = az awdw=j1/)(w)dw+ln|C|,
NZL _ M

ox 0y
p(w) = Cel ¥@adw,

MoskHa BBaxkatd, mo C = 1, TOMy, 10 JOCHTh MaTH OJWH IHTETPYBAIbHUIA
MHOXHUK:

p(w) = e/ ¥@do (2.25)

e w = w(x,y).

OueBHIHO, 1110 IHTErpyBaIbHI MHOXKHUKH @ (X) Ta ¢ (V), BU3HaUeHI popMyIamMu
(2.22), (2.23), € YaCTUHHUMH BHUITaIKaMH IHTEIPYBaJIbHOTO MHOYHHKA (2.25).

3aysarcenna. Jlocuth 4acTO BIAETHCS MiAI0paTH IHTETPYBAIbHUI MHOXKHUK Y

) x y
Burmsim 4 = u(x £ y), u = pu(xy), u=u (;) w=u (;) u = u(x? £ y?). dxmo He
BJIA€THCS MiAIOpATH IHTETPYBAIbHUN MHOKHHK, TO JOIUIBHIIIE IIYKATH 1HIIN MIITXH
IHTErpyBaHHS.

Ipukaan. 3uaiiTy 3aranbHUN PO3B’SI30K TUDEPEHINIATFHOTO PIBHIHHS:
(x—y)dx+ (x+y)dy=0.
N —’ N ——’

M N
[TepeBiprMO yMOBY aMa(;C'y) = aN(gz’y ).
d(x—y) d(x+y)
AR S e SR LS|
dy d0x

oM (x,y) + ON(x,y)
oy ox

PiBHSIHHSA HE € pIBHSHHSAM y TIOBHUX qudepeHiianax, 6o
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1
x2+y2?’

[ToMHOXKMMO 3aj1aHe PIBHSHHS HA IHTETPYyBAIbHUIA MHOXHUK U(X,y) =

1 1

Jns Toro moO audepeHiiaibHe pIBHAHHS OyJIO PIBHSIHHSAM Y IIOBHHUX
nudepeHirianax, HeoOX1HO 1 JOCTaTHRO, 1100 Y 001acTi D BUKOHYBajacs yMOBa:
oM(x,y) ON(x,y) —x?>—-2xy+y? —x?-2xy+y?
= = =
dy 0x (x? +y?)? (x? +y?)?
YMOBa BUKOHYETHCSA, OTXKE, OTpPUMaHE pIBHAHHA — 1€ AudepeHIianbHe
PIBHSIHHS Y TIOBHUX JAH(EpeHITianax.
xdx — ydx N xdy +ydy 0
x2 + y?2 x2 + y2 o
xdx +ydy xdy—ydx 0

)

xZ + yZ xZ + y2
Tak sk
In(x2 + y2)\ 1 1 (x? 4 y2)' = 1 2xdx +2ydy xdx +ydy
2 T2 xrryr YT T T g2
Y\ 1 Y\ 1 xdy —ydx xdy — ydx
(arctg (;)) - vz \x) = vz x2 T Xy yZ
1+= 1+=
2 2
x( 2 442 X
In(x*+y y
d (T + arctg (;)) = 0.
Togmi, 3aranpHuil po3B’ 30K Ma€e BUTIIS!
In(x? + y?)

+ arctg (X) = C.
2 x
ko u(x,y) o0epTa€Tbcs y HECKIHUYEHHICTH JIMIIE B OKPEMHX TOYKAX, TO
PIBHSHHS HE Ma€ O0cCOONMBHX po3B’si3kiB. Jlus 3amaHoro piBHsHHA (X, V)
MEPETBOPIOETHCS Y HECKIHUEHHICTh, TUIbKU KOJu X = 0 1 y = 0. OTxe, piBHSIHHA HE
Ma€e 0COOIMBUX PO3B’A3KIB.

IInTaHHsA 1JIs1 CAMOKOHTPOJIIO 10 TEMH 2

1. ChopmynroiiTe 03HaUCHHS 3BUYANHOTO MU(EPEHIIaTbHOTO PIBHSHHS 1-T0
HOPSIKY .

2. Slxuii Burnman Mae gudepeHiiagbHe PIBHAHHIM TEPIIOTO  MOPSAKY,
PO3B’sI3aHE BITHOCHO TOX1THO1?

3. Sxy dopmy mudepeHiianbHOro piBHIHHSI HA3UBAIOTh HOPMAIHHOKO?

4. 1llo po3yMitOTh IiJ1 pO3B’A3KOM JIU(PEepeHIIIAIbHOTO PIBHSAHHSA 1-T0 mopsaaky?

5. Hagenits npukiiagu audepeHIianbHIX piBHIHb 1-T0 MOPSAKY.

6. ChopmymtoiiTe o3HaYeHHS AUPEPEHIIIATIBHOTO PIBHAHHS 3 BIJOKPEMIICHUMHU
3MiHHUMU. HaBeaiTh mpukiaay.

7. Chopmymroiite O3HAYECHHS nudepeHIiaIbHOro PIBHSIHHS 3
B1JIOKpEMJTIOBAaHUMH 3MIHHUMH B CUMeTpuuHii popmi. HaBeniTe mpukiaam.

8. Sfke mudepeniiaapHe piBHIHHS HA3UBaIOTh HEITOBHUM? HaBeniTh IpUKITaIH.
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9. flke nudepeHmiaabHe pIBHSAHHS Ha3WBalOTh aBTOHOMHMM? HamemiTh
MIPUKIIAIH.

10.51x BU3HAUMUTH BUMIP OAHOPIAHOT QYHKITIT?

11.51ke mudepenItiaabHe PIBHAHHS HA3UBAIOTh OHOPITHUM IU(epeHITiaTbHIM
piBHsHHAM? HaBeniTh npukiaam.

12.5lka 3amiHa poOUTHCA TPU PO3B’SA3aHHI OJHOPIIHOTO AUGEPEHIIATHEHOTO
PIBHSHHS?

13.ChopmyntoiiTe 03HAUYE€HHS JIHIMHOTO JAUEpEeHIIATIBHOTO  PIBHIHHS
NEPILOTo MOPSJIKY.

14 SIxuit BUTIIA Mae JIiHIMHE oHOpiAHE nudepeHIiiaabae piBHIHHA? UM BOHO
BIJIPI3HSAETHCS BiJl HEOAHOPITHOTO PIBHSHHS?

15.Po3kaxiTh Ipo METO/I Bapiallii JOBIILHOT CTaO1.

16.Po3kaxits po Meto bepryi.

17.51xa (yHKIIIA HA3UBAETHCS IHTETPYIOYUM MHOKHUKOM y MeToi Eitnepa?

18.Po3kaxiTh sIK 31IHTErpyBaTH piBHAHHA bepHymi.

19.Po3kaxiTh Ak 3iHTErpyBaTu piBHSHHS Pikkati. Unm 3aBXau 11€ MOKIIMBO
3pobuTn?

20.5Ike piBHAHHA Ha3WBA€THCSA AU(DEpEHITIAIBHUM PIBHIHHSAM Y TIOBHHUX
nudepeniianax?

21.5lxa yMOBa IOBHHHA BUKOHYBAaTHUCS, 00 qudepeHiiaabHe piBHSIHHS 0yII0
PIBHSIHHSIM y MOBHUX Ju(epeHirianax?

22 Slxumu criocobaMu MOXKHA 3HAWTH IHTETPYBAIbHUM MHOKHUK?

3aBaaHHA 10 TeMH 2

1. 3HaiaiTh 3araJbHUN PO3B 30K AMQepeHIiaabHoro piBHAHHS: V' = (9x +
7y — 3)2.

2. 3HaliTh 3araabHUN pO3B’ 30K AudepeHIiaTbHOro piBHIHHL: V' = (—2x +
S5y + 1)2.

. . . : d
3. 3HalaITh 3aralbHUN PO3B’SI30K AUQEPEHIIaTbHOTO PiBHIHHS: xﬁ -3y =

Vx?%+9y2.

o - o 5 . . ' 6x—-7y
4, 3HaWAITh 3arajJbHUN PO3B SA30K I[H(i)CpCHL[laJIBHOFO PIBHAHHA: Y = cx—5Y
X—=s8Yy

o - o , . . ' —3x+4y

5. 3HaH,Z[1TI> 3arajJilbHUHU pO3B A30K I[H(bepeHHIaJ]bHOFO P1BHAHHA: Y = T
xTy
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3. IndepenuianbHi piBHSIHHS MepPIIOro MOPSAAKY, HEPO3B’si3Hi BiTHOCHO
MOXiHOT

3.1. OcHOBHi MOHATTS i 03HAYEHHA

OsnaveHns. /JugepenyianoHum piGHAHHAM NEPpuLo20 NOPSAOKY, HEPO38 SAZHUM
8IOHOCHO noxionoi (a00 HesasHUM OughepenyianbHuUM PIBHAHHAM NEPuLlo20 NOPSIOKY)
HA3MBAIOTh CITIBBIHOILICHHS BUTJISTY

F(x,y,y") =0, (3.1)
ne ¢ynkuis F(x,y, z) HenepepBHa y jeskiii obnacti D € R3,

Oznavennst. O@yskmiro y =y(x), sKka BU3HAYCHA 1 HEMEPEPBHO
miudepenmiiioBHa Ha inTepBan (a; b), Ha3UBaIOThL po36 sskom piBHAHHA (3.1), AKIIO
Ha IIbOMY 1HTE€pBaJl BOHA IEPETBOPIOE HOTO Y TOTOXKHICTb.

Axmo piBHsSHHSA (3.1) MOXHA pO3B’sI3aTH Yepe3 eIeMEeHTapH1 (YYHKIIIT BITHOCHO
y', TO olepKUMO OJiHE 200 JEKijbKa PiBHIHb, PO3B’A3HUX BIHOCHO MOXI1IHOI:

y' = filx,y), k=12,..
Osnavenns. /{udepenuianbHe piBHAHHSA BUTISLY
O+ a )@+t (Y)Y +ap(x,y) =0 (3.2)
HA3UBAIOTh OUGeEPeHYiaNbHUM DIBHAHHAM NEPULO20 NOPSAOKY CMENeHs M.

CyKynHICTb 3arajbHUX pO3B’s3KIB a00 3arajibHUX 1HTErPaliB OCTAHHIX 1 J1a€ B
bOMY BUIIAJKY 3arajibHUi 1HTerpan piBHaHHA (3.1).

3anauya Ko s piBHAHHS (3.1) GOpMyIIOETHCS Tak caMo, SIK 1 JAJIs pIBHSHHS,
PO3B’S13aHOTO BiTHOCHO MOXIAHOI: MOTPIOHO 3HAUTH PO3B’SI30K Y = Y(X) PIBHIHHS
(3.1), siKuit 3aJOBOJIBHSIE TIOYATKOBY YMOBY:

y(xo) = Yo. (3.3)

[Ipn npoMy, SIKIIO PO3B’SA3KIB, SIKI 3a/I0BOJIBHSIOTH MOYATKOBY YMOBY (3), HE
OlubIlle, HK KIJTBKICTh HAIPSIMIB TOJISI, BUSHAUYECHOTO piBHSAHHAM (3.1) y miil Tour,
TOOTO He OiNIbIIIe KiTBKOCTI pO3B’sI3KiB Y| piBHSHHS F (X(, Yo, V') = 0, TO KaXyTh 110
3agava Komri (3.1), (3.3) Mae eauHuit po3B’s1i30K. B iHaKIIoMy BUIAIKy BBakKaOTh, 110
€IMHICTh PO3B’SI3KY LI€T 3a/1a4l TOPYIIY€ETHCA.

Teopema. Hexaii niBa yactrHa piBHSHHS (3.1) 3a10BOIBHSIE TaKl YMOBHU:

1)  dyukuis F(xg, Yy, y') BU3HAUCHA 1 HEMEPEpBHA Pa3oM 3 YaCTUHHUMHU

. aF . OF .
HNOXIJTHUMHU — 1 — B JICSIKOMY 3aMKHEHOMY OKOJIi TOUkH (Xg, Vo, V');

dy oy’
2) I;(xo»YO;y,) = 0;
F
3) £ £ 0.
Oy (x0.¥0.Y")

Tonmi piBHsuHs (3.1) Mae enuHuMii po3B’s30k Yy = y(x), BHU3HAYCHUH i
HEeTepepBHO MU(EPEHIIIHOBHUMA Y IEIKOMY OKOJI TOYKH X = X, SKUH 33JI0BOJIHHSIE
0YaTKOBY YMOBY V(Xo) = ¥, 1 Takwuii mo y' (xg) = y;.

O3nauenHsi. OcobOaueum po3s’si3koM HA3UBAIOTh PO3B 30K, Y KOXKHIM TOYI
SKOTO MOPYIIYETHCSI yMOBA MOT0 €IMHOCTI.

Oco0nuBuii po3B’SI30K HE MOXKHA OTPUMATH 3 (POPMYJIH 3araJIbHOTO PO3B’SI3KY
mudepeHIliaIbHOTO PIBHSHHS MIPH KOAHOMY 3HaueHH1 cTaioi C.
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3 TeopeMH BHUILTUBAE, IO OCOOIUBI PO3B’SI3KH MOXKYTh iICHYBaTH TiJIbKH Y THX
TOYKaXx, J€ MOPYIIYIOTHCA YMOBH wi€i Teopemu. Tobto, skimo ¢yukuis F(x,y,y")
HEeNepepBHa 1 Ma€ HEMepepBHI YAaCTHHHI MOXIAHI MEPLIOro MOPSAKY, TO 0COOJIUBI
PO3B’SI3KH MOTPIOHO HIYKaTH CEpel TUX TOYOK, KOOPJIMHATH SKUX 3aJI0BOJIBHSIOTH
CUCTEMY

{F(x,y,p) =0,
Fxyp) =0P~7

SAxio 18 cuctemMa CymicHa, TO BUKIIIOUAIOYH TapaMeTp P, OTPUMAEMO JIEAKY
MHOXHHY To4oK @ (x,y) = 0, sika Moke OyTH 0COOIMBUM pO3B’SI3KOM piBHSHHS (1).
Onnak mOTPiOHO e MEpPeBIpUTH, YW TreoMeTpuuyHe Mmicie To4ok @(x,y) =0 €
PO3B’SI3KOM 3aJ]JaHOTO PIBHSIHHSA, 1 UM Yy KOXKHIA TOYIll MOPYIIYEThCS BJIACTUBICTH
€TMHOCT1 PO3B’SI3KY.

Osnavennsi. O66i0HO0 HA3UBAIOTh IHTETPANIbHY KPUBY, sIKa Y KOXHIM TOYII
Ma€ CIUJIBHY JOTHYHY 3 OJIHIEIO 3 IHTETPaJbHUX KPUBHUX, aJie HA KOIAHIN JUISHIN HE
301ra€ThCs 3 JKOJAHOIO 3 IHTErpaIbHUX KPUBHUX.

3.2. Tunu piBHSAHb HEPO3B’SI3HUX BIIHOCHO MOXiAHOI, AKi IHTErPYIOTHCS Y
KBaJpaTypax
Posrinsitnemo gesiki TMnM  piBHAHb Burisiay (3.1), Kl IHTErpyrOThCS Y
KBajIpaTypax.
1. Jlughepenyianvhi pienanms, AKi Micmsamo milbKu HOXIOHY:
F(y") =0. (3.4)
Hexait piBasiHHs (3.4) Mae CKiHUeHHY a00 HECKIHYEHHY KUIbKICTb JIMCHUX
po3B’si3kiB y' = k;,i = 1,2, ... (k; = const). Toxai
y—C
y=kiX+C=>ki=T.
[TizcraBuBIIM 11 3HAYCHHS y PIBHICTH (3.4) 3aMICTh y', Oep)KUMO 3arajibHUil
1HTerpan piBHsAHHA (3.4) y BUIIISAL

F (y C) = 0.
b
IIpukaaa. 3iHTerpyBaTy piBHAHHS:
WY +2(0) +y' +5=0=
10 5
(y C) +2(y C) e A YN
b X X
(y=0)7+2x>(y—C)°* +x°(y — C) + 5x1° = 0.
11. Jlughepenyianvui piensanms, aKi He MiCmMsms A6HO He8I0OMOI (hYHKYIT"
F(x,y") =0. (3.5)
Hudepenuianbie piBHAHHA (3.5) IHTErpyETHCS NUISIXOM BBEICHHS MapaMmeTrpa t
(MeTox BBEJICHHS apaMeTpy).
[Ipunyctumo, 110 11e piBHSHHSA MOXHA 3allMCaTH y MTapaMeTpUdHii GopMi:
x =), y' =9@).
CKOpPHCTABIINCH PIBHICTIO Z—z = y', MaemMo

dy = y'dx = ()’ (D)dt,
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= fl/)(t)(p'(t)dt + C.

Takum uwmHOM, 3aranpHUil 1HTerpan piBHsSHHS (3.5) 3amucyerbcs y
napaMeTpuuHii Gopmi:

=00, y= [ O ©d+C (36)
111. Jlughepenyianvhi pieusanns, aKi He MICmMAMb A6HO HE3ANEHCHOI 3MIHHOI
F(y,y") = 0. (3.7)

[Ipuryctrumo, 110 11€ pIBHSHHS MOKHA 3allUCcaTH y MapaMeTpUUIHiil hopmi:

y =), vy =y().

CKOpHUCTaBIIUCH PIBHICTIO d—y = y', MaemMo

d_y_<p (t)dt:) _ [e'(®)dt
y - w@ T T9®

[HTEerpanbHi KpuB1 y napaMmeTpuyHii (opMi BUBHAYAIOTHCS PIBHAHHAMHU

"(6)d
i w(g) LYC y =0 (3.8)

Skmo piBHsHHS (3.8) Jerko po3B’s3aTH BIAHOCHO Yy, TOOTO y = ¢@(¥'), TO
3pY4HO BBECTH 3aMiHy y' = t, ToJi

'(t)d
=J"’ (? LiC = o). (3.9)

1V. 3azcanvruii Memoo 66edenHs napamempa.
Po3zriasineMo piBHSIHHS

dx = +C.

F(x,y,p) =0, (3.10)
Jie IO3HAYEHO Yepe3 p = y'.

SAxio mu OyaemMo po3riisaT X, Y, P, K IeKapTOB1 KOOPAUHATH B MPOCTOPI, TO
piBHsHHS (3.10) BH3HAUUTH A€sKy NOBEpPXHIO. Bimomo, 10 KOOpAWHATH TOUYOK
MOBEPXHI MOXXYTh OyTHM BUpa)KeH1 SIK (PyHKIII JBOX mapameTpiB u 1 v. Hexall Ham
B1JIOMO Take mapamMeTpuyHe 300pa>KeHHS MOBEPXHI:

x = @(u,v),
y =yY(u,v), (3.11)
p = x(u,v).

TO 3arajJibHUi po3B’s30K piBHsAHHA (3.10) omepxumo y mnapameTpuuHid ¢Gopmi
oe3nocepentbo 3 (3.11):
X = (p(u,w(u, C)), y = w(u,w(u, C)).

Hexait Hesisue audepeniianpae piBHsSHHS (3.10) MoKHA pO3B’s13aTH BITHOCHO

y, TOOTO
y=fxy). (3.12)

Toni, MOXKHAa BUKOPUCTATU MemoO 68edeHHs napamempy. SIKIO MO3HAYUTH

y' = p(x), T0 3 (3.12) MaeMO CIiBBiHOIIECHHS:

y = f(xp), (3.13)

TU(DEPEHIIIIOIYH SIKE, 0JIePKYyEMO TudepeHItiaabHe PIBHIHHSA:
dy = of —dx + —fdp = pdx = —fdx +— of dp. (3.14)

ax ap d0x ap
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Hexaii 3araiapanii po3s’s30k piBHAHHS (3.14) mae Burmsaa: x = @(p, C). Toni,
nifctaBiaoun oro y (3.13), omepumo 3aranbHUNA PO3B’A30K piBHAHHA (2) y
napaMeTpuuHii Gopmi:

x=¢([0), y=f(el 0),p).

S0 BAAa€ThCS 3HAWTHU 3arajbHUN Po3B’ 130K piBHAHHA (3.14) y BUMIAAl p =
h(x,C), To miacraBuBmIK #oro y (3.13), oaepKuMO 3arajibHHE PO3B’SI30K PiBHSIHHS
(3.12) y ssBHOMY BUTJISIIL:

y = f(x,h(x, C)).

Skmio piBusHEs (3.14) Mae ocoGnuBuHii po3B’s130k p = Y(x), To QyHKILA y =
f(x,1(x)) moxe 6ytn ocobmusum pisnsHHS (3.12).

Hexaii nudepenuianbae piBHIHHA (1) MOKHA pO3B’S3aTH BIIHOCHO X, TOOTO

x=fy"). (3.15)

Toni, aHamoOr14HO, MOKHA BUKOPUCTATH MemooO 68edeHHs napamempy. SIKIO

no3Hauut y' = p(y), 1o 3 (3.15) MaeMo CIiBBiTHOIICHHS:

x = f(y,p), (3.16)
T epeHITIoIYH sIKe, OJIEP)KYEMO TU(EpeHIlialIbHE PIBHSIHHS:

of of dy _of of
dx = 3y dy + o dp = > = ox dx + p dp. (3.17)

Hexaii 3arajgpauii po3s’s1i30k piBHsAHHSA (3.17) mae Burisa: y = @(p, C). Toni,
nijictapisitound oro y (3.16), ogepkumo 3aralibHUM po3B’a30K piBHAHHA (3.15) y
napameTpHuuHii popmi:

x=flem C),p), y=9¢{0C).

SKI0 BIAETHCS 3HAWTU 3aralibHUM po3B’si30K piBHAHHA (3.17) y Bursn p =
h(y,C), To migctaBuBIm Horo y (3.16), oaepXUMo 3arajibHHU PO3B’SI30K PIBHSIHHS
(3.15) y ssBHOMY BUTJISIIL:

x = f(y,h(y,0)).

Sxkto piBHsaHHS (3.17) Mae ocoOnuBUil po3B’si30k p = Y(y), To QyHKIIA X =

f(y,%(y)) mMoxe 6ytn ocobnusum pisnsHus (3.15).

3.3. PiBusinusa Jlarpanxa
YactuaauMm BumajakoMm audepeHmianbHoro piBHsSHHS (3.12) € piBHSIHHS
BUTJISY:
y=xp")+¢Q). (3.18)
Osnavennst. Skmo ¢yukiis @(y') ToToXkHO He 30iraerbcs 3 y', TO
nudepenitianbie piBHSHHA (3.18) HasuBaeThCs pisHanHuam Jlazparoica.
3inTerpyemo nudepenuianbHoro piBHAHHS (3.18) omucaHuM BUIINE METOIOM
BBeJIcHHs nmapameTpa. Hexait y' = p. Toni
y =x¢(p) + Y(p). (3.19)
[IponudepeHiiroemo oaepkaHe piBHIHHS, OTPUMAEMO:
dy = ¢(p)dx + x¢'(p)dp + ' (p)dp,
ldy = y'dx = pdx||
pdx = @(p)dx + x¢'(p)dp + Y’ (p)dp,
(p—o®)dx = (x¢' () + ¥’ () )dp,
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HOiIMMO OOMBI YaCTHHU PIBHSHHS Ha p — @(p), OTpUMAaEMO

x@'(p)dp  Y'(p)dp

dx = + ,

p—o®) p—9k)

dx _ xp'®) _ ¥'(p)

dp p—o{@ p—9o@
OcTaHHe pIBHSHHSA € JIHIMHUM AuQEepeHIialbHUM PIBHSHHSAM MEPIIOro
TOPSAKY (y’ + P(x)y = Q(x)) BimHOCHO (yHKIii x(p). 3aranbHuii po3B’sA30K

JHIMHOTO AU EepEeHIIATIPHOTO PIBHIHHS MIEPIIOTo MOPSIKY Ma€e BUTIIS
Q(x)el P@dx gy,

y = Ce—fP(x)dx + e—fP(x)dx )
Toni, BpaxoByrouu, o P = —IXTEZZ;), Q= ;/)szg)) 0JICP’KUMO
@' () @' () ! _
x = Celro@® 1 Jo-0m®. v’ (@) v -l
p—o@)
mo pasom 3 (3.18) BuU3HauaTuMme 3arajdbHUN pPO3B’SA30K piBHAHHS Jlarpamxka y

o' () dp
-p(p) dp — w(p’ C)

napameTpuuHii Gopmi.
IIpukaaa. 3iHTErpyBaT PIBHAHHS:
y =5xy" —Iny’.

3anane HesiBHE AudepeHlialbHe PIBHSIHHS — 1€ piBHAHHS Jlarpanxka, Tak sk

(') =5y, Y(y") = —Iny'. Hexaii y' = p. Toni
y = 5xp — Inp.

[IponudepenuiroeMo oaepxaHe piBHAHHS, OTPUMAEMO
1
dy = 5pdx + 5xdp — Edp = ||dy = y'dx = pdx|| =

1 1
pdx = (Sx — 5) dp + 5pdx = 4pdx + <5x — E) dp =0,

Sy
X
Ul
X

| —

1
4p—+5x —— = 4 = —.
. dp — p dp p p?
[le — miniliHe HeomHOpinHE MUdepeHIliaTbHe PIBHSIHHS MEPIIOro MOPSIKY
InTerpyemo metomom Bapiailii JOBUTHHOI cTanoi. Po3B’sokemMo BiJMOBITHE JHIMHE

OJTHOPIJTHE PIBHSIHHS:
4dx 5x dx 5d=>l|| 51||+1C C
—_ — = =S —_ = — — —_— = = —
T . p n|x n|p n X =5
p*
P03B’s130K NiHIMHOTO AU(EPEHITIATBHOTO PIBHSIHHS MEPIIOTO MOPSIKY ITYKAEMO
y BUTJISII
_C(p)
X =—c
pZ
[TincTaBnstoun y piBHSHHS, OJIEPKUMO:
: C(p)
5
o P’ - —p4C(p) ps. Pt _ 1
5 ' Y
p2 p p
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5 9 9 1
4C'(p)'p *—5C(p)-p 4 +5C(p)'p 4=?,

1
4dC 1 1 dC—l _%d C—l p4 C—% c
Pl 4
. pA+Cy o , . .o
Tonmi x = —=—. 3aranpHUil Po3B’sA30K piBHAHHA Jlarpamka y mapaMeTpudHiit
D4
dhopMi Ma€ BUTIISI:
1
pt + C; 1 G
X = —, y=5|=-+—<|p—Inp,
p* p*
abo
1
p* + (;
X = —, Yy=5|1+—|p—Inp,
p* p*

Sxmo p = 0, To miACTaBIAIOYM HOTro y BUpa3 Yy = 5xp — In p, mepekonyemocs,
1o 1 QyHKILs HE € po3B’sa3koM, 00 In 0 He icHYE.

3.4. PiBusannsa Kaepo
Po3risiHeMO okpemuii BUNaaokK piBHsHHs Jlarparka, ko @(y') = y':
y=xy' +9). (3.20)
Osnavenns. Pisusnns (3.20) HazuBaroTh piguanuam Knepo.
3iHTerpyeMo Horo 3a Ti€w cxemoro, 1o 1 piBHsHHs Jlarpamxa. Hexait y' = p.
Tomi
y =xp + ¢ (p).
[IponudepeniiroemMo oaepkaHe piBHIHHS, OTPUMAEMO:
dy = pdx + xdp + ¢'(p)dp,
ldy = y'dx = pdx||
pdx = pdx + xdp + ' (p)dp,
(x+y'(®)dp =0,
Ddp=0v2)x+y'(p) =0.
PosrnsiHeMo 11i 1Ba BUTIAIKK OKPEMO.
Hdp=0=p=_C.
Onpaszy oTpruMaeMo 3araibHUN Po3B’ 30K piBHAHHS Kitepo y BurIIsmi:
y =xC + Y (C). (3.21)

IIuTaHHs AJ CAMOKOHTPOJIIO 10 TeMu 3

1. Slke pIBHSHHS Ha3UBAETHCA NUQPEPEHLIATBHUM PIBHSHHSIM MEPIIOrO
NOPAJIKY, HEPO3B’ I3HUM BIAHOCHO MOX1THO1?

2. Slke piBHSHHSA Ha3uBa€TbCs AUGEpPEHIIAIbHUM PIBHSHHSAM IEpPUIOTO
NOPSAJIKY CTereHs n?

3. CdopmymtoriTe 03HaYEHHST 0COOIMBOTO PO3B’SI3KY.
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CdopwmyiroiiTe 03HaueHHs 00B1HOT KPUBOI.

OxapakTepu3yiTe TUIIA PIBHSHb HEPO3B’SI3HUX BITHOCHO TMOXIIHOI, SIKI
IHTETpYIOThCs y KBafaparypax. HaBeniTe mpuxiau.

6. Po3kaxiTh mpo METO BBEACHHS MapaMeTpy, HOro 0COOIMBOCTI.

7. Slke piBHAHHA Ha3UBA€ThCA PiBHAHHAM Jlarpanxka?

8. Slke piBHAHHA Ha3UBA€ThCA PiBHAHHAM Kiepo?

o1

3aBaaHHsA 10 TeMH 3

1. 3inrerpysaru piBasuaa y = (y')% + 8xy’ — 9x2.

2. 3inrerpysatu piBasuas y = (y')5 + (y')3 + vy’ + 5.
3. 3inTerpysaru piBsHug x = 5(y’)” — 3y’.

4. 3interpysatu piBHsnHsa y = (y')? + xy’ — x.
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4. JIiniifHi piBHAHHS APYroro NOpsAKY 3 nocTiiHuMu koedinieHTaMu

4.1. Jliniiini oqHOPiAHI PIBHSIHHA APYTroro NOpsiaAKy

PosrnsineMo niHiliHEe oHOpiAHE AU epeHIiaTbHe PIBHSIHHS IPYroro MOpsaKy 3
MOCTIHHUMU KOe(IIlIEHTaAMHU

y'+py' +qy=0. (4.1)
ne KoeilieHTu p, g — A1HMCHI Yuca.

O3nauenHss. byap-ski 1Ba JMIHIMHO HE3aJlIeKHUX PO3B’SA3KIB JIIHIMHOTO
OJTHOPITHOTO DIBHSHHS JPYroro TMOPSAKY HA3UBAIOTHCS — DYHOAMEHMANbHONO
cucmemolo po3e a3Kie.

Teopema 1. 3aransHUM PO3B’S3KOM JIHIMHOTO OMHOPiMHOTO piBHSHHS (1) €
JiHitHA KOMOIHAIlIsA JBOX JIHIIHO HE3aJeKHUX PO3B’A3KiB

2
y = z Ciy;i (x).
i=1

3riiHo mMemooy Etinepa, 4aCTUHHHUNA PO3B’ 30K OyJeMO IIyKaTh y BUTJIAIL:
y(x) = e™, (4.2)
ne A — qesdke, IOKM IO HEBU3HAYCHE, 4YHCIO (ImiiicHe abo KOMILISKCHE).
[IponudepeHiiroBaBIin, 01€PKIMO:
yr — Aelx,y" = 12X
[MincraBuBmu y', y" y nudepenuiansie piBHsHHES (4.1), oTpUMaEMO
A2e** + pret* + ge?* = 0.

, OJICPKUMO XapaKTCPUCTUIHE PIBHIHHS:

A2 +pi+q=0. (4.3)

Osnavenns. PiBusaHHs (4.3) HA3UBAETHCS XAPAKMEPUCTMUYHUM DIGHAHHAM, A
HOro KOpeH1 — XxapaxmepucmuyHumu Yuciamy JIHIKHOTO OJHOPIJHOTO PIBHSIHHS
apyroro nopsaaky (4.1).

CkopoTHBIIHN Ha e**

—pEVp? —4q
D=p*-4q, A= =
’ 2
AnreOpaiuHe piBHSHHSA 2-TO MOPSIIKY Ma€ 2 KOpeHs. Y 3aJeKHOCTI BiJl iXHbOTO
BUTJISIAY Oy/IeMO MaTH Pi3HI PO3B’SI3KHU.

I. Kopeni xapakTepucTUYHOTO PIBHSHHS JIHCHI 1 PIBHI:

p
11=AZ=_E.

VY upomy BUNaaky piBHsIHHSA (4.1) Mae GpyHIaMEHTaNbHY CUCTEMY PO3B’SI3KIB:

_p _p
y1(x) = e72%, y,(x) = xe” 2",
3aranbHUM po3B’sA3KOM piBHSHHSA (1) Oye:
y() = (C; + Cr)e 7,
Ipukaaa. 3iHTerpyBaT piBHAHHS:
y" =16y’ + 64y = 0.
XapakTepUCTUYHE PIBHSAHHS MA€ BUTJTIS:
A —161+64=0>A-8)2=0.
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=>4 =-8, 1, =-8.
3aranbHU PO3B’SI30K PIBHIHHS Oy/1€ MaTH BUTJISA:
y(x) = (C; + C,x)e’*.
I1. Kopeni xapakTepuCTUYHOTO PIBHSHHS A1MCHI 1 pi3Hi:
A #E A
Oyukuii y; (x) = e?*,y,(x) = e?2* yTBOpIOIOTH (PyHIAMEHTATBHY CHCTEMY
po3B’s13KiB piBHSAHHS (4.1). Toi, 3araJsHUM PO3B’SI3KOM Oyie:
y(x) = CieM* + C,et2”,
Ipuxnan. 3iHTErpyBaTH PiBHAHHS:
y" — 5y’ —84y = 0.
XapakTepUCTUIHE PIBHSHHS Ma€ BUTJISII:
A?—51—-84=0.
D=(-5)2—4-1-(-84) =361,VD = 19,
5-19 5+ 19
> = > =-7, A, = > =12
3araibpHUINA PO3B’SI30K PiBHIHHS Oy/1e MAaTH BUTIIS:
y(x) = Cie™ "™ + C,e'?*,
III. PiBusnus (4.1) Mae mapy KOMIUIEKCHO-CIPSDKEHMX KOPeHIB A1 , = a * if.
VY upomy Bunajaky piBHsHHS (4.1) Mae pyHIaMeHTaIbHY CUCTEMY PO3B’SI3KIB:
y1(x) = e**cosfx,y,(x) =e**sinfx (a # 0).
3aranbHUM pO3B’SA3KOM piBHSHHA (4.1) Oyze:
y(x) = C e** cos fx + C,e** sin Bx.
IMpukaaa. 3iHTerpyBaTu piBHIHHS:
y" —6y'+ 34y = 0.
XapaKkTepruCcTUIHE PIBHSHHS Ma€ BUTJIS:
A2 —61+34=0.
D=(—6)2—-4-1-34=-100,v/D =+/—-100 = 10i,
6 + 10i _
=3 £ 5i.

3aranpHUM PO3B’ 30K PIBHSIHHS OyJie MaTH BUTIISAL:
y(x) = C,e3* cos 5x + C,e3* sin 5x.

=> A =

4.2. JliniiiHi HeOAHOPiAHI PiBHAHHS APYrOro MOPsAaAKY
PosrisiHemo niniitHe HeoAHOpiAHE AudepeHITiaTbHe PIBHSIHHS APYTOTO MOPSAKY
3 MOCTIHHUMHU KoeillieHTaMu:
y'+py +qy = fx). (4.4)
ne koediieHT p, q — nikcHi yncna, pyHkiis f(x) — HeneBHa Ha BiApi3Ky [a; b].
Teopema 2. 3aranbsHuUM pO3B’SI3KOM JIHIHHOTO HEOTHOPITHOTO PIBHIHHS (4.4) €
CyMa 3arajibHOTO PO3B’SI3KY BIMOBITHOTO OAHOPIAHOTO PiBHSIHHS (4.1) Ta JOBUIHHOTO
YaCTUHHOTO PO3B’SI3KY, TOOTO
Ysar.neogn. — Ysar.ozm. + Yyu.- (45)
st po3B’sizanHs  nudepeHiianbHOTO piBHSHHS (4.4) 3aCTOCYEMO METOJ
Bapialii JAOBUIbHUX CTalMX, SKUHU TOJSra€ y HACTYNMHOMY. 3arajbHHil po3B’ 30K
piBHSIHHS (4.4) ITyKAEMO Y BUTJISII:

33



y=C)y(x) + C(x)y (x), (4.6)
ne C;(x), C,(x) —HeBimomi QyHKIIIT, 3amexHi Bif X, Y1 (X), ¥, (x) — miHIHO HE3aIeKHI
PO3B’SI3KK BIAMOBIAHOTO OJHOPITHOTO PIBHSHHSI.

s 3naxomkenns ¢yHkiin C;(x),C,(x) Tpeba 3amatu aBi ymoBu. Ilepima
ymoBa — ¢yukiii C; (x), C,(x) MoBUHHI 3310BOILHATH 3a1aHe piBHIHHSA (4.4). [Ipyry
YMOBY BHOEpEMO 3 HACTYIHHX MipKyBaHb. [IpoaudepeniiroemMo piBHIicTh (4.6):

y' = Ci)y(x) + C1(x0)y1(x) + C2(0)y2(x) + C2(x)y(x). (4.7)

Haxkmnagemo nHa dyskii C; (x), C, (x) Taky yMOBY, 1100 Bupa3 (4.7) 1 moxigHol
y' MaB BUTJISI, SIK 1y BUnajuky cramux Cj, C,, ToOTO

C1(0)y1(x) + G (x)y2(x) = 0. (4.8)
Toni

y' = C(0)y1(x) + C(x0)yz(x).

[IpoaudepeHiitoeMo OTpUMaHy PiBHICTH IIIE pa3:
y" =)y (x) + G ()y1 (%) + G ()yz (x) + Co(x)y7 (x).
[MixcraBumo y,y', y" y nudepennianbhe piBasuaHs (4.4):
C1()y1(x0) + CL(0)yy () + G (0)yz (x) + G (x)yz (%) +

+p(C1 ()1 () + C()y;3(0) + q(CL )y (x) + (D)2 (1)) = £ ().

[Ieperpymnyemo nomaHku:

C1(x) (y{’ (x) + py;1(x) + qy, (x)> +

=0

+C, (%) (yé’(x) +py () + 9y, (x)> + 1 (0)y1 () + Gy, (x) = f ().
=0
Bupasu y ayxkax JOPIBHIOIOTH HYIO, OCKUIBKH Y;(x),V,(Xx) — po3B’si3ku
BIIMOBIHOTO audepeHIiaibHOro piBHAHHA. OTXe, oJepKaHo IIe OJHY YMOBY IS
3HaxomkeHHs Gy C; (x), C,(x):
C1(0)y1(x) + Co(x)yz(x) = f(x). (4.9)
Takum guroM, ¢yukmis y = C;(x)y;(x) + C,(x)y,(x) Oyme po3B’s3KkOoM
nudepenmianbHoro piBHsHHA (4.4), axmo ¢yskiii C;(x), C,(x) 3a10BOJBHSIOTH
CUCTEMY PIBHSIHB:
{ C1(0)y1(x) + G (x)y2(x) = 0,
C1(0)y1(x) + G (x0)y,(x) = f(x).
O3navenns. Cucremy (4.10) HazuBarOTh cucmemoro Jlacparoica, a i BASHAUHUK
HE JIOPIBHIOE HYJIIO Y *KOIHIH TouMi X € [a; b].
IMpukaaa. 3iHTerpyBatu piBHIHHS METOJIOM Bapiallii JOBUIbHUX CTaINX:
y" —2y' + 2y = x2.
1) PosrasitneMo ogHopiaHe AudepeHIiaabHe piBHIHHS:
y"—=2y'+ 2y =0.
XapakTepUCTUIHE PIBHSIHHS Ma€ BUTIIS:
M=2l+2=0=>),=1ti=2a=18=1.
y1(x) =e*cosx,y,(x) =e*sinx
3aranpHU PO3B’ 30K OJHOPITHOTO PIBHSHHS OyJ1e MaTH BUTJISI:
y(x) = e*(C; cosx + C, sinx).
2) 3acTocyeMo MeTOJ Bapialii JoBUIbHUX cTaiuX. [lokmagemo, o
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y = C1(0)y1(x) + C(0)y,(x).
Jam tpeba po3B’sizatu cuctemy (4.10):
{ Ci(x)e*cosx + Cy(x)e*sinx = 0,
C{(x)(e* cosx — e*sinx) + C,(x)(e*sinx + e* cosx) = x2.
{ Ci(x)e*cosx + Cy(x)e*sinx = 0,
C{(x)e* cosx — C{(x)e*sinx + Cj(x)e*sinx + C,(x)e* cosx = x2.
, , _ , C,(x)sinx
Ci(x)e*cosx + Cy(x)e*sinx =0, =C{(x) = ——F"

C{(x)e*sinx — C;(x)e* cosx = —x2.

CoS X

3BIIKHU

C,(x)sinx
— 27 T eXsiny — Ch(x)e* cosx = —x2,
cos x

—C,(x)(sin? x + cos?x) = —x%e * cosx,
= C;(x) = x*e ¥ cos x,

=C, = fxze‘x cosx dx =

2 2
C{(x) = —x%e *sinx,

1. 1 1 1 o
= (——xz +—)e‘x Cosx — (——xz —x ——)e‘x sinx + C,.

2

=>Cl=—Jx e *sinxdx =

— ( 1 2 1) —-X ( 1 Z_I_l) X o1 _I_Z"V
= SX°—x—Z]e T cosx ZX° o )e  sinx + (.
=y = C(;(x)e*cosx + C,(x)e*sinx =

1 1

= e*(C; cosx + C; sinx) +Ex2 +x+ o

Teopema (npo cmpyxkmypy posze’ssky). Skmo ¢yukuis y*(x) € ogHum 3
po3B’si3KiB  mudepeHIiaaibHoro  piBHSHHS  (4.4), TO 3arajJibHUil  PO3B 30K
HEOJHOpiAHOTO AudEepeHIliaibHe PIBHAHHS JAPYTOro TMOPSAKY Ma€ BUTISAL Y =
Ciy1(x) + Coy,(x) + y*(x), ne yi(x),y,(x) — miHifiHO He3aJeKHI PO3B’SI3KU
BI/IMIOBITHOTO OJHOPITHOTO PiBHSHHSA (4.1).

Meton HeBU3HaueHMX KOEQIIIEHTIB TOJSITa€ Yy MiAOUpPaHHI BUTIISALY
YAaCTUHHOTO PO3B’SI3KY JIHIMHOTO HEOJHOPIAHOTO JAU(PEPEHINAIBHOTO PIBHSHHS
JAPYroro TOPSAIKY. BUrIsm YacTUHHOTO pO3B’A3KYy 3aJICKUTh BIJ KOPEHIB
XapaKTepUCTUIHOIO PIBHSIHHS BIJIITOBITHOTO JTIHIAHOTO OJIHOP1THOTO
nudepeHiadbHOr0 PIBHAHHS Ta BiJ MpPaBoi YAaCTUHU 33JaHOTO0 HEOJHOPIAHOIO
PIBHSIHHSL.

Po3riissHeMO HACTYITHI MpaBuJja Mi0MPaHHs YaCTHHHOTO PO3B’ 3Ky Y™ (X).

I. Hexait npaBa yactuna f (x) piBHsHHS (4.4) Ma€e BUTIIS

f(x) = Pp(x)e’,
ne P, (x) — MHOTOYJIEH CTEICHS M.
Pp(x) = pmx™ + P XM+ o+ pix + po, P # O,
i uncino k He € KOpeHEM XapaKTepUCTHYHOIO piBHAHHA A% + pA + g = 0, TO piBHAHHS
(4.4) Mae yaCTUHHUHN PO3B’SI30K BUTTISY:
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Y (x) = Qm(x)e",
ne Q,,(x) — MHOrOYJIEH CTEEHs M.
Koedimientn muHorowieHa Q,,(x) MoOXHa 3HAHTH METOJIOM HEBH3HAYCHHX
Koe(DiIieHTiB.
I1. Hexaii mpaBa yactuna f (x) piBHsHHs (4.4) Ma€ BUTIIA
f(x) = Pp(x)e’,
ne P, (x) — MHOTOYJIEH CTEICHS M.
Pp(x) = pmx™ + P XM H 4 o+ pix + po, P # O,
i uncino k € KopeHeM XapaKkTepUCTUYHOrO PiBHAHHA A2 + pA+q =0Ttak = A, # A,,
TO piBHSAHHSA (4.4) Ma€ YaCTUHHUN PO3B’SI30K BUTIISTY:
Y (x) = x - Q(x)e™,
Sgxmo k = Ay = A, (sunadox kpammuux xopenig), TO piBHAHHA (4.4) Mae
YaCTUHHUH PO3B’SI30K BUTJISY:
Y (x) = x? - Qp(x)e’™.
II1. Hexaii npaBa yactuna f(x) piBHAHHS (4.4) Mae BUTJIST
f(x) = e® (P (x) cos Bx + Qs(x) sin Bx),
e P,(x) 1 Qs(x) — MHOroOuJIeHH CTeleHs M Ta S BiamoBigHo. Ilapa KoMIIeKCHO-
CIIPSDKCHUX KOPEeHiB Ay ; = @ 1 iff He € KOPEHSIMH XapaKTepUCTHYHOTO PiBHAHHS A* +
pA + q = 0, To piBHsIHHS (4.4) Mae YACTUHHUI PO3B’SI30K BUTJISILY:
y*(x) = e**(G,,(x) cos fx + Hy(x) sin Bx),
ae G,,(x) 1 H;(x) — MHOTOYJICHHU CTEIICHIO, IKHi He IepeBuInye max(m, s).
IV. Hexait npaBa yactuna f (x) piBHAHHS (4.4) Ma€e BUIIISIT
f(x) = e® (P (x) cos Bx + Qs(x) sin Bx),
e P,(x) 1 Q,(x) — MHOrO4WIEeHH CTereHi m Ta S BiamoBigHo. [lapa KoMIIekcHO-
CIIPSUKEHUX KOPEeHIB Ay, = @ + i} € KOpeHAMH XapakTepPUCTHYHOIO PiBHSHHA A% +
pA + q = 0, To piBHsIHHS (4.4) Ma€ YACTUHHUI PO3B’SI30K BUTJISILY:
y*(x) = x - e*(G,,(x) cos fx + H,(x) sin Sx),
ne G,,(x) 1 H,(x) — MHOTOYJIEHHU CTEIIEHIO, IKHi He IepeBuInye max(m, s).
IIpukaaa. 3i1HTErpyBaTH PiBHSIHHSI METOJIOM HEBU3HAYEHHUX KOE(DIIIEHTIB:
y" —2y' + 2y = x2.
1) 3aranbHuii po3B’S30K OJHOPITHOTO PIBHAHHS OyJ€ MaTh BUTJS] (IMBHCH
nonepenHiil npukiaan, A, =1xi=>a =1, =1):
y(x) = e*(C, cosx + C, sinx).
2) 3acTocyeMO METOJ HEBU3HAUEHUX KoedilieHTIB. YaCTUHHUI PO3B’SI30K
HEOJHOPITHOTO PIBHSIHHS IIYKAETHCS Y BUTIISAIL:
y*(x) = Ax? + Bx + C,
00 IpaBa YAaCTHHA 3aJaHOTO PIBHAHHS X CHIBHAJac 3 3arajJbHMM BHITIAIOM MPaBOi
gacturn P,(x)e®™ mpu m=2 i k=0, mpudomy k=0 He € KopeHeM
XapaKTepUCTUYHOTO piBHAHHS. Toi
(y*(x))' = 2Ax + B,

n
(y (x)) = 2A.
[TincraBuMo 3HaiicH1 3HAYCHHS y 3a]1aHe TudepeHIiaabHe PIBHIHHS:

2A —2(2Ax + B) + 2(Ax? + Bx + C) = x?,
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2Ax% + (2B — 4A)x + (2A — 2B + 2C) = x2.

[IpupiBHIEMO KOE]IIIEHTH TPU OJAHAKOBUX CTETICHAX X'

1

24 =1, 2
2B—4A=0, =<{B=1,
24—2B+2C=0. | 1
2

OTxe, YaCTUHHUHN PO3B’SI30K HEOJHOPITHOTO AUPEPEHIIATBHOTO PIBHSIHHS Ma€

BUTI'JIAA:

*()—1 24 1xt 2
yx—zx x >

3aranbHUi  PO3B’SI30K  HEOJHOPIMHOTO JAUQPEPEHIATBHOIO PIBHSHHA Mae

BUTI'JIAA:

1 1
y(x) = e*(C, cosx + C, sinx) +§x2 + x +§'

IIuTaHHs AJ8 CAMOKOHTPOJIIO 10 TeMu 4

1.
2.
3.

N oo

Sxuii BUTTIS Ma€ JIiHIMHE OAHOPIHE PIBHSHHS JPYroro mopsaKy?

[{o po3ymieTbes mia GyHIAMEHTAIBHOK CUCTEMOIO PO3B’ SI3KIB?

Slke piBHSHHS Ha3UBAEThCS  XapakrepuctuyHuMm? Sk moOymayBaTu
XapaKTepUCTUYHE PIBHSHHS ISl OAHOPIAHOTO PIBHIHHS IPYroro MopsaKy?
Hagenith mpaBuiia Ay 3HaXOIKEHHS PO3B’SI3KIB OJHOPIAHOTO PIBHSIHHS
APYTOTo TMOPSAKY.

VY yomMy noJsisirae METOJT Bapiauli JOBUIbHUX CTaIuX?

CucremMa KOT0 BUTIISy HA3MBAKOTh CUCTEMOO Jlarpanxka?

. Y yomy mnojsrae MeToa HeBU3HaueHHUX KoediuieHTiB? IlosicHITH pi3HI

BUMAJKA METOJIy HEBU3HAUYCHUX KOC(IIIIEHTIB.

3aBaanud 10 TeMu 4

1.
2.
3.

3inTerpyBaru piBHsHHS Y — 18y’ + 81y = 0.
3inTerpyBaru piBHsHHSA V" + 9y’ — 736y = 0.
3inTerpyBartu piBusiHas ¥ + 20y’ + 181y = 0.
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5. Indepenuianbhi piBHSIHHSA BUIIAX NMOPSIAKIB

5.1. OCHOBHI OHATTS TA 03HAYCHHSA
Posrnsnemo 3Bu4aitne qudepeHiianbHe piBHSIHHS N-TO TOPSAKY
F(x, v,y ...,y(”)) = 0. (5.1)
O3nauenns. HaiiBumuii mopsaaok moxigHOi HEB1IOMOI PyHKIIIT, 1110 BXOAUTD Y
audepeHiiagbHe pIBHAHHSA, HA3UMBAIOTh NOPAOKOM 1OTO  JTU(EpeHIiaTbHOTO
PIBHSIHHS.
Osnavenns. fxmo piBHsSHHS (5.1) MOXHA PO3B’SA3aTH BIAHOCHO CTapIIioi
MOX1/THO1, TO PIBHSIHHS
y® = f(xy,y', .., y"V) (5.2)
Ha3UBAIOTb PIGHAHHAM Y HOPMATbHIU (hOPMI.
dymukiiio y = @(x), ka BU3Ha4YeHa 1 HemepepBHO audepeHIliiioBHa N pa3iB Ha
inTepBani (a; b), Ha3UBAIOTh P036 ‘sa3K0oM PIBHIHHA (5.2) Ha LBOMY IHTEpBai, SKIIO
st BCix x € (a; b) BOHA MEPETBOPIOE 1€ PIBHIHHS Y TOTOXHICTb.

5.2. 3apaya Kowi ajis1 nudpepeHniaJibHOr0 piBHAHHSA N-I0 MOPAAKY
Jns piBusiHHA (5.2) 3agada Komn (opMymtoeTbes Tak: cepel] yciX po3B’si3KiB
I[bOT'O PIBHSHHS 3HAWTH Takui po3B’ 130K y = y(x), SIKUii 33]J0BOJIbHSIE YMOBH:

_ sl Y . L (n-1 _ . (n-1)
y(x0) = Yo; ' (x0) = y0; ¥" (x0) = ¥0; ---»y( )(xo) = Yo ) (5.3)
n-1 : .
o€ X0, Vo, Yo e yo( ) _ sanani yKclla, SAKi Ha3WBAIOTh NOYAMKOBUMU OAHUMU
po3B’si3ky y = y(x). UncIO X, HA3UBAIOTh NOYAMKOBUM 3HAYEHHAM HE3aJIEIKHOI
. . . n—1 .
3MIHHOT X, CYKYITHICTb YHCEI X, V0, Vo, -+ » yo( ) _ nouamxosumu darumu DIGHSAHHSL

(5.2), a ymoBu (5.3) — nouamxosumu ymosamu.
J11s1 piBHSHHS APYTOTO TPSIKY
y'=fxyy) (5.4)
3amada Komrl mossirae y 3HaXOJKCHHI PO3B’s3Ky Y = y(x), SKUH 3aJ0BOJIBHSE
MOYaTKOBHUM yMOBaM
y(x0) = Y0, ¥'(%0) = ¥o. (5.5)
3 reomeTpruHOi TOYKH 30py 3amaua Ko (5.4), (5.5) nonsirae y 3HaxopKeHH1
TaKol IHTErpaJbHOT KPUBOI, SIKa MPOXOJIUTh Yepe3 TOUKy (Xq; Vo) 1 Mae y mid TouIli
3aj[aHuil HATIPSAM TOTUYHOI Y, TOOTO tg ay = V.
O3nauenns. Oyukiis f(x,y) 3a 3MIHHOIO Y 3a10BOJIbHSE ymosy Jlinuuysi,
SKIIO
IF (e, y D) = f(x,y@)| < LIy® —y@)|, v(x;yP) €D, (x;y?) €D.
Tyr L > 0 — naiiMeHIIa KOHCTAaHTa, IO 3aJOBOJIBHSE IO YMOBY 1 HA3MBAa€TbCSA
KoHcmanmoro Jlinwuysi.
Teopema (npo icnysanns ma eounicmv po3s’asky sadaui Kowi piensnns,
po38’a3an020 8i0HOCHO noxionoi). Hexail y neskoMy 3aMKHEHOMY OKOJ1 TOYKH

(xo; Y0: Y0 Vo - yo(n_l)) byHKITISA f(x, v,y ...,y("'l)) 3aJI0BOJIbHSE YMOBAM:
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1. byskmis  f (x, Yy, . y(n_l)) BHU3HAUEHA 1 HEMEpEepBHA IO BCIM
3MIHHUM;
2. dyHkis f (x, Y,y e y(n_l)) JIMIIXLEBA IO BCIM 3MiHHUM, TOYNHAIOYU
3 ApYToi:
1 _1 ! _1
|f (x'leylf "'Jy1(n )) - f (X'YZ')’Z' "'JYZ(n ))| =

<L (Iys =yl + Ik =4l + o [0 = 370,

Tomi, mpu xy — h < x < x¢ + h, e — 1e h — 1ocUTh Maja BEJIMYMUHA, ICHYE 1 €TUHUM
po3B’s130k Yy = y(x) piBHsHHs (5.2), 1110 33710BOJIBHsIE TTOYaTKOBUM YMoBaM (5.3).
Teopema (npo icnysanns ma eounicme po3e’s3ky 3adaui Kowii piensnus, ne

P038’13aH020 8I0HOCHO noxionoi). Hexall y HesIKOMy 3aMKHEHOMY OKOJII TOYKH

(xo 505 V0 Vo5 o) yo(n_l) ; yo(n)) bynxuis F(x,y,y, ..., y(n)) 3aJJ0BOJIBHSIE YMOBAM:

1. bynkuis F (x, 2 AT y(n)) BU3HAYECHA 1 HETIEPEPBHA IO BCIM 3MIHHUM;
2. YaCTHUHHI MOX1JIH1 QyHKIT F (x, Y,V s y(")) 10 BCIM 3MIHHUM 3 IPYTOi
710 TIEPEI0CTaHHBOI OOMEKEHI:

oF doF oF

E < M,, 6_y’ <M, .., —ay("‘l) <M,_;.
3. YacTUHHA MOX1HA MO0 OCTaHH1M 3MIHHIN HE 00epTaEThCs HA HYJIb

JoF
2y * 0.

Tomi, mpu xy — h < x < x¢ + h, 1e — ne h — 1ocUTh Maja BEJIMYHUHA, ICHYE 1 €TUHUMA
po3B’s130K ¥y = y(x) piBHaHHA (5.1), 110 33J0BOJIBHSE IOYATKOBHM YMOBAM:

Y(x0) = Y03 V' (o) = ¥5; 7" () = Y5 s YV (x0) = y Vs y® () = y{P.

IMpukaaa. 3uaiiti po3s’s30k 3agayi Komi y” +y = 0,y(0) = 1,y'(0) = 0.
3anaHe piBHSAHHS Ma€ PO3B’A3KU:
y = (;cosx + C, sinx.
3Biacu
y' = —C; sinx + C, cos x.

3HaliaeMo JoBLIbHI cTal C; 1a Cy:

{C1-1+C2-0=1, =>'{C1=1,

—C;-0+C,-1=0. C, =0.
OT1xe, nIyKaHuil po3B’sI30K
Y = COS X.

5.3. Kinacudikanisi po3B’si3kiB

OsnaveHnsi. 3acanvHum posse’sizkom piBHAHHS (5.2) Ha3MBaOTh CIM IO
PO3B’SI3KiB LILOTO PIBHSHHS, 3aJIEKHY B1Jl N TOBUIBHUX CTAJIUX:

y = (p(x' C1; CZI R Cn):

ne QyHKIIs ¢ BU3HAUYEHA Y JIesKii oomacti 3MiHHuX X, Cy, C5, ..., C,,, IKa Ma€ YaCTUHHI
MOX1/THI M0 X JI0 TMOPSIAKY 1 BKJIFOYHO.

3aysarrcenna. 3aranbHUl po3B’sI30K AU(GEPEHIIATBHOTO PIBHSHHS MEPIIOro
MOPSIIKY 3HAXOJUTHCS 3a JOTIOMOTOI0 Olepallii IHTerpyBaHHS Ta MICTUTh OJHY
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JOBUIbHY CTaly. Y 3arajlbHOMY BHUMAJKy PO3B’S30K JU(DEpeHI1aTbHOTO PIBHSIHHS N-
IO MOPAJKY 3HaXOJUTHCS Y PE3yNbTaTi N MOCTIAOBHUX 1HTETPYBaHb, TOMY 3arajibHHii
PO3B’SI30K PIBHSAHHS (5.2) MICTUTh N JOBUJIBHUX CTaJIHX.

3 reoMeTpHYHOI TOYKH 30py Ha IIonmHi (X;y) MaeMo CiM’I0 iHTEerpajgbHHUX
KpUBHUX, 3aJIexkHy Bin n mapamerpiB Cy, Cy, ..., Cp,, TpudoMy pIBHSHHS IIi€l ciM’i
pO3B’si3aHE BITHOCHO .

VY OaratboxX BHIIaJKax, IHTErpyIO4H PiBHSAHHS (5.2), pO3B’SI30K OTPUMYETHCS Y
HESIBHOMY BHIJISA/II (HE PO3B’SI3aHOMY BiJIHOCHO Y):

d(x,y,Cq,Cy, ..., Cy) = 0. (5.6)

O3naveHHsl. 3aragbHUN Po3B’s30K piBHAHHS (5.2) y HessBHOMY BUTISIAL (6)
HA3UBAETHCS 3d2AIbHUM [HME2PaioM IbOTO PIBHAHHA.

VY neskux BUMAJAKaX 3HAXOKEHHS 3aralbHOT0 PO3B’sI3KY PiBHAHHSA (5.2) B IBHIN
abo HesBHIN (Gopmi peaCTaBisie BEIUKI TPYIHOIIL. Y TaKUX BUIMAIKAX, IHTETPYIOUU
audepeHiiagbHe piBHAHHA (5.2), HIyKalOTh CIMEHCTBO 1HTETpaIbHUX KPUBHUX, SIKE
3QJIEXKUTH BIJI N TOBUIbHUX cTauX Cy, Cy, ..., €, y TapaMeTPUYHOMY BUTJISII

{X = (p(p' Cl! CZI R Cn);
y = l/J(p, Cl! CZI R Cn)

Osnavenns. CiM’10 1HTErpanbHUX KpuBUX (5.7) HaA3UBAIOTh 3a2aTbHUM
PO38 ’3KOM y napamempuyHiu oopmi.

O3znaueHHst. Po3B’s130k y = y(x) piBusiHHS (5.2) HA3UBAIOT YACMUHHUM, SKIIO
y KOXKHIM HOTO TOuYIll 30epiraerbcs €AUHICTh po3B’si3Ky 3anadi Ko, ToOTO uepes
KOXHY TOYKY (xo ; y(xo)) IHTerpajabHOi KpuBOi y = Y(X) HE NPOXOAWUTH IHIIHMHA
pO3B’s130K ¥ = Y, (), skuii OU 3aI0BOJIBHSIB TIOYATKOBI YMOBH:

¥1(x0) = ¥(x); ¥ (%) = ¥' (xo)i ¥4 (x0) = ¥" ()i i vy P (%0) = YD (xo).

KoxHuil po3B’s30K, IKMH MOKHA OEpKATH 3 (DOPMYIIH 3arajibHOTO PO3B’SI3KY
Ui TIEBHUX JomycTUMUX uucioBux crtamux Cy,C,,...,C,, Oylne, OYEBHUIHO,
YaCTUHHUM.

O3HaveHHss. PO3B’430K, y KOXHIM TOYLl SIKOTO MOPYUIYETHCS €IUHICTD
pOo3B’s13Ky 3anadi Ko, Ha3uBarOTh 0coOIUBUM.

(5.7)

IInTaHHsA 1JIs1 CAMOKOHTPOJIIO 10 TeMH 5

1. Slke piBHSIHHS HA3WBAIOTh PIBHSIHHAM y HOpMaJIbHIN (opmi?

2. SIx BU3HAYAETHCS MOPSIOK AUPEPEHINIATBHOTO PIBHSIHHS N-TO MOPSIAKY?

3. lo Bu posymiere mig po3B’si3koM u(EpEeHIIAIbHOTO PIBHSIHHS N-TO

nopsiaKy?

Cdopmymroiite 3anauy Ko ansa qudepeniiiaabHe piBHSIHHS 1-TO TOPSJIKY.

5. llo Ha3WBalOTh TMOYATKOBUMH JAaHWUMH pPIBHSHHS, a IO TOYATKOBUMHU
ymoBamu 3ajaui Ko nist audepenifianbie piBHIHHS N-ro NOPSIKY?

6. Chopmymtoiite ymoBy Jlinmmmus.

CdopmyroiiTe TeOpemMy Mpo ICHYBaHHS Ta €IMHICTH PO3B’ 53Ky 3aaa4i Korri

PIBHSIHHS, PO3B’SI3aHOTO BITHOCHO MOX1/THOI.

8. CdopmymroiiTe TeopeMy Mpo ICHYBaHHS Ta €IUHICTh po3B’sA3Ky 3a1adi Kol
PIBHSIHHSI, HE PO3B’3aHOT0 BITHOCHO MOX1/IHO.

B

=~

40



9. Hapaiite xmacudikaiiro po3B’si3KiB JU(EPEHIIAIbBHOTO PIBHSIHHSA N-TO
MOPSATIKY.

10.5Iky ¢yHKIII0O HA3WBaIOTh 3arajbHUM IHTErpajoM IU(EepeHIIaTEHOTO
PIBHSIHHS 1-TO TTOPSAKY ?

11.5Ixy ciM’10 1HTErpaJbHUX KPHBUX HA3UBAIOTh 3arajlbHUM PO3B’SI3KOM Y
napaMmeTpuyHii Gopmi?

3aBIaHHA 10 TEMH 5

3Haiitu po3B’s30k 3aaa4i Komi y” + 2y = 0,y(0) = 2,y'(0) = —1.
3Haittu po3B’s30k 3amadi Komi y” +y = 0,y(0) = 3,y'(0) = 1.

3Haiitu po3B’sa30k 3amadi Komi y” — 7y’ + 12y = 0,y(0) = 4,y'(0) = 1.
3HaiiT po3B’s130k 3aga4ui Komri y” — 4y’ + 4y = 0,y(0) = 0,y'(0) = 2.
3Haittu po3B’s30k 3amadi Komi y” + 16y = 0,y(0) = 5,y'(0) = 3.

AN
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6. IndepenuianbHi piBHIHHS BUIIUX MOPSAKIB, AKI 10MyCKAIOTH 3HUKEHHS
NMOPAIKY

6.1. PiBHSIHHSA, fIKe MiCTUTH TiJIbKM He3aJIeXKHY 3MiHHY i MOXiIHY MOPSAAKY
n

PosrnssHeMo cmouyatky piBHSHHS, SIKE€ MICTUTh TUIBKHM HE3aJCKHY 3MIHHY 1
MOX1IHY MOPSAIKY 1, TOOTO PIBHSHHS BUTJISTY:

F(x,y™) =0. (6.1)
1 Bunazox. Pismsians (6.1) MoxxHa po3B’si3atu BigrocHo y ™. Toxi
y™ = f(). (6.2)

ne ¢yukuis f(x) wnenepepBHa B inTtepBam (a;b). Tomy, BoHa MOXxe OyTH
npoiHTerpoBaHa y kBaapaTypax. ChopaBi, 1HTETpYyIOUHM OOWJIBI YaCTUHU IIHOTO
PIBHSIHHSI, MA€EMO

y@m-1) = Jf(x)dx + C,
y(n—Z) - j (j f(x)dx) dx + C;x + C,,
y@=3) = J (J (j f(x)dx> dx) dx + %xz + Cox + G,

y=jj ff(x)dx )dx)dx+(n€1)' X"+

n

x"2 4+ Cpogx + Cp, (6.3)

Ca
+ —_—
(n—2)!
ne Cy,C,,...,C, — moBinbHI cTami. @opmyna (6.3) BU3HAYa€ 3araJbHUN PO3B’SI30K
piBusiHHs (6.2).

2 punanok. PiBasHHS (6.1) HE MOXKHA PO3B’SA3aTH Yepe3 eeMEeHTapH1 (QyHKIII1
BinHocHo y™ a6o Bupas mnst y™ € Hagro cxinagmum. IlpumycTumo, mo y mboMy
BUIAJIKY ICHYIOTh TaKl ()yHKIIII:

x=0), y™ =), (6.4)
ne t — IesIKuii mapameTp, Takui mo F ((p(t), 1/J(t)) = 0.
Bupasumo y uepes napametp t. OCKiIbKu
dy®™V = yWdx = ()¢’ (t)dt,
TO

y(n_l) = J‘(l}(t)(p,(t)dt + Cl == lpl(t; Cl)
Jamni, BpaxoBy0ouH, H10
dy™=2 = y(=Dax =, (t, C)e' (t)dt,
3HAXO0UMO, 10
y" = f Y1t Q' (D)L + C, = 58, Cy, C).

Jlai, MipKyrO4H aHaJIOT19HO, 3MOKEMO 3HAUTH
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Y =Yn(t, Gy, Gy, e, C).
Otxe, 3aranbHMil po3B’sA30K  nudepeHmianbHoro piBHsAHHSA (6.1) y
napaMeTpuuHii (opMi MOXKHA 3aMUCATH Y BUTIISIL
X = (P(t), y = l/Jn(t, Cl» CZ' "'» Cn)
Cutij BiI3HAYNTH, 110 JOCUTH JIeTKo 3Haitu GyHkitii @(t) i Y(t) 3 (6.4) y Tomy
BUIAJKYy, KO piBHAHHA (6.1) MOXXKHa pO3B’SA3aTH BIAHOCHO HE3AJIEKHOI 3MIHHOI,
TOOTO SIKIIO

X = <p(y(")).
V upoMy BHIaKy 3aMmicth Y™ MOKHA B3STH JOBLIbHY HelepepBHY (GYHKIIIO

Y(t) iTomi x = go(v,b(t)). 3oxpema, skimo Y(t) = t, To x = @(t), y™ =t.

6.2. PiBHsIHHA, SIKe He MiCTUTh HIYKAHOI QYHKUII Ta KiJIbKOX MOCJII0BHUX
MOXiTHNX
Posrisinemo nudepeniianbae piBHAHHS N-TO MOPSIIKY
F(x,y(k),y(k“), ...,y(")) =0, (6.5)
e 1 <k <n. VYV upomy BUNAAKY MOPAIOK piBHSIHHS (6.5) MOXHA TMOHHM3UTH 0O
nopsaaky (n — k), BBiBIIM HOBY HeBimomy ¢yHKIi0 Zz = z(x) 3a popmytoro:
y® =g, (6.6)
TO1
yUHD) = g1y (kt2) = g ) = (k)
3 (6.5) 1 (6.6) BummBae, mo GyHKIsA z = z(X) € pO3B’A3KOM PiBHIHHI:
F(x, z,z',z", ...,Z(”_k)) =0, (6.7)
Ile piBHsHHSA (n — k)-TO MOpsAKY. 3BUYAHO, HE TapaHTOBAHO, IO PIBHIHHS
(6.7) MoxxHa 3IHTErpyBaTH Y CKIHYCHHOMY BHTJIAII, ajie HOro MopsAaoK Ha k MeHIIMi
3a mopsAnok piBHAHHA (6.5). Takum ymHOM, 3a AomoOMOTOr0 3aMiHM (6.6) Bmamocs
3HU3UTHU TOPAIOK PIBHSHHS.
Sxmio z = w(x, Cy, Cy, ..., C,,_) — 3arajgbHAN PO3B’A30K a00
d(x,2,C,,Cy, ..., Ch_i,) =0
3araibHUAN iHTEerpat piBHAHHS (6.7), TO 11 3HAXOHKEHHS (PYHKIIIT Y OJepKEMO
nudepeHIiiagbHe pIBHIHHA K-TO TOPSIKY:
y® = w(x,Cy,Cypp ey C),
abo
®(x,y®,Cy, Cyy .., Cy) = 0.
[{e piBHSHHS THUITY, SIKE MICTUTbh TUIbKU HE3QJICKHY 3MIHHY 1 MOXIIHY MOPSAKY
n. [aTerpyroun 11e piBHSIHHA OTPUMAEMO 3arajbHUN PO3B’I30K:
y = @(x,Cy,Cy, ..., Cp).
IMpukaan. 3iHTerpyBaT piBHIHHS:
xy"l — y” _ xy”.
3pobumo 3aminy y" = z.
xz' = z(1—x).
Le piBHSHHS 3 BIJOKPEMIIIOBAHUMHU 3MIHHUMU.
dz 1-—x

E:

dx = In|z| = In|x| — x + In|C| =
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>z=Cxe*=>y"=Cxe* =

, _ u=x,dv =e *dx
y =lexe xdx-l_CZ:”du:dxv:—e‘x

= (; (—xe‘x + J e‘xdx) +C,=Ci(—xe™*—e™)+(, =
= _Clxe_x - Cle_x + Cz,
y = —lexe‘xdx — Clje‘xdx + Czjdx + C3 =

=—Ci(—xe™* —e™)+Cie™*+Cx+C3 =
=Cixe *+Cie*+Cile™*+Cx+C3 =
=C;(x+2)e™* + C,x + Cs.

Sxmo z=0, To y" =0, T00T0 y = C4x + C;. KoxHa 3 nux ¢yHKIiA €
YaCTUHHMM PO3B’SI3KOM 3a7aHoro piBHAHHA. PyHKmis x = 0 He € po3B’SI3KOM
PIBHSIHHS.

Bignosige: y = C;(x + 2)e™ + C,x + Cs.

6.3. PiBHSIHHA, sIKe He MICTUTDH He3aJ1e:KHOI 3MiHHOI
Po3zriasineMo piBHSHHS

F(y,y’,y", ...,y(")) = 0. (6.8)
[Topsimok Takoro PiBHAHHSA MOKHA IOHU3UTH HA OJUHUIIIO IT1CTAHOBKOIO:
y' =z().

3aysarcenna. DakTUUHO pOOUTHCS MOJIBIIHA 3aM1HA: BBOJUTHCA HOBA (PYyHKIIIA
1 HOBa He3aJie)KHa 3MIHHA.
3naiinemo y”, ..., y™:
, dy' dz dz dy dz
Y T dx T dx  dy dx  dy
. dy" o d (dz ) d (dz ) dy

z=2z"z;

T dx  dx d_y.z =@ @.Z.dx_
_ d?z +(dz>2 dy_( " +( ,)2)
= e z & Iy z"z+ (z Z,

y™ = a)(z,z’,z”, ...,z("‘l)).

OTmxe, s 3HaxoKeHHsT yHKIT Z(y) oTpuMaeMo audepeHiiaabHe piBHAHHS
(n — 1)-ro mopsiaky:

F (y, z,2',2' - z,(z2"z+ (2')?) - z, ...,w(z,z’,z”, ...,z(”‘l))) = 0. (6.9)

SIKIIO BIACTHCS 3HAWTH 3arajbHUMN PO3B’SI30K piBHAHHS (6.9)

z=¢,C;,Cy) e, Cpg),

TO 3arajlbHUW 1HTErpan piBHAHHS (8) 3MOXKEMO 3HAWTH, 3IHTETPYBABIIM PIBHSHHA
B1JIOKPEMJTIOBAHUMU 3MIHHUMU

y, - (p(y, Cl' Cz, . Cn—l):
a caM¢€
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| & +C
=X .
Py, C1, Gz onn, Crog) "

6.4. PiBHsIHHSI, OTHOPi/THE BIAHOCHO IIYKaHOI (yHKUII Ta Ii mOXiqHUX
Osnavenns. /udepenuianbue piBHAHHS
F(x, v, y,y", ...,y(")) =0 (6.10)
HA3UBAIOTh 0OHOPIOHUM BITHOCHO IIyKaHOI (YHKINT Ta 11 MOXiTHUX, SIKIIO HOro JiBa
JacTUHA JJIs1 JOBUTHHOTO t # 0 3aI0BOJIBHSIE YMOBY:
F(x,ty, ty' ty", ..ty™) = t"F(x,y,9,y", ., y™), (6.11)
I YUCJIO M — 1€ BUMIP OJHOPIAHOCTI QyHKIT F.
BBenemo HOBY HeBimoMy QyHKIIIO Z(X), TOKIaBIIN
;

y
zZ ==
y
Toni, mopsimok piBHsHHS (6.10) MOkHA 3HU3UTH HA OMUHUIIO. OCKITBEKH
y' =z,

y'=y'z+yz' =yz-z+yz =y(z?+7Z2'),
y" =v'"(z>+2z") +yQzz' +2z") =
=vyz(z? +2z')+yQ2zz' +z") = yz3 + yzz' + 2yzz' + yz" =
= y(z" + 3zz' + z3),

— ! " n-—1
y™ =y 1,[1(z,z z", .., 2¢ )),
TO MIACTABJISIIOYH 111 Bupasu B (6.10), oTpuMaeMo CIiBBITHOIICHHS:

F (x, v,z,y(z%+2"),y(z" + 3zz' + z3), ...,y t,l)(z,z’,z”, ...,z("‘l))) =0,
ake, BpaxoBytouu (6.11), MoxkHa 3anucaTH y BUTITISIAL:
ym-F (x, 1,2z,z2+2',2" +3zz" + 23, ...,1,b(z,z’,z”, ...,Z(n_l))) =0. (6.12)
SIK110 3MOKEMO 3HAWTH 3aralIbHUN pO3B 30K piBHAHHA (6.12) y BUTIIS I
z=@(x,C,Cy ..., Ch_q),
TO, 3aMIHIOIOYH Z Ha %, OTPUMAEMO

!

y
; == QD(X, Cll Cz, ey Cn—l)-
3BiJicK 3HAXOIMMO 3araJibHUi po3B’si30K piBHsHHS (6.10):
In|y| = J p(x,Cy, Cy, ..., Ch_q)dx + 1In|Cy|,

y — Cnef (p(x,Cl,Cz,...,Cn_l)dx.

IIuTaHHs 1J8 CAMOKOHTPOJIIO 10 TeMH 6

1. Sk iHTEerpyeThCs PIBHAHHS, SIKE MICTUTh TUIbKH HE3aJI€KHY 3MIHHY 1 TOX1IHY
nopsaKy n?

2. SIx 1HTErpyeThCcsl pIBHSHHS, SIKE HE MICTHTh LIYKAaHOT (PYHKIIT Ta KUIbKOX
IIOCJIIIOBHUX MOXIIHUX?

3. Sk iIHTerpy€eThCs PIBHAHHS, SIKE€ HE MICTUTh HE3AJIEKHOI 3MIHHOI?
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4, Sk 1HTErpyeThCs PIBHSHHS, OJHOPIAHE BIJHOCHO ITyKaHOi (yHKINI Ta ii
MOX1THUX ?

3aBnaHHs 10 TeMu 6

3inTerpysaru pimstas y 4 = cos 5x.

3interpysaru pisasuuas (y")3 + 3y” —x = 0.

3inTerpysaru piusHEsA y &) — %y(‘*) = 0.

3inTerpysaru pisusuag yy” — (y')? = 0.

3HaliTn po3B’a30K 3amaui Komi s mudepenuiansioro pisasuaus y"y3 +
1 = 0 3 mouatkoBumu ymoBamu y(1) = —1,y'(1) = —1.

6. 3inTerpysaru piBHsaHHA YY" — (y')? = 6xy2.

Ok WONE
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7. Jlinivini nudepenniajibHi piBHAHHS N-TO NOPSIAKY

7.1. BnacTuBocTi JIiHIl{HMX OJHOPiTHUX PiBHSIHb
OsnaveHHs. Jlinitinum oughepenyiatbHuM pisHAHHSA N-20 TIOPSAKY HA3UBAIOTh
PIBHSIHHS BUTIISALY:
Y+ a; )y + a,()y®D 4+ a0y +a,()y = f(x),  (7.1)
e a;(x),a,(x),...,a,_1(x),a,(x), f(x) — 3amani # HemepepBHi Ha BiAPi3Ky [a; b]
(hyHKITI.
Osnavennst. Skmo f(x) =0, to piBHAHHS (7.1) HA3UBAETHCS JAiHILIHUM
0OHOPIOHUM 1 MA€ BUTJIS;
YW 4+ a; )y + a,()y ™D 4@y ()Y +a,()y =0, (7.2)
Osnavennst. Skmo f(x) # 0, to piBHAHHS (7.1) HA3UBAETHCS JAiHILIHUM
HEOOHOPIOHUM.
[To3HauuMo 7niBy yacTuHY piBHSHHSA (/.1) yepe3 NiHIAHUNA AUdepeHIiaTbHII

oneparop L n-ro nopsaxy: )
n n-—

d
L[] = At + (11(X)W + -t an—1(x)a + a, (%),

TOMI
Liyl =y™ + a;()y™ ™ + a,()y™ 2 + -+ a1 )y + an(0)y.  (7.3)
Hudepenuianbae piBHAHHA (7.1) MOXKHA 3amUcaTH B ONEPATOPHOMY BUTJISAIL:
LIyl = f(x). (7.4)

Teopema. JliHifiHICT 1 OJHOPIAHICTh 30€pIralOTbCS TMPH  JIOBUILHOMY
IIEPETBOPEHHI HE3aJIeKHOI 3MIHHOT X = @ (t).

Teopema. JliHiliHICTP 1 OJHOPIAHICTH 30€pIralOTbCsl MPU  JTOBUIBHOMY
nepeTBOpEHHI HeBiToMOT PyHKIT Y = a(x)z.

Teopema. fxio y = y; (x) € po3B’I3KOM OTHOPIAHOTO JTIHIHHOTO PiBHSIHHS, TO
iy = Cy;(x), ne C — noBiIbHA CTala, TEXK Oy PO3B’SI3KOM OTHOPITHOTO JIIHIHHOTO
PIBHSIHHSL.

Teopema. fxmo y,(x) i y,(x) € po3B’sa3KkamMM OJHOPIAHOTO JTiHIHHOTO
piBHsHHS, TO 1 ¥ = y;(x) + y,(x) Tex Oyae po3B’sS3KOM OJHOPITHOTO JIHIHHOTO
PIBHSIHHSL.

Teopema. Sxiio y; (x),y,(x), ..., ¥, (x) — pO3B’I3KH OIHOPIAHOTO JiHIHHOTO

PIBHSIHHSI, TO 1
n
y = z Ciyi(x),
i=1

ne C; — MOBUIbHI CTalll, TAaKOX Oyje po3B’I3KOM OJTHOPIAHOTO JIIHIHHOTO PIBHSHHS.

Teopema. Skiio KoMIutekcHa GyHKIIiS fAificHOrO aprymMenty y = u(x) + iv(x)
€ PO3B’SI3KOM OIHOPITHOIO JiHIMHOTO PiBHSAHHS, TO OKPEMO milicHa yacthuHa U(X) i
ysiBHA yacTrHa v(Xx) OyayTh TAKOK PO3B’sI3KaMHM 1[bOTO PIBHSIHHI.

7.2. JIiHiiiHO 3aJ1eHi Ta JIHIHO He3aJ1exHi cucTeMu PyHKIii
Osnavenns. CucrteMy QyHKIIN
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Y1 (%), y2 (%), oovs yn (%) (7.5)
HA3UBAIOTh JIHIUHO 3anedXcHol0 Ha Biapi3Ky [a;b], sAkmo icHye HaOip umcen

aq, Ay, ..., Ay, TAKAN 1O
lay| + |ag| + -+ |a,| # 0

a1y1(x) + azy, (%) + -+ apyn(x) = 0, Vx € [a; b]. (7.6)
O3HaveHHs. SKIIIO0 TOTOXHICTH (6) CIpaBeIIMBa JTUIIIE KOJIN
a,+a,+-+a, =0, Vx € [a;b],
to QyHKIIT y; (X)), Y2 (%), ..., Y, (X) HA3UBAKOTHCS JIHIUHO HE3ANEHCHUMUL.
Teopema (reobxiona ymosea ninitinoi 3anexcnocmi n gyukyii). SIkmo GyHKIii
y1 (%), y,(x), ..., ¥, (x) — mimiiiHO 3ajexHi Ha Bigpi3Ky [a;b], TO BHU3HAYHHK

Bponcekoro Wy, ¥,, ..., Y] (x) (a00 BpoHCKiaH) TOTOXHO JOPIBHIOE HYJIIO TIPU BCIX
€ [a; b]:

y1 (%) y2(0) oy (X)
y1(x) ya(x) o y’(X)
WDy v @) = | 71 S X
T L TR LS
Teopema (docmammus ymosa ninilinoi He3anexcHocmi po3e’sa3Kig). SIKIo
po3B’sizku Y4 (x), ¥, (x), ..., ¥ (x) omHOpimHOTO JIHIKHOTO PpIBHSHHS — JIHIAHO

He3anekHi (yHKII, To BU3HAYHUK Bponcekoro W(y;,v,, ..., yn](x) He mopiBHioe
HYJIIO Y JKO/IHIM TouIi X € [a; b].
Teopema. 3araibHUM PO3B’SA3KOM JIHIHHOTO OAHOpPiAHOTO pPiBHSAHHA (7.2) €
JiHIMHA KOMOIHAIIS N JIHIAHO He3aJIe)KHUX PO3B’SI3KIB
n

y = Z Ciyi(x).

7.3. @opmyaa Ocrporpaacskoro-JliyBliis
OCKIJIbKH MaKCHMaJIbHE YHCII0 HE3AIEKHUX PO3B’S3KIiB JOPIBHIOE N, TO CHCTEMA
Y1 (%), y2(x), ., yu(x),y(x) Oyme 3ajgexkHO0 1 BH3HAYHMK  BpPOHCHKOTO

W[Yp Vo5 e Yo }/] = 0, T06TO

y1(x) y2(0) o () y
y1(x) v2(x) o () Y’
: : © o =o. 7.7
n U@ @ “”@)ﬂ“” 7
@ n@ eyl y®

CrhpaBpi, SKIIO MIiACTaBUTH Y 3aMICTh y onHy 3 GYHKIIA Vi, Vs, ..., Yy, TO
0JICP>KMMO BU3HAYHHMK, IKMI Ma€ JIBa OJTHAKOBI CTOBIIIII i TOMY TOTOKHO PIBHHH HYITIO.
Posknagaroun BuszHaunuk (7.7) 3a eJIE€MEHTaMH OCTaHHBOTO CTOBIILIS,

OTPUMAEMO:
y1(x) y2(x) Yn(X) }’1(x) }’2(35) yngx)
ylgx) yZE(X) .'Vns(x) y _ - 2)(x) e 2)(x) y,(,”"z |y
W@ 3@ e T 1">(x) v M)
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i)y e v i) () - ()
+(=1)m1 SZHCO RN G CO NI (1€ Y+ (1) + SZUCORNS C{CO NI €Y
RGNS O N €) e @ - e

Posminmumo piBHsHHSA (7.8) Ha Bu3HauYHUK BpoHchkoro W[y, ys, ..., ¥n](X),
OTpUMAEMO PiBHAHHSA (7.2), 1€ KOeDIIEHTH JOPIBHIOIOTD:

vy =0.(7.8)

A6 W () W
al(X)_W, az(x)—m,---, a,(x) =(-1) TIOR (7.9)
d
aw[}’p}’z' JYn](x) =
y1(x) y2(x) o yp(x) vy, (x) y,(x) o oy (x)
y1(x) SZICO RS (1C9) yi (%) vi(x) o oy
e S S ot R C A COTN C1CO BRI A CONN
i )y ) ey, () : : :
W@ W E e W@l T w7 ® e
= =0
OO O O
i %@ e @ AC A I 1 ¢9
+ : : : — : : : _
Y y P -y P P WP - v P )
e vy e v P A €O N €3 AL ¢
#0; =W (x)

VYci BU3HAUHMKHU, KPIM OCTaHHBOTO JOPIBHIOIOTH HYJIIO (BOHM MAaloTh JBa
OJIHAKOBI PSAJIKH), & TOMY
dW (x)
dx

Bpaxosyroun, mo a, (x) = _MV/VE:)O

dW (x)
= - () W),

= W, (x).

= W, (x) = —a,(x)W (x), orpumaemo:

PO3LITMUMO 3MIHHI:

dW (x)
e = —a,(x)dx = In|W(x)| = —jal(x)dx —In|C| =
W(x) = Ce~Ja®ax, (7.10)
Os3nauenns. ®opmyna (7.10) HazuBaeTbes gopmynoo Ocmpozcpadcvkozo-

Jiysinna.

7.4. Jliniiini omHopinHi audepeHmiajbHi PIBHAHHA N-T0 NOPSAKY 3i
CTAJIUMH KoedilieHTaMu

Posrnsaemo miHiitHe AudepeHiiiaibHe PIBHSIHHS N-TO MOPSAKY:

y® 4+ g,y D 4 q,9y®D 4.y q 1y +a,y=0, (7.11)

ne koediiieHtu a4, as,, ..., A, — AMUCHI YUCa.

JI71s 3HAXOKEHHSI 3aralbHOTO PO3B’ 3Ky audepeHiiiansHoro piHsIHHS (7.11)
noTpiOHO 3HaTM xouya O oxHY (QyHAAMEHTalIbHY CHUCTEMY  pO3B’S3KIB
y1(x), y2(x), ..., ¥ (x) 11bOTO PiBHIHHS.
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3araJibHUM PO3B’SI3KOM JIIHIHHOTO OAHOPIAHOTO piBHSHHSA (7.11) €:
y(x) = Ciy1 (%) + CGyp (x) + -+ Cuyn (%).
3rigHo Memody Eiinepa, 4acTUHHUMN pO3B’ 30K Oy/1eMO IIyKaTH Y BUTIISIL:
y(x) = e, (7.12)
ne A — Jeske, TOKM IO HEBU3HA4YeHEe, 4YuciIo (IiiicHe abo KOMILIEKCHE).
[IpoaudepeHniiroBaBIIy, 0P KUMO:
yr — Aelx,y" — Azelx’ m’y(n—l) — An—le/lx’y(n) — Ane/lx.
igcrasusmm y', y", ..., y™ y mudepenmiansre piBusaus (7.11), otpumaemo
e + g A e + ..t aq,_deM +a et =

CKOPOTHUBIIHN Ha e, 07IepKIMO XapaKTEePUCTHIHE PiBHSIHHS:

M+t +-+a, A+a,=0. (7.13)

Osnavenns. PiBasuans (7.13) HA3UBAETHCS XapakmepucmuyHuM piGHAHHAM, a
HOTO KOPEHI — XapaKkmepucmuyHuMY Yuciamuy JIHIHHOTO OJHOPITHOTO PIBHSIHHS N-TO
nopsaky (7.11).

AnreOpaiyHe piBHSAHHS N-TO CTENIEHIO MA€ N KOPEHIB. Y 3aJIeKHOCTI BIJ] iIXHBOTO
BUIIISAY OyJIeMO MaTH Pi3HI PO3B’SI3KHU.

I. Hexaii Bci kopHi A4,4,,..,4, — mnidicai 1 pizHi. Tomi, dyHKmii
eM¥ eM2X e/nX ¢ po3p’s3kamm, mpudoMy et* — po3B’A3KM JiHIHHO He3anexHi,
TOOTO {e Aix}:l_l — (¢yHIaMEeHTalbHA CHCTEMa PO3B’SI3KiB. 3arajJbHUM PO3B’SI3KOM
piBHsiHHA (7.11) Oyne

y(x) = CieM* + Cre?2* + - + Cpetn”,
IMpukaaa. 3iHTerpyBaTu piBHIHHS:
y"—y'=0.
B-21=0>1A1-1D)QA+1)=0>1=0,1,=1,1; = —1.
= y(x) = C1e%* + Ce* + Cze7™* = C; + Cre* + Cze™~,

I1. Hexait A — kpaTHUiI KOPiHB, KPATHOCT1 K. 3arajJbHUM PO3B’SA3KOM PIBHIHHS

(7.11) 6yne
y(x) = (C; + Cox + -+ Cux¥1)e™™ + Cpppe?o+1* + -+ Cren*,
Ipukaaa. 3iHTerpyBaTu piBHIHHS:
y"=3y"+3y'—y =0,
AB-3124+31-1=0>UA-1)2=0=>14=1,1,=1,1; = 1.
y(x) = (C; + Cyx + C3x?)e”.

ITI. Hexait piBusinag (7.11) Mae onHy mapy KOMIUIEKCHO-CTIPSHKEHUX KOPEHIB

A1, = a t if. 3araneaum po3B’sa3koM piBHAHHS (7.11) Oyne
y(x) = e®*(C; cos Bx + C, sin Bx) + Cze?3* + --- + C,etrn*,

IIpukaaa. 3iHTerpyBaTy piBHAHHS:

y(4) —y=0.
M—1=0>Q-DRA?*+1)=0=2A=1,1,=-1,1; =i,4, = —i.
y(x) = Cie* + C,e ™ + e%*(C5 cos x + C, sin x).

IV. Hexaii piBusHns (7.11) Mae napy KOMIIIEKCHO-CIPSDKEHUX KOPEHIB A1 , =
a * iff xpatHocTi k. 3aransHuUM po3B’si3KkoM piBHSHHS (7.11) Oyne

y(x) =e** ((C1 + Cox + -+ + Cpx* 1) cos fx +
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+(Cyq F Crpax + -+ Copx¥ 1) sin fx) + Cypqq?2641% + oo 4 Cen”,
IMpuknan. 3iIHTErpyBaTH PiBHIHHS:
y©® —y=0.
AM—-1=0=>B-1DA3+1)=0=>
S>SA-DA2+21+ DA +1D)A*-21+1)=0>
D=1-4=-3,VD=v-3=1i3,

—-1+iv3 1 V3 1+iv3 1 +3
= /11 1; AZ 1; /13’4_ 2 5T L /15,6 > T l
1 V3 V3
y(x) = Cie* + C,e™* +e 2% (C}, cos <7x> + C, sin (7x>> +

+e%'x <C5 cos (?x) + C, sin (?x))

7.5. Meroa Bapiauii JOBUIbHMX CTAJIMX MOOYJA0BH 3arajibHOr0 pPO3B’fA3KY
JIIHIHHOT0 HEOAHOPIAHOTO0 AM(epeHliaTbHOr0 PiBHAHHSA N-I0 NOPAAKY
Po3zrisHuMo JiHiiiHE HEOJHOpIAHE AU(EPEHITIaNbHE PIBHIHHS

Y™+ a0y Y+ ap()y ™ 4+ ap 1 ()Y +a,(Dy = f0). (7.14)
3riIHO MONEPEIHbOI JEKIii, piBHAHHSA (1) MOKHa 3anMCaTH B ONEPATOPHOMY BUIIISII
yepes JiHIMHuN audepeHuiaibHui onepaTtop L n-ro nopsaKy:

Llyl = f(x).
Toni, onHOpiaHE nudepeHLianbHe PIBHAHHSI MAaTUME BUTIISL:
Lly] = 0. (7.15)
Teopema 1. 3aranpHuil poO3B’SI30K JIHIKHOTO HEOAHOPIIHOTO piBHAHHA (7.14)
JIOPIBHIOE CyMi OYJb-SIKOTO HOTO YaCTUHHOTO PO3B’A3KY Ta 3arajbHOTO PO3B’SI3KY
BIJINOBIJIHOTO OHOP1AHOTO piBHSHHA (7.15), TOOTO

Yzar.neonn. — Ysar.ogu + Yau (716)
Hexaii maemo 3aranpHUM po3B’SI30K JIHIHHOTO OJHOPITHOTO piBHAHHSA (7.15)

n
Yy =Gy (%) + CGya(x) + -+ Gy (x) = Z Ciyi(x), (7.17)
i=1
e y,(x),y,(x),..,v,(x) — nmeska ¢yHIaMEHTalIbHA CHCTEMa PO3B’SI3KIB I[HOTO
piBHsIHHS, a C;, C5, ..., C;, — JOBUIBHI CTaJIl.
3aranpHUN PO3B’SI30K JIIHIHHOTO HEOAHOPIAHOTO MudepeHIiaTbHOTO PIBHSIHHS N-TO
nopsiaky (7.14) Oymemo mrykatu y Burisal (7.17), BBaxawouu Cy, C,, ..., C, HE
CTaJIMMH, a HEBIIOMUMHU (DYHKI[ISIMU 3MIHHOT X, TOOTO
y =Gy (x) + G0y (x) + - + G () yn (x). (7.18)
[Minbepemo C;(x), C,(x), ..., C,,(x) Takum unHOM, 11100 yHKIsA (7.17) 3a10BOTBHSIA
HeoaHopiaHe piBHsAHHA (7.14). [Ipoaudepenitiroemo piBHicTh (7.17):
y' =)y (x) + C1(0)y1 (x) + C(0)y2 (x) + Co(0)ya (%) + -+ +
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n n
GO0 + GOV = ) CLEORE) + ) ClOYI().
i=1 =1
B oxepsxaniii piBHOCTI MOKJIa1€MO
n
Z C; ()yi(x) =0,
i=1
TOMI
n
y'= ) Gy,
i=1

To6To y' Mae BUTIIA, 5K 1y BUIIAAKY, Koy Cy, C,, ..., C,, — ctami. [Ipoaudepeniiiroemo
OTpUMaHy PIBHICTH IIIE Pa3:
y" =)y (x) + G0y () + G(0)ya(x) + G(x)yz (x) + - +
n n

FCLEA) + Gy (@) = ) G + ) GOy ).
i=1 =1
[Toxnanarouun
n
Y Gy =0,
i=1
OTPUMAEMO
n
y" = GOy ).
i=1

ToOTo i Apyra moxigHa y" Mae Takuii )e BUTIIA, K 1 y BUNaaKky, konu Cy, Cy, ..., C, —
crani. ITpojoBKyrour Ieil mporec 10 3HaxomkeHHs mnoxigaoi y ™~V pxmouno,
OTPUMAEMO

n n
y(n—l) - Z Ci, (x)yi(n_z) (x) + z C; (x)yi(n_l) (x).
i=1 i=1
[Tokagarouu B 1iif PiBHOCTI
n
z i@y P =0,
i=1
OTPUMAEMO
n
y™ D =" 6y,
i=1
I mapemrti
n n
y = Z HEIARICOR z Gy (0.
i=1 i=1

incrasumo y,y',y", ..., y™ y mudepenuianbhe piBusans (7.14):
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D Y@+ Gy @ + a0 ) Gy +
i=1 i=1 i=1
8,00 ) GEOYTI 00 + e+ (0 ) GOYIG0 +

+a,(0) ) LI = FG0).

['pymyrouun 10AaHKH y JiBiil YaCTHUHI PIBHOCTI, OTPUMAEMO:

DG (yfn’ () + a0y V) + 4 1 (Y + an () (x>> ¥
i=1

=0

+ Z G000 = 0.

Lly;] = y™ (x) +a1<x)y§” V() + -+ a0y (%) + a, (0)y:(x) = 0,
OCKUIBKH Y;, I = 1,m € po3B’sI3KaMH BIANOBIIHOTO AW(PEPEHIIATBHOTO PIBHAHHS.
OTxe, 0JiepKaHo 1€ OJIHY YMOBY:

n

> Gy = f@.

Takum uymrOM, HeBimomi (yHKIIT C;(x), C,(x), ..., C,,(x) 3 piBHOCTI (7.17) MOXHa
3HANTH 13 CUCTEMU PIBHSHD:
( Ci(0)y1(x0) + G (0)y2(x) + -+ + Cr () yn(x) = 0,

C1()y1(x) + C2(X)y; (x) + ot G () (%) = 0,

(7.19)
GO 00+ M) + o+ P @) =,

@)y () + GO0y, V) + e+ Gy P ) = £ ().
Cucrema (7.19) mae enuHMIl pO3B’SA30K, OCKITbKM BHU3HAYHUKOM I€] CHCTEMH €
BPOHCKIiaH (BU3HAYHUK BpOHCHKOTO)

y1(x) ya(x) ()
Wi ya el = | 2190 2200 mbo
Y@ y P ey ”(x)

KM BIAMIHHUH BiJ HYJIS BHACIIIOK JIIHIAHOI HE3aIEKHOCTI Y; (x), Y2 (), oo, Vi ().
Tomy, cucremy (7.19) ™MokHa po3B’si3aTH BIJHOCHO HEBIAOMHX (YHKIIIN
C1(x),Cy(x), ..., C},(x) onnosnauno. Interpyroun C; (x),i = 1,7n, 3HaxonuMo PyHKIIii
C,(x), C3(x), ..., Cp(x), sixi moTim Tpeba migactaButTh y hopmyy (7.17).

Ipukaan. 3iHTerpyBaTu piBHSIHHS:

m x

y"+y"
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XapakTepucTUYHEe PIBHSHHS BIJMOBIAHOTO OAHOPIIHOTO AM(EepeHIIaIbHOTO

PIBHSIHHS M€ BUTJIS:
B+12=0220A+1)=0=21,=01=-1
= y(x) = (C; + C,x)e’* + Cze™ = C; + Cox + Cze™*.

Jani 3araiabHUl pO3B’S30K JIHIHHOTO HEOAHOPIAHOTO AUQEpPEHIIaTbHOTO

PIBHSHHS OyJIeMO ITyKAaTH y BUTJISIIL:
y(x) = C1(x) + C(x)x + C5(x)e™.
Js Busnauenus ¢pyukuii C; (x), C,(x), C3(x) ckmagemo cucremy (7.19)
Ci(x) + Co(x)x + C3(x)e ™ =0,
C;(x) = CG3(x)e™ =0,
Ci(x)e™ = e?~,

3 TPETHOTO piBHHHHﬂ 3HAXOJAHUMO.
3x

e —
Ci(x) =e3* = C3(x) = Je3xdx = + C;.

3 Apyroro piBHAHHS 3HAXOUMO:

Cy(x) —e3*e™ =0 = Cp(x) = e?*,
2x

e —
= C,(x) = Jezxdx = T+ C,.

3 nepuoro piBHAHHSA 3HAXOIUMO:
Ci(x)+e**x+e3*e™*=0>C{(x) = —e*(x+1),
u=x+1,du=dx
= C(x)=— f(x + 1)e?*dx = e?*

dv = e?*dx, v = —
v e X,V >

er er er er
= ‘(“*”7‘ 7‘“) = ‘(<x+1)7‘T> =

= —e¥ <f+l> = —1(2x+ 1)e?* + C;
2 4 4 1

Takum 4MHOM, 3arajJbHUM PO3B’ 130K HEOTHOPITHOTO PIBHSIHHS Ma€ BUTJISII:

1 ~ er ~ e3x ~
y(x) = _Z(Zx +1)e?* +C; + (T + C2>x + <T + Cg> e

e2x ZT; _ .
=E+?+C2x+61.

7.6. MeToa HeBU3HAYeHNX KOe]illieHTIB
PosrisauMo niHiitHE HEOIHOPIAHE NU(EepeHIlialibHe PIBHIHHS N-TO MOPSIKY 31
CTAIMMH KOEe(III€EHTAMU:

Lyl=y® +a;y™™ +a,y® P+t gy +ay =f(x),  (7.20)
ne KoeilieHTH aq, Ay, ..., A, — AiACcHI uncna, pyHkiis f(x) HenmepepBHA Ha IEIKOMY
inrepBaini (a; b).

Axmo mpaBa yactuHa piBHSHHS (7.20) Mae cnemiaabHUN BUTIAI, TO IS
BIJIITYKAHHS YaCTUHHOTO PO3B’SI3KYy LILOIO PIBHSAHHS MOKHA BUKOPUCTATH Memoo
HeBUHAYEHUX KoepiyicHmis.
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O3nauennsi. CneyianvHoo npagow uwacmunor IA(PEpeHIliaabHOrO PIBHSHHS

(7.20) Ha3zuBarOTH BUpa3

f(x) = e**(P,,(x) cos fx + Q4(x) sin Bx), (7.21)
ne B,(x) i Qs(x) — MHOrowIeHdH 3 IIHCHMMH KoedillieHTaMH CTeleHi m Ta S
BIIITIOB1IHO.

MeTon HeBHU3HAUEHUX KOE(PIIIEHTIB TONATa€ Yy MiJAOMpPaHHI BUIIISAY
YACTUHHOTO PO3B’sI3Ky Mu(EpeHIIaTbHOTO PiBHIHHS. BUTIIAL YaCTHHHOTO PO3B’SI3KY
3aNeKUTh BiJ] KOPEHIB XapaKTEPUCTHUYHOTO PIBHSAHHS BIAMOBITHOTO JIHIHHOTO
OJTHOPITHOTO TU(EPEHIIaATFHOTO PIBHAHHA Ta BiJ MpPaBOi YAaCTUHU 3aJaHOTO
HEOHOPIAHOTO PIBHIHHS.

Po3rnsneMo HacTymHI BUMAIKH.

I. Hexaii ¢ynkmis f(x) € mo0yTKOM MHOTOWIEHA HAa EKCIOHCHI[IATbHY
(dyHKII10, TOOTO

Lly] = Pn(x)e®, (7.22)
ne P, (x) — MHOTOYIEH 3 DICHUMH KOC(il[iEeHTaMH CTEIICHS M

Pp(x) = pmX™ + P XM+ -+ prx + o

Hexait yncio @ He € KopeHeM Xapaktepuctuuroro pisasaus L[y] = 0. Togi,
YaCTUHHUU pO3B’SI30K MOTPIOHO IIYKATH Y BUTJISIIL:

v (x) = Qm(x)e®, (7.23)
e Qm(x) = qgmx™ + qm1x™ 1 +--+qx+qy — MHOrOUNEH cTemeHs m 3
HEBU3HAYCHUMU KOE(DIillIEHTaAMH.

Koedimientn muorownena Q,,(x) MOXHa 3HAWTH METOJOM HEBH3HAYCHUX
KoeQilieHTiB, mactasisioun (7.23) y piBHAHHSA (7.22) 1 TpUPiBHIOIOYN KOEQIIIEHTH
017151 OIHAKOBUX CTETICHIB.

II. Hexaii a € kopeHeM KpaTHOCTI k XapaktepuctuuHoro piBasaHsA L[y] = 0.
Toni, yacTHHHUI PO3B’SI30K MOTPIOHO IIYKATH Y BUTJISII:

Y (x) = x“Qp(x)e™, (7.24)
ae Q,, (x) — MHOTOUIICHH CTEIEHs M 3 HEBU3HAYEHUMH KOe(illi€HTaMH.

II1. Hexaii npaBa yactuna L[y] = f(x) mae Burmsiz:

f(x) = e® (P (x) cos Bx + Qs(x) sin Bx),
ae Py, (x) 1 Q,(x) — MHOTOWIEHHU CTECIIEHS M Ta S BiAMOBIIHO.

Toni, yaCTUHHUI PO3B’SI30K MOTPIOHO IIYKATH Y BUTJISIL:

y*(x) = x*e%(B,(x) cos fx + @, (x) sin fx), (7.25)
ne P,(x) i Q,,(x) — MHOrOUNeH  crenens n = max(m, s), k — KpaTHiCTb apu KOPEeHiB
a * iff XapaKTepUCTUIHOTO PiBHIHHS.

Skmo « + i He € KopeHeM XapakTepucTHdHoro piBHsHHS L[y] = 0, Toxi,
YaCTUHHUU pO3B’SI30K MOTPIOHO IIYKATH Y BUTJISIIL:

y*(x) = e“x(ﬁn(x) cos fx + @, (x) sin ﬁx). (7.26)
IMpukaaa. 3iHTerpyBaTy PiBHIHHS:
ym +y” — er.

XapakTepucTUYHE PIBHSAHHA BIAMOBIAHOTO OJHOPIIHOTO Ju(epeHIiaTIbHOro
PIBHSIHHSI Ma€ BUTJISI;
B+2=0220A+1)=0=21,=01=-1
= y(x) = (C; + C,x)e’* + Cze™ = C; + Cox + Cze™*.
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Tak sk 4UClI0 @ = 2 He € KOPEHEM XapaKTepucTUuIHOro piBHsHHA L[y] = 0, To
YACTUHHUHN PO3B’A30K MOTPIOHO IIYKATH Y BUTIISIIL:
y*(x) = Ae?*.
[MTigcraBumo y*(x) y 3aaHe PiBHAHHS.
y*'(x) = 24e?%;
y*"'(x) = 44e?%;
y*"(x) = 84e?*.
Toni, oTpuMaeMo piBHSHHS 3 HEBU3HAUYCHUMU Koe]illieHTaMHu:
84e%* + 4Ae?* = e?*,
3 IKOTO 3HAXOJIMMO Koe(ilieHT A:

A= 1

12

er

= vy* = —

y*(x) 17
OTke, 3arajbHU pO3B’I30K Ma€ BUTJISL:

e?* Cs
y(x) = 17 —+ C; + Cyx +—.

I[uTanHsa 1J151 CAMOKOHTPOJIIO 10 TeMH [

1. Slke piBHAHHS HA3WBAIOTh JIHIMHUM JUdEpPEHIIaTbHUM PIBHSHHS N-TO

nopsiaKy?

SlxkuMu BIIaCTUBOCTSMHM BOJIOAIE oniepaTop L?

CdopmyiroiiTe BIaCTUBOCTI JIIHIMHUX OJHOPITHUX PIBHSHb.

SIky cuctemy (yHKIH HA3UBAIOTH JIIHIHHO 3aJICKHOIO Ha BiApi3Ky [a; b]?

SIky cuctemy (DyHKINH HA3HBAIOTH JITHIHHO HE3aIeXKHOIO Ha Bipi3Ky [a; b]?

ChopmyroiiTe HeOOX1IHY YMOBY JIHIHHOI 3a71€KHOCTI 11 PyHKIIIH.

HageniTe npukitagu JiHIHHO HE3aJIEKHUX CUCTEM (DYHKITIH.

CdopmyroiiTe 1OCTaTHIO YMOBY JIIHIMHOT HE3aJIEKHOCT1 PO3B’SA3KIB.

. Skuit BUTIISA Ma€ BUBHAYHUK BpoHChKOTO?

10 Hagenits popmyiry Octporpaacbkoro-JliyBisis.

11.0OxapakTepu3yite MeTO]1 Bapiallii JOBIIBHUX CTAIMX MOOY/IOBU 3araJiIbHOTO
PO3B’S3KY JHIHHOTO HEOTHOPIMHOTO JU(PEPEHINATBHOTO PIBHSHHA N-TO
MTOPSIIIKY.

12.111o po3yMirOTh MiJ] CHIEIiaIbHOIO TIPAaBOI0 YACTHHOIO?

13.0OxapakTepu3yiTe METOJI HEBU3HAYCHUX KOCQIIIEHTIB JUIsI HEOIHOPITHOTO
nudepeHiaabHe PIBHAHHA N-TO TOPAIKY 31 CTATMMU Koe(DillleHTaMHu.

CoNOR LN

3aBJaHHA 10 TeMH [
1. 3iuterpysaru piBHsHHa V" + y" = x2%e°*.
2. 3interpysartu piBusHHsA y” + y" = (4x + 3)e>*.

3. 3inrerpysaru piBusHHA y"” + 4y’ = x2e>*,
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8. Cucremu 3BMYaAiHUX TU(epeHNiaIbHIX PIBHIHb

8.1. OCHOBHI 03HAYeHHS i MOHATTHA
[To3HaunMo He3aJaekKHy 3MIHHY Yepes t, a yepes X4 (t), x,(t), ..., X, (t) — aesxi
HEeB1IOMI1 (PyHKIIIT IT1€1 3MIHHO.
O3navenns. CyKymnHICTb CIIBBIAHOIIIEHb BUTTISILY
! !
Fy (t, X1, X0, ooy Xy X1, X9, ey Xp) = 0,
l; 1} N
Fy(t, %1, X5, coey Xy X1, X5, ey X)) = 0, (8.1)
! !
E,(t, X1, X0, oo, Xy X1, X9, ey Xp) = 0,
HA3UBAIOTh CUCMEMOIO 38UYAUHUX OUDEPEeHYIATbHUX PIBHAHD NEPULO2O NOPSOKY.
SAxmio cuctemy (8.1) MOKHA pO3B’s3aTH BITHOCHO MOXITHUX YCIX (PYHKIIH, TO
OJIEP’)KUMO CHCTEMY

x1 = f1(€, %1, X2, o, X)),
x5 = f2(t, %1, X2, v, X)), (8.2)

x;l = fn(t, X1, X2y wee) Xn),
HA3UBAIOTh HOPMAIbHOIO (200 cuCmMeMOoI0 8 HOPMANbHIl opmi).

Po3p’si3kom cucremu (8.2) Ha geskomy iHTepBayii (a;b) Ha3UBaIOThH

BIIOPSAKOBAHY CYKYIHICTh (DYHKIIIN

X1 = X1(t), x5 = x5(t), ..., xp, = x,,(8), (8.3)
BU3HAYCHHX 1 HETIEPEPBHO MU(DEPEHIIHOBHUX HA I[bOMY IHTEPBaJI, SIKIIO BOHA KOKHE
piBHSIHHS cucTeMH (8.2) mepeTBOPIOE Y TOTOXKHICTS, sIKa CIIPABIKY€ETHCS IS BCIX t €
(a; b).

Oszunavennsi. KpuBy B (n + 1)-Bumipnomy mpoctopi (t, xq, Xy, ..., Xp), fAKa
BiZNOBiIa€ Po3B’s3Ky (8.3), HA3MBAKOTD iHmMezpaibHOIO Kpueoo cucmemu (8.2).

Osnavenns. CyKynHICTh QyHKIIIH

xj = @;(t,C,Cy ..., Cy), j=12,..,n, (8.4)
SIK1 BU3HAYEHI1 B JIesiKiit 00s1acTi 3MiHHUX t, Cy, Cy, ..., C,, 1 MAIOTh HEMIEPEPBH1 YACTUHHI
MOXITHI 3@ 3MIHHOIO t, HA3UBAIOTh 3aedbHUM po36 ‘szkom cucmemu (8.2) B odnacTi G,
SKIIO:

1) cucremy (8.4) MoxHa po3B’sa3aTh B 00acTi G BITHOCHO JOBUIBHHMX CTaIUX
Ci, Cy, ..., Cy, TOOTO

Ci=v;(t,x1, X 0, Xp), J=12,..,1; (8.5)

2) mig BCix 3HadYeHb (t,xq,Xy,..,X,) € G dopmynu (8.5) BU3HAUAIOTH TaKi
sHaueHHs Cy, Cy, ..., Cp, O0s SKUX CyKyINHICTh (yHKIH (8.4) € po3B’SI3KOM CHUCTEMH
(8.2).

O3HaveHHs. Yacmunnum poss’szkom HOpMaabHOI cuctemu (8.2) Ha3MBarOThH
PO3B’S30K, KM MOYKHA OJIEPYKAaTH 13 3araJIbHOTO JIJII KOHKPETHUX 3HAYEHBb CTaUX
Ci, Cy, ..., Cy.

O3naveHHs. Po3B’5130K cHCTEMH, y KOXKHIM TOYII SIKOTO TIOPYIIYETHCS yMOBa
€IMHOCTI PO3B’ 53Ky 3amaul Ko y1s i€l cucTeMu, Ha3uBaOTh 0COOIUBUM.
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O3nauennsi. Hemepepsno mudepenuiiioBny ¢yukmito WY(t, X1, Xy, ..., Xy),
TOTOKHO BIMIHHY BiJ] CTaJlol, HA3UBAIOTh iHmezpaiom cuctemu (8.2), AKmo BOHA
TOTOKHO TIEPETBOPIOETHCS Y CTAy B3JI0BXK JOBUILHOTO YACTUHHOTO PO3B’SA3KY IIi€i
CUCTEMH.

O3unauenns. CmiBigHomenus Y(t, Xy, X,, ...,X,) = C Ha3MBAECTLCI NEPUIUM
inmezpanom cucmemu (8.2).

Osnavenns. CyKynHICTh M MepHIMX IHTErpaiB (8.5) HA3UBAIOTh 3a2albHUM
iHme2panom el CUCTEMH, SKIIO THTErpanu Y4, Py, ..., P, € HE3ATCKHUMHU, TOOTO MiXK
Y1,Y,, ..., P, He icaye cmiBBignomenHs Burasaay F (Y., Yo, ..., P,,) = 0 mus xomHol
bynkii F.

8.2. 3BeleHHSI HOPMAJILHOI CCTEMHU PiBHSIHB /10 OIHOTO AU epeHiaIbHOTr0
PiBHSIHHS

OnHuM 13 METOJIB IHTETPYBaHHS HOPMAJbHOI CUCTEMHU AudepeHIliaTbHIUX
PIBHSIHB € Memo0 BUKIOYEHHS, 32 SIKUM HOPMAaJIbHY CUCTEMY MOKHA 3BECTH JI0 OJTHOTO
U epeHIliaTbHOTO PIBHSHHS.

Po3rissHeMo HOpManbHY cUCTeMy AudepeHiiaabHuX piBHAHB (8.2), ne GyHkii
fi,l = 1,n n pasiB HemepepBHO amdepeHuiiioBri B obmacti D = R,
[IponudepeHuiroeMo nepuie piBHIHHSA CUCTEMU 3a 3MIHHOIO t:

, 0fi 0fi ofi fr
Xl—ﬁﬁ‘al 1+62 2+---+Exn.
BpaxoBytoun, 1o x; = f;, i = 1,1, OTPHMAEMO:
., O0f afl f1 fi
xl - at fl f2+ +ax f =F2(t;x1:x2;---:xn)-
n

Jln(bepeHui}omqn oz[ep>1<aHy PIBHICTb, 3HAXOUMO
dF, N 6F2f dF, f F(t )
= ) X1 Xy ey X))
at = 0x, dx, dx,, 3N n
[IpooBxyroun 1Lel Mpouec, JICTAHEMO HOBY CHUCTEMY JU(DepeHLIaATbHUX
PIBHSIHB

mo__

X1

fot ot

f x{ =f1(t,x1,x2,...,xn),
xil = FZ(tJ le xz, ---;xn);

(8.6)
xin_l) = Fn—l(t: xll x2) ey xn);
L 2™ = Fy(t, %1, %, o %),
[TpumycTumo, 110 Bu3HaYHUK (siKk00iaH GyHKIIN f1, Fy, ..., Fj_q)
Oh  Oh . Ok
0x, 0x5 0xy,
OFZ dF, 0 0F,
axz 0x5 axn
0F,_, O0F,_; 0F,_,
dx, 0x; 0xy,
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BIIMIHHUN BiA HyJsa. Toxdl, cuCTeMa pIBHSHb, sIKa CKJIQAa€ThCsA 3 mepmmx n — 1
piBHsHB cucTemH (8.6)

X{ = fl (t, X1, X2) o) xn)'

x1 = Fy(t, xq, x5, o, Xp),

-1
xfn ) — Fo_(t, %1, %3, oo, Xp),

MOKe OyTH pO3B’si3aHa BITHOCHO 3MIHHUX X, ...,Xp, NPH IBOMY 3MIHHI Xg, ..., X,

n—1 . o .
BUpaXXaroTbCsA 4epes t, X4, x{, ) x§ ). [ligcTaBnsiroun 3HAMICH] BUPa3H B OCTAHHE

piBHsHHS cuctemu (8.6) xfn) = E,(t, x4, X5, ..., X;,) OICPKHUMO OJIHE PIBHSAHHS NM-TO

HOPSIIKY
xin) = f(t, X1, X1, ...,xin_l)).

8.3. Meroa iHTerpoBaHux KOMOiHaIIN

OsnaveHHsl. [Hmecposanorw KomOiHayi€lo HA3UBAIOTh AUQEpeHIiaIbHE
PIBHSIHHSI, SIK€ € HACJI1IKOM 33J1aHOi CUCTEMHU Ju(depeHIlaJbHUX PIBHIHb.

Meton iHTErpoBaHMX KOMOIHAIlI TOJISITA€ B HACTYMMHOMY: 3a JOMOMOTOIO
apu(pMETUYHUX ONEPALLiil 13 PIBHSAHb CUCTEMH YTBOPIOIOTH PIBHSIHHS

dd(xq, x5, ..., x,) =0,

AK€ JIETKO 1HTerpyeTrhcsi. OpHa KOMOIHAIlS, IO 1HTErPYETHCS, J1a€ MOXKIIUBICTD
ofepxatu KiHieBe piBHAHHA P(xq,Xy,...,X,) = C, AKEe € MEpPIIUM IHTETPaJIOM
CHUCTEMH.

['eoMeTpUYHO TMepHIMi IHTErpal € N-BUMIpHOIWO moBepxHer B (n + 1)-
BUMIPHOMY MPOCTOPI, IO HUJIKOM CKJIAJJA€ThCS 3 IHTETPAIIBHUX KPUBHX.

IMpukaaa. 3inTerpyBatu cuctemy AudepeHIliaTbHIUX PIBHIHb

Yy =5 vy’
PozninmuMo mepiie piBHSHHS CUCTEMHU Ha Jpyre, MICTaHEMO AWQEpeHIianibHe
PIBHSIHHS TIEPIIIOTO MOPSAJIKY 3 BIIOKPEMIIFOBAHUMHU 3MIHHUMU:

dx _y _ 2 _ 2
dy—x:xdx—ydy:x y° = (;.
BigaiMemo papyre piBHSHHS CHCTEMH BiJ TMEpIIOTO, OJEPKUMO JPYTy
1HTErpoOBaHy KOMOIHAIIIO
dx dy y X

E_E_x—y_x—y
dx dy y—x dx dy

= = =
dt dt x-—y dt dt

dy dx_, _db=0_ d(y —x) = dt t+C

———=l>————=1> —x)=dt>y—x= :

dt dt dt yoXx yox 2
Toni
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x*—y? =0, _

x2 — (x% +t%+ C? + 2xt + 2xC, + 2tC,) = C;
x2—x?—t?—C2—2xt—2xC, — 2tC, = C;
—t2 —C? - 2x(t+ C,) — 2tC, = C;
—2x(t+ C,) = C; + t%2 + 2tC, + C2
—2x(t+C,) =C; + (t+ C,)?

=L i ¢
T G 2
1, ¢
t)==(- —t—G,).
x(©) 2( t+C, 2)
Sy)=x(O)+t+C —1( 9, C)+t+C =
A= 2=\ t+¢q, 2 2=
—1( “ C+2t+2C)—1( G +t+C>
2\ t+C, 2 2) 72\ t+¢, 2)
3aranpHui po3B’ 30K 331aH0I CUCTEMH JU(EepEHIaTbHUX PIBHIHb:
(x(t =l<— = —t—C)
X0 =3 t+C, 2)’
(t)—1< G +t+C)
=t rg, )

8.4. Jlinilini oqHopinHi cuctemu nudepeHniajibLHUX PiBHAHb
Osnavenns. Cucrema AuQepeHIialbHUX PIBHIHb HA3UBAETHCA JIHIUHOIO0, SIKILIO
BOHA € JIIHIMHOO BIJHOCHO IIYKaHUX (PYHKI[IM Ta BCIX IX MOX1THHX.
Cucrema n JIHIAHO HE3QJIEKHUX PIBHSHb MEPUIOro MOPSJKY, 3alKCaHa Y
HOpPMaJIbHIM (POpPMI Ma€ BUTIISI:
x1 = a31(0)x1(8) + a2 (O)x2(2) + -+ + a1, (Ox,(8) + f2(2),
x5 = Az1(0)x1(t) + az2()x2(2) + -+ + a2, ()2, (8) + f2(D), (8.7)

Xn = Ay (£)2x1() + an2(©)22(8) + -+ + ann () x, (1) + (1),
Ky CKOPOYECHO MOYKHA 3amucatu y hopmi:
n

X =) ayOx@+ £, i=Tn (8:8)
j=1
nie Bci koedinientu a;;(t), a Takox f;(t) — BigoMi HenepepBHi Ha 331aHOMY IIPOMIKKY
(a; b) dyHkuii.
O3znauennst. ko Ha mpoMixky (a; b) Bei pynkii f;(t) = 0, To cuctemy (8.7)
Ha3UBAIOTh JiHiliHOI0 00HOpionoio (JIOC/P). Bona mae BUTIIS!
n

X =) ay©x©), i
j=1
Skmo y cuctemi (8.7) ue Bci GyHKii f;(t) TOTOXHO TOPIBHIOIOTH HYIO, TO 11
Ha3UBAIOTh JiHIUIHOIO HEOOHOPSIOHOIO.

1,n. (8.9)
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OueBHIHO, JiHIMHA OJHOPIAHA CHCTEMa Ma€ HYJIbOBUI PO3B’s130K X;(t) = 0,
xX,(t) =0, ...,x,(t) = 0, IKuit HA3UBAIOTb MPUBIANLLHUM.

8.5. IloHATTA Npo JdiHiliHY He3a/1exKHICTh cucTeM PYHKUII
Posrnssnemo m cuctem QyHKIIIN:

xll, xlz, e x1n,

le, sz, ey x2n,
(8.10)

Xm1r Xm2s - Xmn-
Osnavenns. CykynHocti pyHkiii (8.10) Ha3UBAIOTH iHIlIHO He3aledHCHUMU HA
inTepBani (a; b), K10
A1X11 + X1 + -+ QX =0,
A1 X1p + ApXpp + o+ Xy =0,
A1 X1p + AxXopy + -+ A Xn = 0,
1e aq, &y, ..., Oy, — CTAJ1, BUKOHYETHCS TIIBKU TOJIL, KOJIU @y = Ay = * =, = 0. B
1HIIOMY BUMAAKY cyKymHOCTI (yHnkiii (8.10) Ha3uBalOTh JiHilIHO 3anexcHUMU HA
inTepBani (a; b).
BcranoBumo HEOOX1IHY YMOBY JIiHIHHO1 3aJI€KHOCTI IOBIILHUX N CYKYITHOCTEH
(yHKITIH.
BBeaemo y po3riisig BUBHAYHUK.
Osnavennsi. BusHaunukoMm BpoHcbkozo ab0 6poHcKiaHOM CYKYIHOCTEH
¢byukiiif (8.10) Ha3uBaOTh BUBHAUYHUK

x11(8)  x1(8) o X (2)
W[xl’x2, ,xn](t) — x21(t) x22(t) xZn(t) ) (811)
X1 () Xn2(®) e X0

Teopema (rneobxiona ymosa ninitiHol 3anedchocmi N CyKynHocmetl (OyHKyitL).
SIkmo n cykynHocted ¢ynkmii (8.10) miniiiHO 3amexHi Ha iHTepBani (a;b), TO
BHU3HAYHUK BpOHCHKOI0 TOTOXHO mopiBHIOE HyIr0: W (t) = 0.

Teopema (neobOxiona ymoea NiHIUHOI He3ANEHCHOCMI N PO36 SA3Ki6 JIHIUHOL
00HOPIOHOT cucmemu N pisHans). SIkmo n po3p’s3kiB (8.10) cucremu (8.9) miniiiHO
He3alexHi Ha iHTepBaiti (a; b), To iX BpOHCKIaH HE MEPETBOPIOETHCS B HYJIb Y JKOTHIH
TOYII I[LOTO IHTEPBAIY.

8.6. ®@opmyna Octporpaacskoro-JliyBijis
s popmyna 103BOIISIE 3 TOUHICTIO JIO CTAJIOTO MHOKHHKA BUPA3UTH BPOHCKIaH
po3’si3kiB JIOC/IP (8.9) uepes niaronanbHi KOeDilli€HTH Ii€T CHCTEMHU:

W(t) — W(to) ) eftto(an(‘f)+azz(T)+"'+ann(T))dT’ (8.12)
ne t, — noBiIbHA Touka inTepBaiy (a; b).
O3nauennsi. ®opmyna (8.12) nHazuBaetbcs ¢opmyra Ocmpocpadcbko2o-
Jiysinnsa (popmyna HArxo6i) nas JJOCIP (3).
Teopema (npo cmpykmypy 3aeanvhoco po3e’sisKy JIHIHOI HEOOHOPIOHOT
cucmemu OughepenyianvHux pieHsaHv). 3araJbHUN PO3B’SI30K JTIHIAHOI HEOIHOPITHOT

61



cucteMu audepeHIliaNbHUX pPIBHAHBR 3 HENEPEepBHUMHU Ha BiAPi3KY [a; b]
koepinientamu a;;(t) i npaBumu vacTuHamu f;(t) NOpPIBHIOE CyMi 3aralbHOro
PO3B’sI3Ky BiAMOBIAHOT 0HOPiAHOT cucTeMH (8.9) Ta 1esKOro 4acCTUHHOTO PO3B’S3KY
HeotHOpiTHOT cucTemu (8.8).

8.7. MarpuuHa dopma 3anucy

Po3riissHeMo HEOAHOPIAHY CUCTEMY AudepeHIiialbHuX piBHAHB (8.7), 3amucany
y MaTpu4Hii popmi:

d’;(tt) = A©)x(®) + F(©), (8.13)

ne x(t) € mHeBigomow BekTop-QyHKHicro 3 mpoctopy Clla; bl x(t) =
Col(xl (), x,(t), ..., xp, (t)); A(t) — (n X n)-BumipHa MaTpPHUIs, KOMIIOHEHTH SKOI
miiicHi 1 HenepepBHi Ha BiApi3ky [a; b] dyukuii: A(t) € Cla; b]; f(t) — n-BumipHuii
BEKTOP-CTOBIMUHMK 3 ipoctopy Cla; b]: f(t) = COl(f1 ®), (), oer [ (t));

Skiro y (8.13) BekTop-croBmuuk f(t) = 0, TO OTPUMAEMO OJHOPIIHY CUCTEMY,
3anuca”y y MaTpuuHii popmi:

dx(t)
Fra A(t)x(t). (8.14)
Osnauennst. DyHgaMeHTaIbLHy CHCTEMY PO3B’A3KiB MOKHA OXapaKTEPU3yBaTH
KBaJPaTHOK MaTPUIIEIO:

x11(8)  x12(t) o X9 (0)
Xn1 (t) Xn2 (t) xnn(t)

Ky Ha3UBAIOTh (PYHOAMEHMANbHOI Mampuyero CUCTEMH (CTOBIMISIMH MAaTPHIll €
JHIAHO HE3aJIeKH1 YaCTUHHI PO3B’A3KU OJHOPITHOT CUCTEMH).
Busnaunukom ¢yHAaMEHTaNIbHOI MAaTPUIll € BUBHAYHUK BpoHCHKOTO, TOOTO

X =W(®).
dynmaMeHTaIbHa MATPHIISA 3a70BOJIBHSAE MATPHYHE PIBHSHHS

dX(t)

3 A)X (D),

7ie TTOXiAHOKO Bif MaTpuili X (t) Ha3MBAIOTh MATPHUIIIO:
x11(8)  x12(0) o xgn(D)
aX@ _[x1(®) x5 . 13, (O) |
dt : : :
Xp1 (&) Xpa(8) oo Xpn(E)

O3nauenHsi. [loBHy cuctemy, IO CKJIAJA€TbCsl 3 N JIHIKHO HE3AJICKHHUX
po3B’si3kiB cucremu (8.14) HasuBaiOTh (QyHAAMEHTaIbHOI, a (N X n)-BUMIpHY

matpuirio X (t), sika € po3B’sI3KOM MaTpu4HOi 3ama4i Korri

dX(t)—A X X0)=1I
—— = AOX©), X(0) =1,

HA3UBAIOTh HOPMANILHOIW PYHOAMEHMATLHOIO MAMPUYED.
3aranbHu PO3B’SA30K HEOMHOPIMHOI cUCTeMHU TU(epeHIliaTbHUX PIBHSAHD, SKa
3anucaHa y Matpuuasii ¢popmi (8.13), Mae BUTIISIA:
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x(t) = X(t)c + x(t), (8.16)
ne x(t) — 4aCTUHHHI PO3B’SA30K HEOAHOPIAHOI CHCTEMH, Yy SKOCTI SIKOIO MOKHA

BUOpaTH HACTYITHUN BUPA3:
t

x(t) = f K(t,t)f(t)dr, (8.17)
to
ne K(t, 1) =X®)X (D) nput < tiK(t,7) =0nput >t,at, € [a;b].
O3Havennsi. Marpuuna ¢yHkiis aBox 3MiHHMX K(t,7) Ha3uBaeThCs
e8OIIOYIUHUM Onepamopom OJHOPITHOI cuCTeMH AUdepeHIIaIbHUX PIBHSHbD.

8.8. MeToa Bapiauii J0BiJILHUX CTAJTHX JJIsI CHCTEM
Po3srissHemo JiHiiHY HEOHOPIIHY cucTeMy audepeHIliaIbHUX PiBHSIHb.
y1 = a11(0)y; + a2 ()Y, + -+ ag () yn + f1 (),
Y2 = A1 (0)y1 + Az (X)y, + -+ + azn (¥ + f2(%), (8.18)

y;L = anl(x))ﬁ + anz(x)yz + ot ann(x)yn + fn(x)

JIst 1HTerpyBaHH JIIHIMHOI HEOJJHOPI/THOT CUCTEMH Y BUIIAAKY, KOJIH BIAETHCS
3IHTETpyBaTH BIJAMOBIIHY OJHOPIJIHY CHUCTEMY, YacTO BUKOPHUCTOBYIOTH Memoo
sapiayii 00BIIbHUX CIMATUX.

Po3B’s30x JIOC/P mrykaemo y Burisiai

n

Yk = z C;i(x)zj, k=1n (8.19)
ne ZzZj = zjp(x), jk=1n — nesxa ¢QyHnameHTaNibHA CUCTEMA PO3B’A3KiB

oHOPiaHOI cuctem, a Cj(x), j = 1,1 — gesiki HerepepBHi (ByHKIIII.

Bubepemo y (8.19) dynkuii C;(x) Tak, mo6 1 popmya BU3HaUan£a po3s’ 130K
cucremu (8.18). HiILCTaBnﬂ}qu (8.19) y (8.18), OI[e];))KI/IMOZ

n

Z ¢/ ()75 + z G()z) = Eakmx)z Gz + fiG0), k=Tn
Z G )z + z 607} = Z ;) Z au (@ + fi),
Z 6@z + z 6 () ( Z akl<x)z,k> =fi), k=Tn.  (820)

OCKIJ‘II)KI/I Zjk (x) @yHnaMeHTaana cucTeMa po3B’s3KiB OJTHOPIIHOI CHCTEMH, TO
BHUpa3 y Aykkax y ¢popmyii (8.20) 1opiBHIOE HYJIO, a TOMY JUIsl 3HAXOKEHHS (QyHKIIIT
Cj(x) maemo cucremy:

1,n.

=

> G@z = fi), k= (821)
j=1
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Busnaunuk cucremu (8.21) BiaMiHHMIA Bix HyIs it BCix X € (a; b), 60 HUM €
BpoHcKiaH W (x), a ToMy BOHa Ma€ €IMHHUN PO3B’SI30K, SIKHM MOXKHA 3HANTH,
HanpHKiIad, 3a popmymamu Kpamepa:

Cj, (x) = Wy (x)

o W(x)

ne Wy ;(x) — anreOpaivHe JONOBHEHHS €JIEMEHTA Zj; BPOHCKiaH W (x). Iarerpyroun
(8.22), 3HAX0AMMO

filx), j=1n, (8.22)

C(x )—z M’;](())fk(X)dx+Cw j=1n,

k=1 x,
ne Cj — IOBLIBHI CTall, X, — IOBiIbHA TOYKa 3 iHnTepBany (a; b).
Hiz[CTaBJI;Hqu 3HafmeHi Bupasu 11 C;(x) y Gopmyiy (8.19), orpumaemo:

k—z JRZJ Mj’(( ))fs(x)dx+z s k=T (8.23)

S= le
Skmo B (8.23) nigcraputu C; = C, = +-- = (C, = 0, TO MaeMO YaCTUHHHUU

PO3B’S30K:
n n

X
Wi (x
ylgl) = szkz j#i))fs(x) dx, k=1,n.
j=1 s=1 Xo
OTxe, po3B’a30K BU3HA4YeHU ¢dopmysow (8.23), € 3arajibHUM PO3B’SI3KOM
JHIMHOT HEOTHOP1IHO1 cucTemH (8.18).

8.9. Meton Eiiziepa
Po3srisitHemMo JiHIMHY OTHOPIAHY CUCTEMY 31 CTaTUMU KOe(DIlliEHTaMM
x1 = Ay1%1(8) + A1, (8) + -+ + a1 %, (0),
X3 = Q1% () + A% () + -+ + Agnxn (1), (8.24)
Xp = A X1 (1) + Anaxz(8) + o0 + Appxn (8),
ne a;j, L,j=1n - nificHl crami. Taky cucTeMy 3aBXKId MOXKHA 3IHTETPYyBaTH y
CKIHYEHHOMY BUTJISII.

Ax Bimomo, cuctemy (8.24) MoXHa 3BECTH 1O OJHOTO Ir(epeHIiaTbHOTO
PIBHSHHS 7N-TO TOpAAKY. B naHoMy BUNAAKy OAEpKUMO JIIHIMHE OJHOpPIIHE
nudepeHItiaibHe PIBHSHHSA 31 CTAIMMH KOE(II[IEHTaMU, IKE MU MOKEMO PO3B’S3aTH
memooom Eiinepa. Ane, He OyaemMo 3BOAWTH 1i 10 OJHOTO PIBHSIHHS, a OJApasy
po3B’s30k cuctemu (8.24) 1mykaemMo y BUTIISII:

X () = 1", x, (1) = v2e*, .., x,(t) = ype®t. (8.25)
1€ V1, Y2, - ¥n 1 k — nesKi cTami, npuaomy ¥q,¥s, -, ¥n HE JTOPIBHIOIOTH OJHOYACHO
Hymo. SIkmo miacrasutu (8.25) y cuctemy (8.24), ckoporuTu Ha e®* # 0 i mepenectu
yCl JIOAAHKW Y JIIBY YAaCTHHY, TO OJEPKUMO OJHOPITHY CHUCTEMY alreOpaidHux
PIBHSIHB:
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(a;1 —k)ys t+apy, + -+ amy, =0,
0

az1y1 + (@ — Ky, + -+ azy, =0, (8.26)
Ap1Y1 + ApaYe + -+ (ann - k)yn = 0.
3anuiieMo piBHIHHS:
a;; — k Y A1n
G2~k “n | =0, (8.27)
an1 an2 o Qpp — k

PiBusnus (8.27) Takoxk Moxke OyTH 3amyMcane MaTpU4Hii Ghopmi
det(A — kE) = 0,
ne E — onuHuYHa MaTpULA.

Osnavenns. PiBusiHHa (8.27) HaA3UBAIOTh XapakmepucmuyHuM pIiBHAHHAM
cuctemu (8.24), a HOro KOPHI XapakmepucmuyHUMU YUCIAMU.

JliBa yacTHHA XapaKTEPUCTUUHOTO PiBHSAHHSA (8.27) € MHOTOUYJICHOM 3 JIHCHUMU
KoedirieHTamMu cTerneHs 1 BIHOCHO k. 3 ypaXyBaHHSIM KPaTHOCTI 1€ MHOTOYJIEH Ma€e
n KopeHiB. [Ipyu 1bOMy MOKJIMBI HACTYIIHI BUTIAJKU:

1) KOopeHi XapaKTepUCTUYHOTO PIBHSHHS JINCHI Ta Pi3HI;

2) KOpeH1 XapaKTepUCTUYHOTO PIBHSHHSA Pi3HI, ajie CepeJl HUX € KOMIUICKCHI;

3) cepen KOpEHIB XapaKTEPUCTUYHOTO PIBHAHHS € KPATHI.

Bunanoxk nilicHUX pi3HUX KOPEHIiB XapaKTePUCTUYHOI0 PiBHSHHS
PosrisitHemMo BUIIAQZOK, KOJM BCl KOPEHI XapaKTEPUCTUYHOTO PIBHAHHS
ki, ks, ..., ky, nmiiicHi Ta pi3Hi. [ligcraBnsroun ix Mo 4ep3i B CHCTEMy aireOpaidHmx
PIBHSHB
(a1 — kv + a7, + -+ apyn =0,
az1y1 + (A2 —kdyz + -+ dzn¥n = 0,

An1V1 + AnzV2 + -+ (A — kyn = 0.
OJICP>KMUMO BIIIMOBIIHI HEHYIHOBI PO3B’SI3KH cUCTeMH (BEpXHIiH 1HICKC BKa3ye Ha
HOMEp PO3B’S3KY):

¥i ¥i 2k
pi=(72 | y2= V2], =77
Ya Ye 124

IO € GIACHUMU 8eKMOPAaMU, SIKi BIAMOBIIalOTh BIIACHUM duciaM k;, i = 1,n. Y Takwuii
croci® OAepIKUMO 1 PO3B’SA3KIB!

yie ! yie! yretnt
1, k4t 2 kot n, knt
et ez e n
(@) =|12%" | @) =[12¢" |, .. x@)=|12°

[{i po3B’s3kM JIIHIMHO HE3aJeXHi, OCKUIbKM BU3HAYHUK BPOHCHKOTO Takoi
CUCTEMU HE JIOPIBHIOE HYIIIO:
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i vi oot
etk K 1 2. n
W(t) — e( 1tk + k)t ]/.2 ]/-2 . yZ * 0.
W Yao ot VA
OTxe, 3araibHUAN PO3B’ 30K cucTeMH (8.24) Mae BUTIIA;
n
x() = ) Co®), (8.28)
. . i=1
abo y MatpuuHiit popmi:
Xy yreft yfe'st .. yfefnt\ /G
x:Z — y%eklt yzzekzt e y?eknt . C2
X yne' it yreket 2

ne Cy, C,, ..., C, — TOBUIBHI CTaI.
Bunagok KOMIUIEKCHO-CNIPSIZKEHUX KOPEHiB XapaKTePUCTUYHOTO PiBHSIHHS
PosrisitHemMo BUNAZOK, KOJIM Cepell KOPEHIB XapaKTePUCTUYHE PIBHSIHHS €
KOMIUIEKCHO-CIIPSKEH1 KOpeHi ky , = a + iff. Bi3bMeMo 0JIUH 3 HUX, HAPUKIA, K =

a + ifs. Yucny k = a + iff 3rigso (8.25) BiamoBizae po3B’ I30K:

X (8) = y1e@HBIE 3y (1) =y @RI x,(8) = e @B,
1€ Y1, Y2, -, ¥n — KOMIUIEKCHI uncina. [Tokimanaroun
Y1 =V11 T W21, V2 =VY1i2 T W22, o Yn=VVin + WVon

0JIEP>KMMO KOMIUIEKCHUM PO3B’ 30K
x1(1) = (Y11 + 1¥20)e @B 2, (1) = (yap + iyz)e @R,
X () = (V1n + iyan)e@HEE,

Bigokpemmoroun y  1IbOMy pO3B’SI3KYy JIIMCHI Ta ySABHI YacTHUHH,
BUKOPHCTOBYIouN (hopmyiry Eiinepa e'? = cos ¢ + i sin ¢, oTpumaemo aBa MiHiiHO
HEe3aJIeXKH1 JIACHI PO3B’SI3KU:

x11 = e (y11 cos Bt — 1 Sin ft),
X1z = e (y12 cos ft — y;, sin ft),

X1n = €% (Y1n cOS Bt — Y2, Sin fit),

X321 = e (y11 sin Bt + y,4 cos ft),
X327 = e (y1, sin Bt + y,, cos ft),

Xon = €% (y1p sin Bt + y,, cos Bt).
Bunaaok KpaTHHX KOPeHiB XapaKTePUCTUYHOTO PiBHSIHHS
Teopema 1. SIxkmo k; — XapakTEpUCTHYHE YHUCIO KPATHOCTI S, TO HOMY
BIIMOBIIa€ po3B’ 530K cuctemH (1) y BUTIISIAL
x,(t) = Py(t)et, x,(t) = Py,(t)e*t, .., x,(t) = P,(t)e*t. (8.29)
ne P;(t), P,(t), ..., B,(t) — MHOTOYJICHH CTEIIEHS HE BHIIOTO, HIK S — 1, sIKI MAlOTh y
CYKYMHOCTI S TOBUTbHUX KOE(IIIEHTIB.
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IIuTaHHA AJIs1 CAMOKOHTPOJIIO 10 TeMH 8

1. SIxy cuctemy Ha3MBAaIOTh HOPMAILHOKO (CHCTEMOO B HOpMaNBHIN Gopmi)?

2. SIKy KpuUBY Ha3UBAIOTh IHTETPAIbHY KPUBY CUCTEMH?

3. lllo Ha3uBaeThcsl 3arajJbHUM PO3B’SI3KOM CHUCTEMHU JH(epeHIiabHUX

PIBHSIHB?

o b

PIBHSHB.

o

HEOHOPSTHOIO?

8. Slka cykymHOCTI (DyHKIIIH HA3UBAETHCS JIHIMHO HE3AIEKHOIO?

[Ilo Ha3UBAETHCS YACTUHHUM PO3B’3KOM HOPMAJIbHOI CUCTEMU?
OxapakTepu3yiiTe MeTOJ BUKIIOUEHHS /i1 CUCTeMH JudepeHIliaTIbHuX

VY 4oMy CyTh METOJy IHTETPOBAaHUX KOMOIHAIIIH?
7. Slka cucTema Ha3WBAETHCS JIHINHOIO, JIHIHHOI OJHOPIAHOIO, JIHIHHOIO

9. Sxwuii BUTISA Ma€ BUBHAYHUK BpoHCBEKOTO?

10.CopmymroiiTe HEOOXiTHY yMOBY JIHIHHOT 3aJ€KHOCTI M CYKYITHOCTEH

byHKITIH.

11.ChopmyntoiiTe HEOOXiAHY YMOBY JIHIMHOI HE3aJIEKHOCTI M PO3B’S3KIB

JHIAHOI OTHOPIAHOI CUCTEMH N PIBHSHb.

12.Sxuii Burnsan mae opmyna Octporpancbkoro-JIiyBisis?

13.Sxuii BUrIISIT Mae pyHIaMEHTaIbHA MaTPHUIIs?

14.CdopmynroiiTe 03HAUCHHSI HOPMAJIbHOI (PYHIAMEHTAIbHOI MAaTPHILI.

15.5Ikuit omepaTop HA3MBAETHCS €BOTIOIIMHIM?

16.0Oxapaktepu3yiiTe METO/1 Bapiallii JOBUIBHUX CTaIuX JJIs TU(epeHIiaTbHOI

CHCTCMMU.

17.0xapaktepusyiite metoj Eitniepa s qudepeHiiiaabHOT CHCTEMH.

18.51x moOyayBaTu XapakTepUCTUYHE PIBHSIHHS CUCTEMU?

3aBaaHHA 10 TeMHu 8

1. Po3B’s3aTu cuctemy:

2. Po3B’s3atu cuctemy:

3. Po3p’s3aru cucremy:

4. Po3B’s13aTH CUCTEMY:

(d

=2 =2} xz

dx X

dz _ _2v 2

\ dx x3  x

( dx

E—y—7x,

dy__ _

v 2x — 5y

(dy

E+2y+4z=1+4x,
dz _E 2

\ dx+y Z—Zx

( dx

E—x+y—cost,

ay _ _ .

(2 = 2x —y +sint + cost.
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